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PREFACE. 


THIS  edition  is  intended  for  teachers,  and  for  them  only.  The 
publishers  will  under  no  circumstances  sell  the  book  except 
to  teachers  of  Wentworth's  Algebra ;  and  every  teacher  mutit  con- 
sider himself  in  honor  bound  not  to  leave  his  copy  where  pupils 
can  have  access  to  it,  and  not  to  sell  his  copy  except  to  the  pub- 
lishers,   Messrs.  Ginn  &  Company. 

It  is  hoped  that  young  teachers  will  derive  great  advantage 
from  studying  the  systematic  arrangement  of  the  work,  and  that 
all  teachers  who  are  pressed  for  time  will  find  great  relief  by  not 
being  obliged  to  work  out  every  problem  in  the  Algebra. 

G.  A.  WENTWORTH. 


Ui 


ALGEBRA. 


£X£RCI8E    !• 

When  a  ±=  1,  6  =  2,  c  =  3,  d  =  4,  e  =  5,  /=  0: 

1.  9a  +  26  +  3c-2/  o    * 

=  9+4  +  9-0  *•  u 

=  22.  41 


2.  4c-3a-36  +  5c 
=  20-3-6  +  15 
=  26. 


=  6  +  12-12 
=  6. 


8  +  12  ^  36  +  24     .-  +  16 


2» 
2. 


10.  ^  +  ^ 


3.  8a6d-6crf  +  9c(fo-cfef  c*-6« 

=  48-24  +  540-0  ^  5»  +  2 

==  664.  ""  3*  —  2* 

or  i:    ^  125  +  2 

M    4ac  .  86c     oca  •"-^ — ^ 
Tt«  — - —  -f — —  —  — —  y  —  o 


11. 


127. 
6«  +  d» 


K    'z.^A.^     36(fo  6«  +  rf»-6rf 

5.  7e  +  oca 9»  ,  a» 

2ac  «— £L±1_ 

=  35  +  24-20  2»  +  4«  -  8 

=  39.  8  +  64 

""4  +  16-8 

6.  a6c*  +  hcd^  -  dea^  +/>  =  6. 
=  18  +  96-20  +  0 

=  ''•  12.       ^-'^ 


7.  c*  +  6c»6»  +  6*-4c»6-4c6»  ^  "^  «  ^  f s 

=  625  +  600  +  16-1000-160  ^      ^~^ — 

=  81.  5»  +  20  +  4« 

125  -  64 


g    8a«  +  36«     40^  + 66*     c'  +  d*  25  +  20  +  16 

a»6»  /J-6«  «*"  =1. 


4  6  25  13.  100  +  80  +  4 

=  5  +  12  -  =100  +  20 

« 16.  =  120. 


^ 


\ 
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14.  75  -  25  X  2  20.  3aj  +  7y  -5-  7  +  a  X  y 
=  75-50  =9  + 35  ^7  +  2x5 
=  25.                           •  =9  +  5  +  10 

=  24. 

15.  25  +  5  X  4  -  10  H-  5 

=  25  +  20 2 

=,43  21.  Qb-Sy-h2yxb-2b 

=  60-40^100-20 

16.  24  -  5  X  4  -5- 10  +  3  =60-1-20 
=  24-20^  10  +  3  =  39f . 

=  24-2  +  3 

=  ^-  22.  (66-8y)^2yx6+26 

17.  (24-5)x(4-^10  +  3)  =(60- 40) -^10x10  +  20 
=  19  X  (f  +  3)            ^  =  20  ^  100  +  20 

=  19  X  4  =  ^^i' 

=  64*.  23.  66-(8y^2y)x6-26 

•18..y  +  4ax2  =  6o"^o' "^  "^ '' " '' 

il5  +  16  =60-40-20 

=  31.  -  "• 

19.  a;y- 156-5-5  24.  6b-i-(b-y)-Sx  +  bxy-i-10a 
^15-1^  =  60  -5-  (10  -  5)  -  9  +  150  ^  20 

=  15-30  =12-9  +  7} 

=  - 15.  =  10}. 

Exercise  2. 

1.  Express  the  sum  of  a  and  6.    a  +  6. 

2.  Express  the  double  of  a:.    2x. 

3.  By  how  much  is  a  greater  than  5?    a  ~  5. 

4.  If  a;  be  a  whole  number,  find  the  next  number  above  it. 

a;  +  1. 

5.  Write  five  numbers  in  order  of  magnitude,  so  that  x  shall 
be  the  middle  number. 

x  —  2,  x—l,  X,  aj  +  1,   X  +  2. 

6.  What  is  the  sum  of  a:  +  x  +  a:  + written  a  times? 

ax. 

7.  If  the  product  is  xy  and  the  multiplier  x,  what  is  the  multi- 
plicand ? 

xy  -i-x  =  y. 
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8.  A  man  who  has  a  dollars  spends  6  dollars;  how  many 
dollars  has  he  left? 

9.  A  regiment  of  men  can  be  drawn  np  in  a  ranks  of  b  men 

each,  and  there  are  c  men  over ;  of  how  many  men  does  the  reg- 

iment  consist? 

ab  +  c. 

10.  Write,  the  snm  of  x  and  y  divided  by  c  is  equal  to  the 
prodact  of  a,  &,  and  m,  minlis  six  times  o,  and  plus  the  quotient 
of  a  divided  by  the  sum  of  x  and  y. 

c  X  -\-y 

11.  Write,  six  times  the  square  of  n,  divided  by  m  minus  a, 
plus  five  b  into  the  expression  c  plus  d  minus  a. 

7n  —  a 

12.  Write,  four  times  the  fourth  power  of  a,  diminished  by 
Ave  times  the  square  of  a  into  the  square  of  6,  and  increased 
by  three  times  the  fourth  power  of  b. 

Exercise  3. 

1.  +16  +  (-ll)  4.  -7  +  (+4) 
=  16-11  =-7  +  4 
=  5.  =-3.     • 

2.  -  15  +  (-  26)  6.  +  33  +  (+  18)  - 
=  -15-25  =33  +  18 

=  -  40.  «  51. 

3.  +  68  +  (-  79)  6.  +  378  +  (+  709)  +  (-  592) 
=  68-79  =  378  +  709  -  592 

=  - 11.  =  495. 

7.  A  man  has  $5242  and  owes  $2758.     How  much  is  he 

worth? 

1 5242  +  (-  $  2758)  =  1 5242  -  f  2758  «  ?  2484. 

8.  The  First  Punic  War  began  b.c.  264,  and  lasted  23  years. 
When  did  it  end? 

-  264  +  (+  23)  =  -  264  +  23  =  -  241 ;  i.e.  241  b.o. 
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9.  Augustus  Caesar  was  bom  b.c.  63,  and  lived  77  years. 
When  did  be  die  ? 

-  63  +  (+  77)  =  +  14 ;  i.e.  14  a.d. 

10.  A  man  goes  65  steps  forward,  then  37  steps  backward, 
then  again  48  steps  forward.  How  many  steps  did  he  take  in 
all  ?    How  many  steps  is  he  from  where  he  started  ? 

65  +  37  +  48  =- 150.        65-37  +  48  =  76. 
Exercise  *4. 

a 

1.  5ab  +  (—  5a6)  6.   7ab  +  (-  5ab) 
=  5ab  —  5ab  =7a6  — 5a6 
=  0.  =2a6. 

2.  8 ma;  +  (—  2mx)  7.   120 my  +  (-  95 my) 
=  8ma;  — 2ma;  =120my  — 95my 
=  Qmx.  =25my. 

3.  -13mng-\-{-1mng)  8.   -  33a6«  +  (Haft") 
=  -13mng-7mng  =-33a6«  +  llao* 
=  -^mng.                                       =-22ab\ 

4?  -bx'-^-i+Sx')  9.  -,76 xy  +  (+ 20 xy) 

=  -53?  +  Sx'  =-75xy  +  20xy 

=  Sa^.  =  —  55  xy. 

6.   25my«  +  (-18my«)  10.   +15aV  +  (-aV) 
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=  25mv'»-18my«  =15aV-aV 

=  7  my*.  =-14aV. 

.  5a  +  (-36)H-(+4a)+(~76) 
=  5a-36  +  4a-76 
=  9a -106. 


12.  4a2c  +  (- lOxyi)  +  (+  6a«c)  +  (-  9a:y2)  +  (-  11  a^c)  +  (+  20icy2) 
=  4a'c  —  lOjryz  -{-Qa^c  —  dxyz  —  lla^e  +  20ajy2 

=  —  ah  +  xyz. 

13.  3a;«y  +  (-  4a6)  +  (-  2mn)  +  (+  ba^y)  +  {-xh/)-\-  (-  4:X^y) 
=  3  ic^y  —  4  a6  —  2mn  +  5  xh/  —  a*y  —  4  JB*y 

=  3  x^y  —  4a6  —  2m7i. 

Exercise  5. 

1.  5a  +  36+    c  2.     7a  — 46+    c 

3a  +  36  +  3c  6a  +  36-5c 

a  +  36  +  5c  —12a  +4c 

9a  +  96  +  9c  *  a—    b 
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3. 

a+    b  —  c 

—  an-    6  +c 
a—    6  +c 
a  +    b  —  e 

2a  +  2b 

0  +  26  +  3C 
2a-    6-2c 

—  a+    6—    c 

—  a—    6  +    c 

i 

7.    ar*-2a*  +  3a:» 

«'+    a:*  +    X 
4x*  +  5x» 

+  2z»  +  3x-4 
~3x"-2r-6 

4. 

5x*  +  4j»  +  3jr»  +  2j-9 

8.    o'f  3aia-3a«6-    6» 
2a*--()ai»  +  5a*6            - 
a»-    a6»              +2i» 

76' 

a+    6+    c  4a'-4a6=»  + 2a^6  i     6*-7/>* 


—  4a-i-56  — 4c  +  7rf 
-2a +  26  +10(i 


()a6-ya^j  f    7<ur='  t  aj* 


6.          a:*-   4x»+   5x-   3  10.        c*- 3c»  +  2^2-4/?  +  7 

2ar»-14x»-14x+    5  2c*  +  3c»  f  2c»  f  nc  H» 

-a:»H-9x'+      g+8  -4<^            -4^*  .        -  5 

2a:3_   9aJ_   8a._^10  -    c*                      -i     c  i  « 

11.  3x»-    xy  +  xz-3y«+    4y2-    2» 
—  5x*—    xy-xz  +    5yz 

6x»  -Gy-62 

4y2 
—    byz  f  32' 

-4x» +    V*+    3.V2  <  32' 

-2xy  -2y«  +  lly^  {  52^-(>y-G2 

12.  m^  — 3  m*  71  — 6  m' n» 

—  5m*n+    m'n' +    m'n' 

+  7m'n'  +  4m»n»  -  3mn* 

—  2m'n'  —  37MH*  +  4n* 

2^1*^  +  7m^n  


-      71* 


6mS  -    7n*7i  +  2771*712  +  3  mhi^  -  -  4  tnn*  +  5  n^ 


Exercise  6. 

1.  +25-(+16)  3.  -31-(+58) 
=  25-16  =-31-58 
=  9.  =-89. 

2.  -50 -(-25)  4.   +107 -(-93) 
=  -50  +  25  =107  +  93 

=  -25.  .           =200. 
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5.  Rome  was  ruled  by  emperors  from  b.c.  30  to  its  fall,  a.i>. 
476.    How  long  did  the  empire  last? 

476  _  (-  30)  =  47G  +  30  =  506 ;  i.  c.  506  years. 

6.  The  continent  of  Europe  lies  between  36°  and  71°  north 

latitude,  and  between  12°  west  and  63°  east  longitude  (from 

Paris).    How  many  degrees  does  it  extend  in  latitude,  and  how 

many  in  longitude? 

71-(+36)  =  '71-36  =  35. 
12-(--63)-12  +  63  =  75. 


Exercise  7. 

1.  5a; --(—4a;)  8.  —  4«y  — (— Say) 
=  5a;  +  4a;  =  — 4a:y  +  5a;y 
=  9a;.  =a?y. 

2.  -3a&-(+5a6)  9.  Sax-{-Say) 

=  -8ab. 

10.   2ah^v-{+ahy) 

3.  3 ab^-(-\- 10 ah^)  =2ah^y-aby. 

=  3a5^-10a6^  11.   9^  +  (5a-)-(+8a-) 

4.  15m2ar^-(-7m«rO  .     =^^'- 
^ll^S'^^'^''^  12.  5^y-(-18x«3/)  +  (-10:c»y) 

5.  _7ay_(-3ay)  =13aHy. 

=  -7ai/  +  3ay  13.   17ar»-(-aa:»)  -  (+ 24aar») 

=  -4oy.  =17ar»  +  aar»-24aar» 

6.  17ar»-(-24aa;3)  =-6aa:». 

=  17aaj3H-24aar»  14.   -3a&  +  (+ 2ma;) -(-4ma;) 

=  41  oa:*.  =  —  3ab  +  2mx  +  4:mx 

=  —  3a6  +  Gmaj. 

7.  5a2x-(-3a«a;) 

=^5a^x  +  Sa^x  15.  3a-(+ 2Z») -(-4c) 

=  8a2a:.  =  3a  ^26  + 4c. 


Exercise  8. 

1.   Ga-26-    c  2.   3a-26  +  3c 

2a-2&-3c  2a-86-    c 

4a  +2c  aH-66  +  4c 
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3. 

7a:*      Sx     1 
5ac*-6aj  +  3 

6.  .T»-3ay-   y*+y2-2«» 

x*  +  2jv-3y«        -22«  +  5ja 

2x'      2x     4 

—  5a:y  +  2y*+y«          —  5jc 

4, 

4aJ*~3ar»-2xS_   73.^    9 
a^_2ar»-2ic»+    7x-   9 

7.       a*-3a«6  +  3a6»-    6> 

3a?*-    ar»            -14x+18 

2a»-6o»6K>a6«-26» 

5. 

2a:»-2ax  +  3a« 
•  a*  —    ox  +    a* 

8.  x»-5ay+    x^-y'  +  7yz^-2r» 
a:*—    xy-    xz        +2yz  +  32^ 

—    ax -If  2a?  — 4.ry  f  2ir2— y'  +  Oyz—    £^ 

9.  2aaj»  +  3a5x-46»x  +  126" 

ax'  — 4o6x--5yg +  &j*  — x* 

ox*  +  7aZ>x  +    6«x  4- 126»-  6x*  +  x* 

10.  6x»-7x»y  +  4xy*-2y"-   5x*  +    ay-   4y*  f  2 
Sx'  — 7x».v4-    xy*—    y»+    9x»  -    37/  f    O'y'  -4 

-2x»  +3xy*-    y»-14x*  +  2xy   -lUy»  1-0 

11.  «*^    ft* 

-h4a'&-6o«y4-4oy 

a*_    6*_4a»6  +  6a*6«-4a&» 
2a*-2&*-4a»5  +  6a*6*  +  4a6» 


-  a*+    6*  -8a^ 

12.  x»y«-3x*y"  +  4xy*-    y» 
—  4xy*  — 4v*  — X*  +  2x*y 

x»y*  -  3x*y"  +  8xy*  +  3y*  +  x*  -  2x*y 

x'y«-3x'y"  +  4xy*-    y* 
—  4xy*  — 4y^—    a^ -I- 2x*y 

x'y*  — 3x*y'  —  Sy*—    x*  +  2j^y 

x'y'  — 3x*y' -f  8xy*-f  3y^  +    x^— 2x*y 

-  8xy* -  8y*  -  2x* -f  4x*y 

13.  a*6»-    a«6c-8a5»c-aV+    a6c*-0&V 

4-  2a^hc - 5a5»c  -f  2ah<? -bli^c^ 

a»6«-3a«6c-3a^c-aV-    a6c»-    6V 

14.  12a  +  35-5c-2(i=69         16.   2x*-y»-2xy+    2* 
IQq-    6  +  4c-3d=^45  a;«-y*-f2xy-    2' 

2a  +  46-9c+    d=24  x*         -4xy+22« 

15,  6  —  a. 

2a'-6a«6  +  6a6*-26»  17.     12oc+   SccZ-  9 

c?-*Jan -3^  -7ac-   9c(^+  8 

as^.    a«6  +  6a6*+    i^  Vdac  +  \lcd-Vl 
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18.  -   6a^  +  2a6-3c2 

4a'  +  6a6-4c» 

-10a2-4a6+    c* 

19.  dxy~4:x-3y  +  *I 
Sxy  —  2x+  3.V+  6 

xy  —  2x  —  6y  + 1 


22.      3ar» +  2ay-    y^ 
-   ar«-3ary  +  3.v' 

40^  +  5xy  —  ^y^ 
Sa^  +  4gy  —  Sy' 


23.   ax^-hy^ 


+  cx'^  —  dy^ 


20. 


cur*  —  hy^  —  c7^->r  dy^ 
—  a^bc—   ab^c+    db<?—  abc 

a^bc+    ab'h-    abc^+  abc   24.   aar  f    bx  +    by -\- cy 


a^bc+    ab^c—   abc^-\-  abc 
-2  a-*  be -2  ab^c  +  2  abc^-2  abc 


ax 


bx  —    by  +  cy 


21.   7x2 -2a; +  4 
2a;2  +  3a;-l 

5a:*  —  5a;  +  5 


27 


26.  an^  +  12abc-'9ax* 


2bx  +  2by 

26.   5x«  +  4a;-43/  +  3y2 

5a;*-3a;4-3.y  +    y' 

7a;-7y  +  2y2 

4a5*  —  Qacx  +  3a'a; 


'a2&2  +  \2abc  -  9aa;* -  4a62  +  (Sacx-^a^x 


a" 
2  0^ 


2a&+c2-362 
2ab         +362 


-a" 


+  C2-662 


28.      a*  + 


a*  + 


6^  + 

62  + 

62- 


C2  + 


a^ 


-62  + 


d2 

C2+      CP 
C2-      (P 

C2+      (P 


29.     2x2-2y2_    g* 
2ar'  +  3y2-    22 

-5y2 
~ar^-2y2  +  3g2 
a;2_3y2_322 


3  a*  +  262 +  2c2  + 2^2 


a2  + 


62  + 
62- 


C2  + 
C"- 


d2 


a2 
-a2 

+ 

62  + 
62  + 

C2 

+ 

+ 

d2 

6? 

a2 

+ 

262  + 

2c2 

+ 

2d' 

3  a* 
a2 

+ 
+ 

262  + 

262  + 

2c2 
2c2 

+ 

+ 

2S 
2d? 

30.  -2a»+    a2g_f.2ac2 
+    a^  —    a2  c  —    ac2 


— 

a3 

+ 

a(? 

a»- 

■2a2 

c  + 

3ac2 

— 

a8 

+ 

ac2 

2a2 


2a3-2a2c  +  2ac2 


Exercise  9. 


1.'  (a  +  6)  +  (6  +  c)  -  (a  +  c) 
=a+6+6+c—a— c 
=  26. 


2.   (2a-6-c)-(a-26  +  c) 
=  2a  — 6  — c  — a  +  26  — c 
=  a  +  6  — 2c. 
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3.   (2a:-y)-(2y-z)-(2z-a:) 

=  2a;  — y  —  2y+2  — 22  +  a: 
=  3x  —  3y—  2. 


4,  (a-a:-y)-(6--x+y)-f(c+2v) 
=a— x— y— 6+x— y+c+2y 
=  a  —  A  +  c. 


5.  (2x  — y +  32)  +  (--x-y-42)-{3a;-2y-«) 
=  2aj  — y  +  3z  — as  — y  — 4z  —  3aj+  2y  +  2 

=  — 2a;. 

6.  (3a-6  +  7c)-(2a  +  36)-(r)6-4c)  +(3c-a) 
=  3a- 6  +  7c  -  2a -36- 56  +  4c  +  3c -a 

=  -96  + 14c. 

• 

7.  l-(l-a)  +  (l-a4-a»)-(l-ta  +  a«-a«) 
=  1  —  1+a  +  l  —  a+a*— l  +  a-o'  +  o? 


8.  a -{26 -(3c 4- 26) -a} 
=  a -{26 -3c -26 -a} 
=  a  — 26  +  3c  +  26  +  a 
=  2a  +  3c. 


10.   3a-{6  f  (2a-6)-(a-6n 
-=  3a  —  {6  f  2a  —  6  —  a  i  6} 
=  3a-6-2aH 


•f  6  -f-  a~  6 


-2a -6. 


9.  2a-{6-(a-26)} 
=  2a-l6-a+26 
=  2a  — 0  +  a  — 26 


11.  7a-[3a-{4a~(5a-2a)}| 
-7a  — [3a-{4a-5a-i  2a] 
-7a  — [3a  -4a-i  5a-  2<r 
=  7a  — 3a-(  4a  — 5a  \  2a 
=  5  a. 


12.  2a;  +  (y  -  32)  -  [(3x  -  2y)  4-  2]  +  5x  -  (4y  -  32) 
=  2a;  +  y  —  32  —  [3a;  —  2y  +  2]  +  5a;  —  4y'  f  32 
=  2a;  +  y  —  32  —  3a;  +  2y  —  2  +  5x  —  4y  f  32 

=  4a;  — y  —  2. 

13.  {(3a-26)  +  (4c-a)}-{a-(26-3a)-c}  +  {a-(6-5c-a)} 
=  {3a  —  26  +  4c  —  a}  —  {a  —  26  +  3a  —  c}-f{a  —  6  +  5c  +  a} 
=  3a  — 26  +  4c  — a  — a +  26  — 3a +  c  +  a  —  6 +  5c  +  a 

=  -6  + 10c. 


14. 


a  -  [2a  +  (3a -4a)] -5a -{6a -[(7a +  8  a) -9al} 
=  a-[2a  +  3a-4a]-5a-{6a-[7a  +  8a-9a]} 
=  a  — 2a  — 3a  +  4a  — 5a  — {6  a  — 7a  — 8a  +  9a} 
=  a-2a  — 3a  +  4a  — 5a  — 6a  +  7a  +  8a  — 9a 
=  — 5  a. 


16.  2a- (36  +  2c) -[56 - (6c - 66)  +  5c- {2a -(c  + 26)}] 
=  2a-36-2c-[56-6c  +  66  +  5c-{2a-c-26}J 
=  2a -36- 2c -[56-6C  +  66  + 5c- 2a +  C  + 26] 
=  2a-36-2c-56  +  6c-66-5c  +  2a-c-26 
=  4a-166-2c. 
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16.  a-[26+{3c-3a--(a  +  6)}  +  {2a-(6  +  c)}] 
=  a-r2&  +  {3c-3a~a-6}  +  {2a-&-cf] 
=  a—  '26  +  3c  — 3a  — a  — 6  +  2a  — 6  — c] 
=  a  — 2&  — 3c  +  3o  +  a  +  5  — 2a  +  6  +  c 
=  3a-2c. 


17.   16 -aj- [7a; -{8a; -(9a; -3a: --6a:)} 


=  16-a:- 
=  16-a:- 


I 


18. 


7a: -{8a: -(9 a; -3a:  4- 6a:)}] 
'7a:-48a;-9a:  +  3a:-6a:}] 

=  16  — a:—  '7a:  — 8a:  +  9a:  — 3a:  H- 6a:] 

=  16  —  a:  —  7a:  +  8a:  —  9a:  +  3a;  —  6a; 

=  16 -12a:. 

« 

2a  -  [3&  +  (26  -  c)  - 4c  +  {2a  -  (36  -  r=^V 
=  2a-r36  +  26-c-4c  +  {2a-(36-c  +  26)j] 
=  2a-  ■36  +  26-c-4cH-|2a-36+c-26}]^ 
=  2a-[36  +  26-c-4c  +  2a-36  +  c-26] 
=  2a-36-26+c4-4c-2a-+-36-c  +  26 
=  4c. 


19.  a  -  [26  +  {3c  -  3a  -  (a  +  6)}  +  2a  -  (6  +  3c)] 

[3c-3a-a-i  +  2a-6-3cJ 


=  a  — 
=  a  — 


20. 


26  + 

26  +  ^c-3a-a-6  +  2a-6-3c] 
=  a  — 26  — 3c  + 3a +  a  +  6- 2a +  6  + 3c 
=  3a. 

a-[56-{a-(3c-36)  +  2c-(a-26-c|}] 

-■       :}] 


=  a  — 
=  a  — 


56-{a-3c  +  36+  2c-a+  26  +  c}] 
56-(f  +  3c-36-2c  +  a-26-c] 


=  a  — 56  +  a  — 3c  +  36  +  2c  — a+26+c 


=  a. 


Exercise  10. 


1.   2a-36-4c  +  (?  +  3c-2/        2.  a- 2a:+ 4!y-3z-26  +  c 
=  (2a-36)-(4c-rf)+(3e-2/)  =(a-2a:)  +  (4w-32)-(26-c) 

=x(2a-36-4c)  +  (rf+3e-2/).  =(a-2a:  +  4y)-(3«  +  26-c) 

3.  a&  +  3a*-2a5-4a2  +  a-l 

=  (a5  +  3a*)  -  (2a3  +  4a2)  +  (a-  1) 
=  (a^  +  3a*  -  2a3)  -  (4a2  -  a  +  1). 


4.  -3a-26  +  2c-5(?-c-2/ 
=  -(3a  +  26)4-(2c-5(7)-(e  +  2 
=  - (3a  +  26  -  2c)  - (5c;  +  e  +  2/ 


6.  ax  —  by  —  cz  —  bx  +  cy  +  az 

=  {ax  —  by)  —  {cz  +  bx)  +  {cy  +  az) 
=  (ax  —  by  —  cz)  —  (6a:  —  cy  —  az). 
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6.  2a^-3ar*y +4x»y»-5a!«y»4-«y*-2y* 

=  (22^6  -  3a?*y)  +  (4ary  -  52*1^  +  (ay*  -  2y») 
=  (2ar^  -  3a;*y  +  4a»y5)  -  (5icV  -  «y*  +  2y»). 

(1.)  2a-36-4c+d-f3e-2/-(2a-36-4c)  +  (d+[3e-2/]). 

(2.)  a  — 2a;  +  4y~32-26+c=(a-2aj  +  4y)~(32+[26-c]). 

(3.)  a*  +  3a*-2a»-4o«  +  a-l=(a»  +  3a*-2a»)-(4a«-[a-l]). 

(4.)  -3a-26  +  2c-5ei-c-2/=-{3a  +  26-2c)-(5rf  +  [«  +  2/]). 

(5.)  ax  —  by  —  C2  —  bx  +  cy-\-az  =  (ax  —  by  —  ez)-- {bx  —  [cy  +  az]) 

(6.)  2x*  -  3a:*y  +  4a:*y'-5xy +  ay*-2y»-(2a*-3a;*y +4j»y») 

-(5*«y»~[^-2/]) 

8.  2ax— 6ay +  462  — 46x  — 2cx  — 3cy 

=  (2a  —  46  -  2c)a;  -  {6a  +  3c)y  +  4  bz. 

9.  oar  — 6a?  +  2ay  +  3y +  4a2  — 362— 2* 

=  (a  -  6)a;  4-  (2a  +  3)y  4-  (4a  -  36  -  2)2. 

10.  ax  — 26y  +  5c2  — 4635  — 3cy  4- 02- 2ca;  — ay  +  46z 
=  (a  — 46  — 2c)af  — (a  +  26  +  3c)y  +  (a  +  46  +  5c)f. 

11.  12aa;  +  12ay  +  46y  — 1262- 15cx  + Gey +  3c2 

=  (12a  -  15c)x  4-  (12a  4-  46  4-  6c)y  -  (126  -  3c)2. 

12.  2aa;  — S6y—7cz  — 26x4- 2cx  4- 8  cz  —  2cx  —  cy  —  cz 
=  (2a -  26  4-  2c -  2c)x  - (3 6  4-  c)y  -  (7c  -  8c  +  c)e 
=  (2a  -  26)x- (3 6  4- c)y. 


Exercise  11. 

1.  -17x8  =  -136.  4.   -  18  X -5  =  4-90. 

2.  — 12  8  X  25 

=  -i2.8xl00^4  =  -320.       5.  43x-6  =  -258. 

549  6.  457x100  =  45700. 


2961 
1316 

1645  L_775x-79 

18.0621  =61225. 


7.  (-358  -  417)  X- 79 


8.  (7.512  -  {-  2.894})  X  (-  6.037  4-  {13.963}) 
=:  (7.512  4-  2.894)  x  (-  6.037  4- 13.963) 
- 10.406  X  7.926 
=  82.477956. 
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9.  13x8x-7  11.  -20.9 


10. 


=.104x- 

-7 

-1.1 

=  -  728. 

209 
209 

-38 
9 

22.99 
8 

-342 
-6 

183.92 

2052 


12.  -  78.3  X -0.57    =44.631; 

1.38  X -27.9 38.502; 

44.631  X  -38.502=  -1718.382762. 

13.  -2.906  X  -2.076=  6.032856 ; 
6.032586  X  -1.49  =  -8.98895544 ; 

-8.98895544  X    0.89  =-8.0001703416. 


Exercise  12. 


1.  6ax-2a  =  -  12a'. 

2.  5 mn  x  9m  =  45 m^n. 

3.  SaxX  —  4:by  =  —  12abxy. 

4.  —8cmxdn  =  —  8  cdmn. 

5.  -7abx2ac  =  -Ha^bc. 

6.  5  m^x  X  3  mx^  =  15  m^s^. 

7.  5a"»x-2a»»  =  -10a«+». 

8.  3aVx7aV  =  21a8a;«. 

9.  7ax-46  =  -28a&; 
-28a6x-8c  =  224a&r. 

10.  8  a6*-«  X  3  ac  =  24  a'ft'c ; 

24  a^b^c  X  -  4  c2  =  -  96  a'ft  V. 

11.  27  a6 

—  39mp 

243 
81 

—  1053  abmp 
\Sap 

8424 
1053 

-  18954  a'bmp^ 

12.  Gaby 


2  6  V 

12  abY 
—  5  a^y 

-60o»6y 


13.  Irn^x 
Smx^ 

21  mV 
—  2mq 

—  42  m*qx^ 

14.  -  3po« 

6pV 

-18 
8^ 


g 


15.  2a2mVx3amV=6a'mV; 
6  a%Vx4  a*m2c2^24  a^m^a^, 

16.  6ar'y23x-9a:2y222=_.54a,yz*; 
-54a;*y325x  s^^^^  -1 62a^y*26 

17.  3aa;x  2amx— 4ma:x  6' 
=  -  24  a^i^mV. 

18.  7am^x^bV 

=  21  ai'mV ; 
2lab^m^n'^X-^ab 

=  -84aWn27i«; 
-84a268m2?i2xa26n 

=  —  84  a*b*mV ; 
-84a*6*m«?i3x-262n 

=  168  a*b^mhi* ; 
168a*6«mVx-mn' 

=  - 168  a*6«m8n8. 

19.  2ab^x-bd'b  =  -10aW; 
-lOaW  X  -Sab  =^SOa*b*  ■ 
30a*6*x7a=210a5i*. 
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Exercise  13. 

1    (4a«-3ft)x3a5  4.  (a»x-5aV  4- oi*  4- 2jr*)X  (tr»y 

=  12a*6  -  9a6«.  =a*a^^5ci^ai^  4-  a*3^  4-  2aj^. 

2.  (8a«-9a6)x3a» 
=  24a*-27a»6. 

3.  {Sx'-  4y»  4-  52»)  X  2a:«y  6.  (-9a»4-3a«6»-4a«6»-ft*)X  -3aM 
=  6ar*y-8a^3/5  4-  lOx^yz^,  =27a«6*-  9a*6«4-  12a»6^4-  3aA». 

6.  (3a^-2x»y-7a«/»4-y*)X~5x*y 
=  -15a*y  4-  10x*y«  4-  35«*y»  -  5x»y*. 

7    (-4an/«4-5x«y4-8«*)X-3x*y     8.  (-3  4- 2ai  4- a«6»)  X -a* 
=  12ar»y»-  15aj*y»- 24a^y.  =  4-  3a*  -  2cfib  -  a*b\ 

9,   {-z-2xs?-\-5a^ys^-63^y^  +  Zs^y*z)X-Sj^vz 
-.  3a^y2?  4-  6a?*y/-  15a;*y*2»  4-  18a^y"«  -  Oa^/z". 


Exercise 

14. 

1. 

a?-4 

0^4-5 

a;*-4ic* 
4-5x»-20 

i»*4-    a^-20 

5. 

2a; -y 
x  +  2y 

2a:»-    xy 

+  4a^-2v» 
2i»4-3ay-2y» 

2. 

y-6 
.V4-13 

6. 

2x»4-4x*4-8ar4-16 
Sx  -6 

y«-    6y 
+  13y-78 

• 

6«*4-12a!*4-24x*4-48x 

-  12a;3- 24 x»- 48 ar- 
ea:* 

-96 

y«4-   7y-78 

-96 

3. 

a*  4- a' re*  4- a?* 
a^-x' 

-a* 

7. 

a:"  4- a:^  4- a:  -  1 
X  -1 

cfi  +  a*3^  4-  a' a!* 

a:*  4-    ar*  +  ar*—    x 
-    a^-a^-    x-\-l 

a*                    ~2aJ4-l 

a« 

-aj« 

4. 

35*  4-  ay  4-  y* 

8. 

x»-3aa; 
x  4-3a 

x8-3aa;« 

4-3aa;*  — 9a'ar 

a?  4-  a^'y  4-  ay' 
—  3^y  —  ajv'  — 

c^              -9a*x 

( 
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9.  13  X  8  X  -  7  11.  -20.9      12.  -  78.3  X  -0.57    =  44.631 ; 


=.104x-7 

=  -728. 


10.     -38 
9 

-342 
2052 


1.38  X  -27.9    =  -38.502  ; 
44.631  X  -38.502=  -1718.382762. 


-1.1 

209 
209 
2299      13.  -2.906 X  -2.076=  6.032856 ; 

■  8  6.032586  x  -1.49  =  -8.98895544 ; 

j^3Q2    -8.98895544 X    0.89  =-8.0001703416. 


Exercise  12. 


1.  6ax-2a  =  -  I2a^. 

2.  5  mn  x  9  m  =  45  m^n. 

3.  3  aa;  X  —  4  6y  =  —  12  abxy. 

4.  -~Scmxdn  =  —  S cdmn. 

5.  —  7a&x  2ac  =  — 14 a^Jc. 

6.  5  m^x  X  3  mx^  =  15  m^a^. 

7.  5a"»X-2a«  =  -10a«+» 

8.  3aVx7aV  =  21a5ic«. 

9.  7ax-46  =  -28a&; 
-28a6x-8c  =  224a6r. 

10.  8  a62  X  3  ac  =  24  a^ft^c; 

24  a^b^c  X  -  4  c2  =  -  96  a^h^c^. 

11.  27a6 
-39mp 

243 
81 

—  1053  abmp 
\Sap 

8424 
1053 

-  18954  a'bmp^ 

12.  6a&y 
26V 

12a6y 

—  5  a^y 

-eoa^'fty 


13.  7m^x 
Smx^ 

21  mV 
—  2mq 

—  42  mJ^qx^ 

14.  -  3pq^ 

6jfiq 

-18 
8^ 


g" 


—  144j5y        • 

15.  2 a2mVx3  am^x^=Q  a^m^sfi ; 
6  a^m®x®x4  a?mx^=2^  a^m^a^. 

16.  ea^y2^X-d  x^yh'^=-bix^f^ ; 
-fy4:X^fs^xSx^yz=-l62a^y*2f^, 

17.  3aa;x  2amx  —  4ma;x  6^ 
==  -  24  a^b'^m^a^. 

18.  lam^xS^n^ 

=  21  ab^m^n^\ 
21  ab^m^n^  X  -  4  a6 

=  -84a2^>3;nW; 

-Sia^h^mhi^Xa^bn 

=  —  84  a*b*mV ; 
-84a*6*mVx-262n 

=  168a*6«m2?i*; 
168a*6«mVx-mTO« 

=  - 168  a*6«m»n8. 

19.  2a62x-5a2&  =  _l0a'6»; 
-10a'68x-3a6=.30a*6*; 
30a*Mx7a=210a56*. 
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Exercise  13. 

1    (4a»-- 3ft)  X  Soft  4.  (a«a;-6a«x»  +  aa*  +  2j:<)X(tr*y 

=  12a'6  -  9a6».  «a*x*y-6a*ir*y  +  a^^  +  2<u*y 

2.  (8a2-9a6)x3a» 
=  24a*~27a»6. 

3.  (3x»  -  4y»  +  5z»)  X  2x»y  6.  {_9a»+3a»ft»-4aV-ft*)X -3aA« 
=  6aj*y  -  8a»3^  +  10a:»y2«.  -27a«6*-  9a*6«  +  12a»6^+  3a6». 

6.  {3a>-2x»y-7w«  +  y^X-5x«y 
=  -15a*y  +  lOi/y*  +  36«*y»  -  5a:*y*. 

7    (-4icy«+5x«y  +  8a^)X-3x«y     8.  (-3  +  2aft  +  a»6»)X -a* 
=  12a:»y»  -  15aj*y»  -  24«*y.  =  +  3a*  -  2a*6  -  a«6«. 

9,   (-z-2asz?  +  6a:*y2»-6x8y'  +  3a:'y»2)X-3x»v2 
=»  3a;»yz»  +  6a?*y2»  -  15a;*y*2»  +  18«*y"«  -  90^/2*. 


1.  ic»-4 
x*  +  5 


+  5g«-20 
a^+    a* -20 

2.  y-6 
■V  +  13 


y*  —   6y 
+  13.V-78 

y»+    7y-78 

3.  a^  +  a'x'+a:* 

a*  +  a^x^  +  a'a;* 
—  a*a:*  —  a*g*  — a^ 

0?  —a* 

4.  a*  +  ajy  +  y' 


Exercise 

14. 

5. 

2x-y 

a;  +  2y 

2a:»-    xy 

+  4ry-2y* 
2x»  +  3ay-2y» 

6. 

2a^  +  4a:»  +  8a;  +  16 
3a;  -6 

• 

6«*+12aJ»  +  24x»  +  48a: 
-12ar»-24x»-48x- 

-96 

6a:* 

-96 

7. 

a'  +  ar'  +  x-l 
a:  -1 

a;*  +    a?  -\-  x^  —    X 

—     3?  —  3?  —     X  -\-\ 

a*                   -2a?  +  l 

8. 

a;*-3aa; 
a;  +3a 

7?-Za3? 

+  3ax»-9a«a; 

a*  +  a^y  +  a^y* 
—  3^y  —  xy*  —  y* 

jB*  —  y»  a:>  —  9a*x 
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9.       26»  +  3a6-a»  11.  a^  +  ab-^b^ 

—  5b  +7a  a  —b 


106»-15a6«+   5an  a^  +  a^b+ab^ 


10.  2a  +  6  12.  a»-a6  +  6» 

a  +  26  a  +6 


2a«+    ab  a*-a^b  +  ah^ 

+  4a6-t-2y  +a'6-ay  +  y 

2a«4-5a6  +  26«  a«  H-^ 

'  13.  2a6-56« 
3a«  -4a6 


6o»6-15a2  6« 

-    8o'y  +  20ay 

6o»6-23a2  6»  + 20  a^r» 

14.   -a»  +  2al6-6« 

4a^  +  8a6 

-4a*  +  8a*6-4a2  68 

-8a*6 +ir>aa  6^^-806* 

-4a5  -  4o''6»  +  16a862  _  806* 

16.  a}-\-ab  +  h^ 
a^-ab  +  b^ 


4- g' 5^ +  0^  +  6* 

a*  +a^5»  +&* 

16.  a»-3a«6  +  3a62-6» 
a'-2a6    4-6' 

a^-Sa^b-\-   3a»6»-      a'^s 

+      an^-   SaH^  +  3ab*~b^ 

a*  -  da*b  +  10a' 6'  -  lOa^b^  +  5a6*-  6* 

17.  a;  +  2y  — 32 

a  — 2y -f  32 

a*  4-  2xy  —  Sxz 

—  2xy           —  4y*4-    6y2 
4-3g2 4-    6.V2~92» 

«»  ~4y'4-12y2-9a? 
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18.   2a:*  +  3a^  +  4y» 
3g*  — 4a;y  4-  yz 


6a?*  +  9a:»y -f  12a:»y» 

+  2a^yz  -h  3  jy*g  f  4y*2 

6a;*  +    ar»y  -  16a;y*  +  2««y2  +  3«y»«  +  4y»« 

19.   ic*  +  a^y  +  y* 

3^  +  XZ   4-  2* 


a:*  +  a'y  +  a5*y' 

4  J*2*  -t-  xyz*  i  y^g* 

a:*  4-  x'y  +  x^y^  4-  «*«  +  a:*yz  4-  xy*z  4-  x^z*  4-  aryz"  4  y*^ 

20.  a«+6«4-c»-(i6-ac-6c 

g  4-  6  4-  c 

a?  4-a6*4'ac*  — a*6  — a'c—    o^ 

— oc* 4-a'c—    abc         —  6c* ->- &*c ->-  c^ 

a*  —  3adc4-6*  4- c» 

21.  a:*-xy4-y'4-a;4-y4-l 

x^  —  ai^y  4-  aiy'  4-  a:*  +    aiy  4-  x 

-^a^y-xy^         4-    a:y        4-y*4-y'fy 
— g*4-    xy  —  X  ~y^  —  y  —  1 

s?  +Zxy        4y'  —1 

22.  ar»4-4x»  +  5x-24 
a;'-4a;  +11 

a:*4-4a^4-    5a;»-24x» 

-4a?*-16ar»-20a:»4-    96a; 
4-lla;»4-44a;»4-    5r)a;-264 

a*  4- 151a; -264 

23.  a;»-4a!«4-lla;-24 

a;*  4- 4a;  4-5 

a;*-4a;*4-lla;'-24a^» 

4-  4a;*  -  16aJ»  4-  44a;«  -  96x 
4-    5a!»-20a:»  +  55a;-120 

ar^  ~41a;-120 


24.  a;*  4- 2«*  4- a;*- 4a;- 11 
a;'-2a;  4-3 

aJ»4-2a;*4-    a;*-4a;»- 11a;* 

-2a;*-4a;*-2ar»4-    8a;»4-22a; 
4-3a;*4-6a;»4-    3a:»-12a;-33 

f^  4-10X-33 
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26.  ar*-5a;*  +  13a;»-r'-a; 

tx?-2x  -2 

a;^  — 5a:»  + 13a^~      a:*—      a^ 

-2a:«  +  10ari-26ar*+    2ar»  +  2r» 
-    2ar^  +  lQa:*-26ar»  +  2a?^  +  2g 

a.7  _  7a*  +  21  a:*  -  17 a^  -  25ar»  +  4a:»  +  2a? 

26.      a:"-2ar^  +  3a;-4 
4a:"4-3a^»  +  2a;4-l 


4a:«-8a*  +  12a:*-16ar» 

+  3ar^-    6a:*+    9a;»-12ar' 

+    2a!*-   43:^+    6a;2-8a: 

+      3?-    2a;^  +  3ar~4 

4jB«_5aA+    8a:*-10ar»-   8a;2-5a;-4 

27.  5a*    ~ZaH  +2a^h'^-va}^ 
5a»&  +  3a^6=^-2a5»   +6* 

25aT6-15o«62+ 100^63  4-    5a*6* 

+  15a«6'-    9a5  63+    6a*6*+3a«6* 

-10a*6»+    6a*6*-4a»6*-2a»6« 

+    5a*5*-3a«6^  +  2a'6«4-a6^ 

25a'6  -   9a*6«  +  22a*6*-4a*6*  +  ai^ 

28.  40^3/  -8a'^y»  +  16aY-32ay* 

a*y'  +  4a*y*  +  4a^y* 

4a»y'-   8aiV  +  16«V-32aV 

+  16a"y*  -  32aV  +  64aV  -  128a»yT 
+16a».v^-32a\v«+    64a5yT- 128a^v8 

4a«y»+    8a"y*  -   64aV-128oV 

29.  3m'     +9m«n  +9mn»   +3n» 
2m*n  —  6m'n^  +  6m^n'  —  2mn* 


6m^n  + 18m*7i*  4- 18m*n^  4-    6m*n* 

—  18m*n'  —  54m*7i'  —  54m*7i*  —  18m'n* 

+  18  m'^n' 4- 54  m*n*  +  54  m'n^  +  18  m^n* 
~    6m*w*-18m»n^-18m'n<^-6m7i^ 

6m'n  —  18m*n*  4-18m''n^  -6mn^ 

30.     6a66  4-3a«&*-2a66  4-6«' 

4a*    -2a&8  -36* 

24a»6  4-12a«&*-   8a565  4-4a*6« 

-  12a«6*  -  6a»5'  4-  4a«&8  -  2a5» 

.  -18a»&'^ -90=^68  4- 6a&g-3&^° 

24a»6  ~26a*6*4-4a*6«-6a»67_5a258^4^59_35io 
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^^^ 


-vab^ 
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36.  x-\-  a 
X+  2a 


x'  +  ax 

-i-  2ax    +    2a» 

a;^+  Sax    +    2a» 

X  —   3a 

3^-{-  Sax^   +    2a^x 

-  Sax^  -   da'^x  -6a^ 

a;  —   4a 

a?*—  la^x^—   6  a' a? 

.    no      9 


+28a«a;  -403:8+    24a*  j 

a:*-    7a2a;2+22a3a?  -4aar»  + 

3!     -4-       f)  /!. 


24  a* 


,5 


a^-    7a2ar»  +  22a»a;a_4^3j4_^    24a*a; 

-  20a^r^  -  SSa^a;^  +  5aa;*  +  110a*a?  +  120a' 

a*  -  27a«aj»  -  ISa^ar^  -¥    a^  +  134a*x  +  1200* 

or     ar^+    aa;*- 27  a'ar^- 13  a»aj2  4- 134  a*  a;  +  120  a^^ 


36.     81a*-9a2  62  +  6*  37.  y^~yz-2z^ 

9g^4-6« y'^4-.vz~22' 

729a«-81o*62  +  9a»j4  'lA  ~ifi  z  -  2y^  z^ 

+  81a*y-9a^M  +  6«  "^   +^^_    ^a^^.g^z* 

729 a«  +6«  -  2.v«2«  +  2yz'  +  42* 

27a»  +  68  y*           -5yV             +42* 


27a^-b^  „2 


y*  -  2^2  —  2« 


729a«  +   27a36»  y'  +  2v2-2» 

-    27a»68-5«  y*-2y»z-    yV 
729  a«'                  -66  2y^z-4:y^z^-2vz^ 

729 a«  +  6« -    .vV  +  2.V2»+    z* 

531441a"- 729 a«6«  y*  -Qy^z^  +   2* 

+729a<^6«-6"  y*  -5.v«2'  +42* 

531441a"  -6"  -    v'2*  -32* 


38.  3a«    ~a6-362 
a26_262 


3a*6-a»  62-3^2^ 


-6a'6«  +  2a63  +  66* 


3a*6-  a^ja  -  3a2  6»-  Sa^ft'  +  2a63  +  66* 
■  -2a6*-66* 


3a*6  -  a* 62  _  3^253 _  6^252  ^  2a6»  -  2a6*  +  66*  -  66* 
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39.  a  +  6-c 
a  —  b  +  c 

a^+ab—ac 
—ah       — 6»+   be 
+ac       +  bc—<? 

-a-i-6+c 

a-^b-{-c 

-a*+2a»6«            +2a«c»                                                      -6«         t 

-   r* 

40.   0  +  6                                   c  +  rf                                  a  \  e 
b  -\-e                                  a+rf                                  6-(/ 

o6  +  6*                                 etc  ^  ad                               ah  \  be 
-tac-\-bc                             •\-  cd  \-  d^ 

rd 

ab  +  b^  +  ac  •\- be                ae  ^  ad  +  cd  f  d^              ah  i  be  - 

-cd 

{ah  ^- 1^  -\- ae  +  he)  -  {ae  ^^  ad  ■\- cd  ^  d^)  -  (ab  f  he  -  ad  -  cd) 

=  ab  +  l^  +  a^  +  bc  —  aC'-ad  —  ed~'d^—ab-'be-\-ad-\-cd 
^h'-d^. 


41.  a-\-h  -^c-^  d 
o  +  ft  4-C  +  d 


a'  +    a6  +    oc  +  ad 

-\-    ab  -\- b^  ■{■    he  +    hd 

+    ac                     +    be  +c^  -^    cd 
+  ad +    bd         -\-    cd  f  f/» 

a«  +  2a6  +  2ac  +  2ad  +  6*  +  26c  +  2hd  +  c*  +  2crf  +  c/« 


a  — J  —  c  4-  (i 


o*  —    a5  —    ac  +    ad 

-ah  +6'^+    6c-    6(f 

—    oc  +    be  +  c^—    cd 

+     ad —    hd         —    cd  -\-  (/' 

a'  -  2a6  -  2ac  +  2ad  +  6»  +  26c-  25c?  +  c*  -  27d!'+~5» 
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a—b+c—d          • 
a  —  b  -\-c  —  d 

a'  —    ah  -\-    ac—    ad 

—    ah                        +b*—    bc-\-    bd 

+    ac                    —be            ->t<?—cd 

—    ad                    +    bd         —    cd  -\-  d* 

d^ 

a^  -  2ab  +  2ac  -  2ad  +  b^ -2b€  +  2bd  +  <^ 

• 

a  jfb  —  c  —  d 
a  +  b  —  c  —  d 

a*  +    ab—    ac—    ad 

+    ab                        +    b^—    be  -    bd 
—    ac                       —be             + 
—    ad                      —    bd 

-2cd  +  d* 
-\-    cd  + 

a^  ■v2ab-2ae-2ad-\-    b^ -2be -2bd-{- 
a^  +  2ab  -\-  2ae  +  2ad  +    b^ -\- 2be -\- 2bd -^ 
a'-*  -  2ab  -  2ac  +  2a£^  +    b^  +  2be-2bd  + 
a^  -  2a6  +  2ac  -  2ad  +    b^-2be  +  2bd  + 

<?  -^2cd-\- 
c'  +  2cd  + 
e-2ed->^ 
^-2ed\ 

d'' 
d'' 
d^ 
d^ 

4a2                                +46'^                       +4c»            +' 

4d» 

=-  a'^^b^-\-c^-\-2ab-{^2ac-\-2bc-ah-ae-\-a'^-ab-be+b'^-ae-be+c' 
=  2aH26H2c2. 


43.   (a  -  6) a;  -  (6  +  c)  a-{{b-x){b  -a)-(b-  c){b  +.c)] 
=  ax  —  bx  —  ab  —  ae  —  Hb^  —  bx-{-ax-  ab)  —  (b'^  —  c^)] 
^  ax  —  bx  —  ab  —  ae  —  w^  —  bx  -{-  ax  —  ab  —  b^  '\-  c^} 
=  ax  —  bx  —  ab  —  ac  —  0^  -\-  bx  —  ax  +  ab  -}-  b^  —  (^ 
^  -  ac  -  c*. 


44.   {m  +  n)m  —  {(m  —  nf  —  (n  —  m)  n\ 

=  m*  +  mn  —  {m'  —  2mn  -^  ri^-n^  -i-  mn} 
—  w^  +  mn  —  m*  +  2mn  —  w*  +  w*  —  mn 
=-  2mn. 


45.  (a  —  6  +  c)^  —  {a  (c  —  a  —  6)  —  [6  (a  +  6  +  c)  —  c  (a  -•  6  —  c)]} 
-=  a^  —  2a6  +  2ac  —  2 6c  +  ^^  4-  c'^  —  {{ac  —  €?  —  ab) 

-  [(ab  +  62  +  he)  -  (ac  -be-  c*)]} 
=  a'  -  2a6  +  2ac  -  26c  +  6^  +  c^  -  Uae  -a^-  ah) 

—  [ab  +  6^  +  6c  —  aa  +  6c  +  c*]} 
«  a«  -  2a6  +  2ac  -  26c  +  6'  +  c« 

—  {ac  —  a'  —  a6  —  a6  —  6*  —  26c  +  ac  —  c^} 
=  a» "  2a6  +  2ac-26c  +  6*  +  c*-ac  +  a2 

4-  a6  +  a6  +  6=^  4-  26c  —  ac  +  c* 
-2a^i-26'^  +  2c2.       - 
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46.  (p^  +  2») r-{p-^q){p{r-q}-qir  -p}) 
=p^r  +  ^r-{p+  q){{pr  -pq}  -  {qr  -pq}) 
=p^r  -^q^r-^p-i-  q)  {pr  -pq  -  qr  +pq) 
=p^r  -^  q^r  —  (p  +  q) {pr  —  qr) 

=p^r  +  5*r  —  (p'r  —  err) 
=p'^r  +  g'r  —p^r  +  q^r 
=  2q^r. 

47.  (9x»y«-4y*)(a:»-y«)-{3a:y-2y»}{3x(x«+y»)-2y(y»+3jy-j«))y 
=  9a;*y2-13a:»y*+4/-{3iry-2y»|{3ar»+3ay»-2/  «J,n/«  f  2j^y}y 
=  9ar*y»-13a:»y*+4y«- J3w-2V»H3jr»y+327/»-2y*-dfy»  +  2xV'} 
=  9ar*y»-13a:»y*+4y«-{9x^y»-13x»y*+4yf 

=  9a^y«-13x»y*+4y«-9jr«y  +13xV--4y'^ 
=  0. 


48.  a»-{2a6-[-(a+{5-c}Xa-{5-c})  +  2a5]~46r}-(6  f  r)« 
=  a»-{2a6-r-(a  +  6-c)(a-6  +  c)  +  2aA]-46r}     (/>  f  r)* 
=  a» -|2a6 -[-a«  -f  6' - 26c  +  c»  +  2tti)  -  ihr}  -  (h  +  r/ 

=  a«-{2a6  +  a«-6»  +  26c-<r»-2a6-4ftc}--(6  t  r)' 
=  a«-2a6-a«  +  i»-26c  +  c«  +  2a6  +  4ic-6»  -26c-c» 
=  0. 

49.  {ac-(a'-b)(b+c)}-b{b-(a~c)} 

=  {ac  —  {ab  —  h^-^ac~  be)}  ~b{b  -  a  f  c) 
^  ac  —  ah  -\-  h^  —  ac  -k-  be  —  h^  -V  ah  ~  be 
=  0. 

60.   5{(o  -  6)  a;  -  cy}  -  2{o  (x  - y)  -  fcx}  -  {3ac  -  (fx?  -  2a)  y\ 
=  5  {oa;  —  bx  —  cy}  —  2  {ax  —  ay  —  hx}  -  -  {3  ax  -  Tycy  i  2  tii/\ 
=  5  ox  —  5  6x  —  5  cy  —  2  («.c  t-  2  ay  +  2  ftj?  --  3  oj?  f  .0  ry  -  2  aj/ 
=  —  3bx. 

51.  (a;-l)(.T-2)-3x(a;  +  3)  +  2{(.r  +  2)(a:  f  1)  -  3} 
=  x^-'Sx-\-2-Sx^  -9x  +  2  {.r«  f  3a;  f  2  -  3} 

=  a:»-3x  +  2-3x^~9a;  +  2a:»  i-C)x-\-A~(\ 
=  -6a:. 

52.  {(2a  +  6)»  +  (a=-2J)*}{(3a-2&)«-(2a-3?;)^} 

=  {(4a»  +  4a6  +  62)  +  (a«-4aA  +  462)}{(9a2-12a&  +  4/>«) 

-(4a»-12«5  +  9J»)} 

-  {4a»  +  4a5  +  Z>»  +  o«  -  4a6  +  46»}{0tt«  -  12a6  f  4 i^ 

-4a2  +  12a6-9//} 

=  {5a«  +  5Jn{5a«-5&^ 

=  25  a* -25  6*. 

53.  4(a-36)(a  +  3  6)-2(a-66)2-2(a2+6ft«) 

=  4(a» -9b^-2(a^ -  12a6  +  30 b'^) -2a^-  I2b^ 
=  4a2  -  366»  -  2a«  +  24a6  -  72ft«  -  2a»  -  126^ 
«24a6-1206*. 
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54.  x^  (»2  +  y^f  -  2  jcy  ix  +  y\x  -  y)  -  (ar»  -  y»)* 

=  aj6  +  2a:*y»  +  a;y -  2ar*y2  +  2a^y^-  a*  +  2ay -y« 
=  3a;y +  20^3^3  _y6 

55.  16(a»  +  62)(a»  -  6«)  -  (2  a  -  3)(2a  +  3)(4a2  +  9) 

+  (26-3)(26  +  3)(46«  +  9) 
=  16(a*  -  6*)  -  (4a«  -  9)(4a'  +  9)  +  (46»  -  9)(462  +  9) 
=  16a*  -  166*  -  16a*  +  81  +  166*- 81 
=  0. 


1. 


2. 


3. 


4. 


5. 


11. 


Exercise  15. 

+  264  _  oo       6. 

-  DO. 

-1.23 

9. 

-0.1123 

+  4 

345)- 

-  424.35 
345 

-61)6.8503 
61 

-  3840  .  480. 
-8 

793 
690 

75 
61 

+  3840^128. 
+  30          ^ 

-  2^^8  ^  ^  214. 
+  12 

-21.7 

1035 
1035 

-11 

+  24)- 264 
24 

24 
24 

140 

183 
183 

-  49.)  1063.3     8. 
98 

83 

-85) 

+  43A 

-3670 

340 

10. 

+ 

-  0.022^ 

•324)  -  7.1560 
648 

49 
343 

270 
255 

676 
648 

343 

il  = 

tV 

^T  =  A 

0.31831  + 

12. 

0.0101321  + 

314159.) -100000.0 
942477 

314159) 

-  3183.10 
314159 

575230 
314159 

415100 
314159 

2610710 
2513272 

1009410 
942457 

974380 
942477 

669330 
628318 

319030 
314159 

410120 
314159 

4871  95961 
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Exercise  16. 


1. 

+  ^-6. 

+  a 

2. 

+  «*_     t. 

—  a 

3. 

-«*-     6. 

+  o 

4. 

"^^b. 

—  a 

6. 

6. 

12«*=     4a». 
-3a 

7. 

10a&     5a 
26c        c 

8. 

x«           1 

9. 

-12am^g^ 

-2m 

10. 

35a&c     7ac 
5&c2        c2 

11. 

abx        X 
baby     by 

12. 

-3a» 

13. 

—  3  hmx         3  bm 
4  aa:*            4  ax 

14. 

a&c 

15. 

?!?£!£l-„V. 

mp*x' 

16.  -Al^_._i7ay. 
36ay 

17    225 m«y     9m 
25my*        y 

18.   30£i^»-?iL'. 
—  bs^y  X 

io    4  g'm^j*     4  mx* 
5a*m'x       6  a* 

20.  ^2x!s^.6A 
7ayV 

21  -3a'yc*<i*„36c»rf« 

-  a*6W»    "     a»    ' 

22  ^2am*n*p*^  _^  3  amht 

4  m^n^p*^  pif 

23.  (4a»62»xl0a»&>2)  +  5a»6«2» 
=  40a«6V  +  5a«W 

=  8a^«». 

24.  (21a:«y*z«-i-3ary«2)(-2«»y»2) 
-=(7xyVX-2r»y»2) 

=  -14a^2«. 

26.   104  ai^3^^  (9 1  a*6V+  7a*6*a;) 
=  104a6»i»+ 13  a6«a:« 
-86x». 

26.  (24  a»6»j  H- 3  a«i») 

+  (35a«6»a-«  +  -5a»&x) 
=  (8  o»6x)  +  (-  7  a'ix) 
=  a^bx. 

27.  85a<«»+»  +  5a*-»-« 
=  17a». 

28.  §1^:^ 

12  a» 
-7a*-*-« 
-7a"-^. 


i 
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Exercise 

17. 

1. 

a;«-7aj  +  12 
x^~3x      ' 

a;-3 

6. 

7ir» 
7a;» 

-24x»+58x-21 
-  3a:» 

7aj-3 

a:-4 

a;*-3a;+7 

-4aj  +  12 

-21a:»+58x-21 

-4a;  +  12 

-21a:*+  9a; 

49a;-21 
49ar-21 

2. 

x*-^    x-12 
ar»  +  9aj 

x  +  9 

x-8 

-8a;-72 

-8aj-72 

r-3 

7. 

-1 

x^l 

X*  +  a;*  +  a:*  + 1*  +  a:  + 1 

3. 

2ar»-    a;2  +  3a;-9 

2a 

afi 

-1 

2r^-3x' 

x^ 

+  X  +  3 

a^-ai*' 

2a:«  +  3a;-9 

a*-l 

2a!*-3a; 

a^-cfi 

6a;-9 

a^-l 

6a;--9 

x'-l 

x'  —  x 

4. 

e^^+Ux"-  4a:+24 

2x-\ 
Sx^- 

-6 

x-1 
x  —  l 

-2a;4-4 

-  4a;«-  4x+24 

-  4a:»-12a; 

8a;4-24 

8a;+24 

-1 

8. 

-2o6«  +  6» 

a-h 

a^  -{-ab  —  6* 

6. 

9rc'  +  3a;«+    a;-l 
9r»-3a;« 

Sx- 

a?h-2ah 

9 

Sx' 

+2x+l 

aro  —    ao- 

6a;«+    a;-l 
6a:«-2x 

3a;-l 

3 

x-1 
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9    x*~81y*  x-3y 

10.  a^- 

-y*   ^-y 

a*-3a^y  ar'+3ic*y+9ay+27y* 

-r*y  J*+a:*y+**y*fjy*+y* 

3ar»y-81y*- 

3a:»y^9a?v» 

9a;»y«-81i 
9x'y^-27x 

27a 
272 

11    a»  +  326* 

y»-81y* 
a +  25 

a;*y-y5 

af*y  —  a^V* 

• 

a*  +  2a*& 

o*-2a» 

6  +  4a» 

+  326* 

4-8a»6» 

-8a^// 
-8a»5» 

IP-8ab^  +  166* 

-2a*b 
-2a*b 

+  326* 
-4a»6« 

4a»6» 
4a»6« 

f  326» 

16a6<  +  326» 
ir>a6*  +  326» 

12 


2o*  +  27a5»-8U* 
2a*  +  6a»6 


a  +  35 


-6a»6  +  27a5»-8U« 
-6a»6-18o»6» 


2a*-(>tt'^6  +  LSa6»-276" 


18a«6'»  +  27a6»-816* 

18a«6»-h.54afe' 

-27a53_816* 
-27a6»-816* 


13.  a^-5aJ»  +  llaj»-12a;  +  6 
«*-3r»+    3a:» 


-2x»  + 
-2ar»  + 


x'»-3.r4-3 


x»--2.i:  +  2 


8x» 
6a:2 


22:* 
2a;» 


12a? 
6x 

6x  +  6 
6x  +  6 


14. 


a^+    a:»-   9a!«- Ifig- 4'.r' -f  4a;  +  ^ 
a:*  +  4a^+   4a:» 


-3g»-12a?» 

-a:«- 


|a:2_3a;-i 


16a; -4 
12a? 

4x~  4 
4a:~4 
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15.  a;*-13fl:»  +  36 

a?*4-5a^-f6rg» 


,3:*— 5a; +  6 

6a;»  +  30a;  +  36 
6a:»  +  30a;  +  36 


g'  +  Sg  +  e  16.  a;* +  64 


a?*  +  4g'-t-  Sg* 


g'-4g  +  8 


aj*  — 4a;  +  8 


-4a;»-  8a;»  +  64 
-4ar'-16a:»-32a; 

8a!*  +  32a;  +  64 
8a;»  +  32a;  +  64 


17.  a:*+    ar»-24ar-35a;  +  57 
a;*  +  2ar»-   3a;» 

-  A;»-21a;»-35a; 

-  3?-   2x^-¥   Sx 

-19aJ«-38a;  +  57 
-19a;* -38  a; +  57 


3;*  + 2a; -3 


a;*  -  a;  -  19 


18.  1-    a?-3a;»-a* 
l+2a;+    x^ 


l  +  2a;  +  a;» 


1  -3a;  +  2a;«-a;» 


-3a;-4ar»-a;* 
-3a;-6a;»-3a;» 


2a;»  +  3a;»-ar* 

2a:»  +  4ar»  +  2a;* 

-  ar»-2a;*-a* 

-  ar»-2a;*-a* 


19.    a;«-2ar»+l 

a;"-2ar*+a;* 


a;2-2x+l 


a;*+2ar»+3a;*+2a;+l 


21.  4a;*—  a^-\-^x 
4a;'^+6a;*+4ar' 


2a;2+3a;+2 


2ar»-3a;»+2x 


2ar^-a;*  -2ar»+l 
2a;*-4a?*+2a;» 

3a;*-4a;»+l 
3a;*-6a;»+3a?* 


2ar»-3a;»+l 
2ar>-4a;*+2a; 

a;2-2a;+l 
a;2_2a;+l 


20.   a*+2a26«+96* 
-2a»6+3a«&« 


a' 


a«-2a6+35» 


a2+2a6+36« 


2a»6-  a262+96* 
2a»6-4a«6«+6a6» 

3a2&»-6a6»+96* 
3a26«-6aft»+96* 


—6a;*— 53:^+43? 
-6a;*-9ar>-6x' 

4ar'+6a;*+4a; 
4ar^+6a;*+4a; 


22.  a5-243 


a-3 


a*+3a'+9a«+27a+81 


3a*-243 
3a*-9a' 


9a'-243 
9a»-27a2 


27a»-243 
27a«-81a 


81a-243 
81a-243 
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23.  18aj*-46x»  +  82a!* 

18a^-24g«-}-30a:« 

-21x»4-52a!« 
-21x»  +  28a!« 


67x-H40[3a!«-4y4-5 

|6««-7ap  +  8 

67* 
35  a; 


24a!« 
24  a:" 


32a;  +  40 
32a;  +  40 


24.    a;*-9a;»-6ay-y» 


a;*  +  3g-t-y 


X*  — 3«  — y 

-  3  x»  -  9  a:*  -  X*  y  -  6  ay  -  y« 
-3a^-9a;«  -Sgy 

—  a;*y  — 3ary  —  y* 
-g«y-3jy-.V« 


25.  a^-6a:»y  +  9a;»x«-4y* 

a?*-3a:»y-t-2a*.V« 

-3x»y  +  7x*y'-4y* 
--3a;».V4-9x«V«-6ayv» 

-2a:»y»  +  6ay-  iy* 
~2a;»y»-H6a:y»-4v* 


ar«-3ay -f  2y» 


a:»-:Jjy-2y« 


26.   a:*  +  a;»y«  +  y< 
a;*  —  ar*  V  -f-  a^y' 


a^-gy-f  y* 


a^'+ay +y' 


x»y  +  y* 

aj'y*-«y'  +  y* 


27.   a:^  +  a;»  +  a?*y-a;»y«~2ay«  +  y»|a»  +  a;-y 

«*y  +  ic'y  -  a'y' -  2ajy' +  y* 

g^.V  +  g'y  -    ary* 

-aj'y'-    a:y*  +  y» 
-a^y^-    xy^-{-y^ 


28.  2a:!*  +    ay-    a;2-3y»-4yz-2« 
2a:»  +  3ay+    az 

-  2ay  -  2a;2  -  3y»  -  4y2  -  «• 

—  2ayy —  3y*—    yz 

—  2xz  —Syz  —  z* 

—  2xz —Syz~s^ 


2x-\-3j-^t 


y-z 


i 
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29.  12-38a;+82a?-112a:'+106a^-70aj* 

-18a;+64aJ«-112x» 

24a:«-  70r»+106x* 
24a^-  40a:«+  56g* 

-  30ar»+  50ar*-70.z* 

-  30a;»+  50ar*-70x» 


3-5a;+7x« 


4-6a;+8x»-10a:» 


30.  a* 


-f  y»  or —  a 
-  ag*v  +  g'.v^  —  x^y^  +  ary*  a;  4-y 
ar*y  —  a:*y'  +  aj^y®  —  a?y*  +  y* 


-f  y^l  a:*  —  a^y  +  x^y*  —  gy'  +.v* 


31.   2a'* -7a;»y  + 2x2^2  _2a:yS_y4 

2a;*  —    a^y  +    a^y' 

—  ea^'yH-    a^y^  —  2xi^ 

—  6ar^y  +  Sar'y'  —  3ary* 

-2aj»y2+    x^-y*' 
—  2a^y^  4-    a^?/  —  y* 


2a;'— gy  +  y* 


Sxy-y^ 


32    16a;*  +  4x2y»+y* 
16a;*-8ar>y  +  4a;^v^ 


4x'^  —  2a;y  4-  y* 


43;^  +  2a;y  +y^ 


8a;*y  +  y* 
8a;»y-4a;^y'  +  2ayy» 

4a;'y*  —  2a;y'  +y* 
^    4:a^y^  —  2xy^  +y* 

33.   32a»6-56a*62+  Sa%^-4a^b*-ab^ 
32a^6-48a*6'-  8a»6» 

-  8a*JH16a86»-4a«6* 

-  8a*6H12a»6«+2a'6* 

4a»6»-6a26*-a6* 
4a363-6a26*-a6* 


-4a264-6a6'«+6» 


-8a«+2a«6-a6» 


34.   l+5ar»-6a;* 
l-a;  +  3a;* 


l-a:  +  3a;« 


l+a;-2a:2 


a;-3a;«  +  5a;'-6aJ* 
X-    g»-f3a» 

-2a:2^2a;»-6a;* 
-2a;»  +  2.T»-6aJ* 
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l-3a5-4a»62       L  i -3a6- 13a»6> 


3a6  +  4a«6»  -  51a»6"  -  52a*  6* 
3a6-9a«y-12a»y 

13a»6»-39a»6"-52a«6* 
13a«6«-39a»6»-52a*6* 


36.   x^y  —  xy^ 

x''y—23^y^-\-2i^y^—    ac*y* 


or'y- Sa'y* -f  23^*     y* 


a^  +  2x'y  +  2i*y'  +  ly* 


2aJ«3/2_2a:Sy»+    s^y^-ry^ 
2a^.v'-4g^y»  +  4j*y*-2j».V* 

2x*y»-3a^y*  i2a:'y*-iy' 
2ar^y»-43r*y*  +  4j'y^-2.r»?/ 

aj*y*-2jr»y*  +  2a::»y*-  ri/' 
rc*y*  — 2j'y^-f  2j:'y*-j-iy^ 


37.    a*-6a:*y+15a?y-20aj'/+15a!*y*-6a?y*+/ 

a:^— 3a^y+  3g*y'—     g'y' 

-3x5y4-12ic*y2-19ar»y»+15a:»y* 
-3ar^.V-H  9a*y'-  9g»y»+  3xV 

3  ic*y*-10  a:'y'+ 1 2  a;y-6  Ty* 
3a;*y'-  9a:»v»+  9gV-3ry> 

— ar'y'  +  30:^— 3x3/*-f  y* 
—  0^1^  +  33:'y*— 3xy^fy* 


38    a'~2a^b 
2a«6 


a'  — 


2a*6»  +  2a»6*  -  6a«6*  -  3ai« 


a'  -2a«6  -aft» 


a*  f  a»62  f  36« 


ast*-*  -  2a* 6»  +  2a»6*  -  Ga^lfi  -  3a6« 
o»5»-2o*y-    g^fe* 

3a«6*-6a2  6*-3aZ>« 
3a»6*-r)a«6»-3a6« 


39. 

81a^-54a;»y«              -18jr»y*+18iry-18,Ty«-9yT 
81g8y^  +27aV +27  .tV 


3a?*f  jy+y* 


27a:»y-18xy2-9y» 


-54a:5,^2_27a;y_18aJ»y*  -  9  j;V-18a:y«-9yT 
_54a:5y2  -18r^y*  -18  ay/ 


-27a;y 

-27aV 


-9a:y 
-9a:»y* 


-9y» 
-9y^ 
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29.  12-38a;+82a?-112«»+106jB*-70a* 

l2-20x+28x^ 

-18ar+64a:2-112x» 
-18a;+30a:»-  42a^ 

2^a^-  70aJ»+106x* 
24a^-  40g»+  56a?* 

-  30ar»+  50ar*-70.z* 

-  30ar»+  50ic*-70ar» 


3-5a;+7a:« 


4r-6x+%x^-l0a^ 


30.  a*  +y* 

a:^  —  g*y  +  a^y'  —  g^y^  +  xy*  |  a;  +y 
aj*y  —  ar^y^  +  ai^y*  —  xy*  +  y* 
a?*y  —  3^y^  -f  g^.V^  —  a?y*  +  y^ 


ae*  —  a!*  V  +a^y^  —  xy^  -f  y* 


31.    2a^-*7x^y  +  2x^y^-2xy^-y* 


2x*  —    g^y  + 


x^y' 


2a;'— gy  +  y* 


cs^—Sacy—y* 


—  6a^y-\-    a^y^  —  2xi^ 
-6x^y  +  3a^y^-Sxy^ 

—  2x^y^  +    a^y* 

—  2a;'y'  -t-    xi/^ 


32.   16a?*  +  4a:2y»+y* 
16a;*-8g»y  +4a;»y^ 


4x'  —  2a:y  -{-  y* 


4a:*  4-  2a?y  +  y' 


8a;*y  +  y* 
8g»y-4j»y'  +  2gy» 

4a?y*  —  2a;y*  +y* 
"    4a:'y*  —  2xy^  +y* 

33.  S2a^b-56a*hH  Sa^b^-4:a^¥-ab^ 
S2a^b-^Sa*b^-  Sa^^ 

-  Sa*b^i-12a^b^+2a^b* 

^a^l/^-6a^b*-ab^ 
4a'63_r>a26*-a6* 


-4a«5+6ai2+6» 


-SaH2a^b-ab^ 


34.   l  +  5ar»-6a?* 
l--a;  +  3a;* 


l-a:  +  3x« 


l+a;-2a:* 


a;-3x«  +  5ar»-6aJ* 
g-    g»-f-3a;» 

-2a;2  +  2ar»-6aj* 
-2x^  +  2.i^~Qa!* 
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35.   l-51a»6»-52a*6* 


-l+3o6+    4a«6« 


-l-3aZr-13a»6> 


3a6  +  4a2  6»  -  51a»6»  -  52a*  6* 
3a6-9o'6^-12a»y 

13a»6»-39a»6»-52a*6* 
13a2  62_39a»6»-52a*6* 


36.  x'y  —  oey'^ 


3?y  —  2a:'y*  -f  2a;y»  -  y* 


a?*  +  2x'y  +  2x*y*  +  ly* 


2aJ*y*  — 2x*y'+    a:*y*-xy' 
2a^.v'-4a:^y»-f  4j:*y*-2a:»y* 

2a*y'-3a^y*i^2a;»y*-ay^ 
2a:^y'  — 4a!:*V*  +  4j;'v*— 2j*y' 

a?*2/*  —  2  jr'y*  +  2  x*^  —  j^i/' 
a^y*-2j»y*-f  2j'y*-a^^ 


37.    a*-6r^y+15a?V'-20aj'y»+15a»y*-6a?y*+/ 

a^— 33:^y+  Sar^y'—     ir'y' 

-3a:5y^l2a;V^-192r»y»+15aV 
-3a:^y+  9a:*y^-  9g»y»+  3xV 

3  ar*y»-10  ir*y»4- 1 2  a;y-6  ry* 
3a?*y^-  9a:»y*+  9a;V-3a:y* 

-a^y»  +  3a:y-3xy*+y» 


J**— 3  a^2^  i  3  .ry'   ^ 
j:«^>y+3xy'-'-y^ 


38    d?~2(jfih 
2a«6 


a'  — 


2o*6»  +  2a»6*  -  6a«6*  -  3ai« 


a'-2a«6  -a5' 


a*  +  a2!»»  +  3Z>* 


a*6''  -  2a<6»  +  2a' 6*  -  (Sa^lfi  -  3a6« 
o'^6»-2o*6«-    a'6* 

3a»6*-6a'»^»*-3a6« 
3a»6*-r)a«6*-3a6« 


39. 

81a:fiy-54a;»y»              -18  aJ»y*+18  a-y-l  8  a:y«-9y' 
Sla^y  '  +27aV +27a:V 


3a:*4-a:V+y* 


27x^^-18  xy»-9y' 


-54ar5y2-27arV-18a;»y*  -  9a;V-18a^-9y^ 


-27ajy 

-27:iV 


-9a:y 
-9ar'y^ 


_9yT 
-9y^ 


/ 
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40.  a*  +  2a»6  +  8a«6»  +  8a6»  +  16M 


a" 


+  4a2  6'« 


a2  +  46» 


a*  +  2a6  +  46« 


2a'6  +  4a»6=»  +  8a6» 
2a»6 +8a&» 

4a«6« 
4a»6» 


+  166* 
+  166* 


41. 


-  a!«  +  21a:»y»  -  24ay  +  8y« 


—  g'  +  3  gy  —  v^ 


,  ^_  .^  ar*  +  3ar»y +  8x''y2-8y* 

—  3a:*y+    ar*y*  +  2Iar^3/*  -  24x3/^  +  8y* 

-  8ar*y*  +  24ar»y»  -  24ay^  +  8/ 

-  8g*y^  +  24a:;y^  -  8a:^v* 

8x»y*-24ay^  +  8y« 
8ar^.V*-24ay^  +  8y* 


42.    16a*  +    80^^62  +  96* 

16a*-16a»6  +  12a2  62 


43. 


4a2-4a6  +  36» 


4a'»  +  4a6  +  36» 


16a36-   4a=»62  +  96* 
16a»6-16a«6«  +  12a6» 

12a2  62_i2a68  +  96* 


a" 


—  3a6c  +  6'  +  0* 


a*  +  a'6  +  a^c 


a  +  6  +  c 


a^  —  a6  —  ac  +  6*  —  6c  +  c* 


-  d^b  -  a^c  -  3a6c  +  6»  +  c» 

—  a^h  —  ab^  —    a6c 

-a2c  +  a6«-2a6c  +  6»  +  c» 

•— g'^c —  a6c  —  (k^ 

+  ab^    —  abc  +  ac^  +  6^  +  c* 
+  a62  +  6»  +  6»c 


—  a6c  +  ac^ 

—  a6c 


—  6'c  +  c* 

-  b^c  -  be" 


+  6c2  +  c» 
+  6c2  +  c« 


44.  a»  -6a6c+86»+c3 

a»^2  a26-o«c+4  a62-2  a6c+ac2 


a2-2a6-ac+46''-26c+c=» 


a+26+c 


+2  a«6+o2c-4  a62-4  a6c-ac=»  +8  6»+c' 

+2a26        -4a62-2a6c        +8  6^-4  6^0+2  6c2 


—2  abc—a(? 
—2abc—ac^ 


+46«c-26c2+c» 
+462c-26c«+c' 
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45.   a»  +  3a«6  +  3a6»  +  6'  +  c» 


a  •\-  b  -^  e 


2a«6  +  3a6»  -  a«c  +  6^  i-c» 
2a'5  +  2aA«  +  2a6c 


;*  +  2a6  +  6'-ac-6c  t  c" 


a6»  -  a»c  -  2abe  +  &■  +  c" 

—  a'c—  2a6c  — 6*c  +  c" 

—  €?€—    abc — oc* 

—  o6c  —  6*c -  ftc* 


£XEKCIS£    18. 

1.  o'  (6  +  c)  +  6*  (a  -  c)  +  c*  (a  ~  6)  +   oic 
a^(b-^c)  +  b^(a       )-^y(a       ) -k- 2abc 


a-{^  b  -\^  c 


a(b  ^c)  —  be 


-abc       +6«(    -c)^(?(   -b) 
-abc       +6M    -c)-\-c'(   -b) 


!t»-{a  +  b'    )x^  +  (ah )j; 


j*-(o-f-6)j  <  aft 


X— c 


— ca^         +(ac  +  6c)a:~a6c 


3.  a:»-2ax«+(a«  +  a6-6»)a;-a*6  +  a6« 
ar*—    aa^-{-ba?  m 


X  —  a  -\-b 


x*-(a  +  6)x  +  a6 


-(a  +  6)x»  +  (a*  +  aft-6«)x-a»6  +  aA« 
-(a  +  6)x'4-(a»         -6»)x 

+  a6x— a*6  +  a6* 
+  abx—a^b-\-aJti^ 


4.  a?*  —(a*  —  6  —  c)  X*  —  (6  —  c)  ox  +  6c 

X*  +( 4-  c)  x*  —  ox' 

ox"— (a*  — 6      )x*  — (6-c)ax  + 5c 
03^— (a* )^| +cax 


a^  —  ax  +  c 


x*  +  ax  +  6 


+  6x» 
+  6x« 


—  box  +  6c 

—  box  +  be 
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6.   y*  —  (to  +  n  ->-  /) .  V*  —  (mn  t  mp  -~  np}y  —  waup \y  —  p 

■V-(  -P  y |y»  — (TO  +  n)y +mn 

—  (771  -h  7»        )y'  ^  (JJta  -r  w^  -r  np  t/ 

—  ( TO  —  n        Vy'  -^  (        ^  >y^p  ^  '»/'•  y 

mny  —  m,iip 
mny  —  m?y 

6.  ar*-^-(5+a)x»-(4-5a  +  5^J:*-(4a  +  56)x  +  46 


or*  — (    —  5a -r  i^x*  —  (4a -r56)z 
aj^-K(    -^5a        )j'  — (4  a  )x 


2»  +  5x-4 


«■  +  ox—  6 


-56x-r46 
—  56x  +  46 


1 


7. 


X*— (a4c)x-foc 


x»-{6+d)x+6<i 


X* -(a +6 +c+rf)x'+(a6+ac+aJ+ftc+ W+«f )x*— (aic+aW+acd+6cd)x+a6cd 

x*-(a      -t-c      )j^-t-(     +ag )^ 

-(  +6     +(hr^-r{ab       +aJ-r6c4-W-r«f)x*— (aic+aM+acd+6«i)x 
-(  4-6      H-(/).r^+(a&        +adfbe        -i-cd)j^—{abc  +aed         )x 

-]-abd         •^bcd)x-\-abcd 
+abd         -\-bcd)x+abcd 


dx'^ 


8. 

a^—(m—c):^+(n—cm+d)j^-r(r-k-cn—dm)j^-r(cr-{-dn)x-\-dr 
x^-(m      )x*-t-(n W-rjr )x^ 

cx*+(  — cm+</)j:'+{  +cn-<fm)x'4-(CT--rrfn)x 
c.t*4^(  -cm      )jc^+(  -Km         )x'-t-(cr         )x 


3^—mx^+nx-\-r 


x*+cx+(i 


—dmx^ 
—dmj^ 


■\^dnx-\-dr 
-i^dnx+dr 


9. 

X*  —  mx*  +  nx*  —  nx*  +  tux  —  1 

X*  —  X* 

a 


x-l 


x*-f  (1  -  mYr'  +  (1  —  m  +  n)x'  -f  (1  -  m)x  +  1 


m)  X*  +  nx*  —  nx*  +  mx  —  ]A 
m)x*  —  (1  —  m)x' 


(1  —  m  +  n)  x*  —  nx*  +  ?7ix  —  1 

(1  —  m  -f  n)  X*  —  (1  —  m  -f  n)  X* 

(1  —  m)x*  +  mx—  1 
(1  —  m)  x*  —  (1  —  m)  X 


x-l 
x-l 


10.  (x  +  i/)«  +  3(x  +  yfz  +  3(x  4-  y)z^  +  2* 
(■r  f  y)"  f  2(x  +  .v)^2  +    (.-r  4-  y)z^ 


(x  4-.V)*  +  2(x4-y)z  +  2* 


X  4-y  +  « 


[x  4-  ?/)''2  4-  2  (x  4-  y)  z"  4-  z' 
[x  }-  '7/)^2  4-  2  (.c  4-  y)  z^  4-  z^ 
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Exercise  19. 


1.  5x-l  =  19. 

5a;  =  19  +  1, 
5x  =  20, 

a;  =  4. 

2.  3a;  +  6  =  12, 

3a;=12-6, 
3a?  =  6, 
x  =  2. 

3.  24ar  =  7a;  +  34, 
24x-7a;  =  34, 

17a;  =  34, 

a;  =  2. 

4.  8a; -29  =26 -3a?, 
8a;  +  3a;  =  26 +  29, 

11a;  =  55,* 
a;  =  5. 

5.  12 -5a?  =  19 -12a;. 
-  5a;  +  12a;  =19 -12, 

7a?  =7. 
«=1. 

6.  3a;  +  6-2x  =  7a;, 
3a; -2a; -7a;  =  -6, 

-6a;=-6, 
a;  =  l. 


7. 


5x  +  50  =4a;  +  56, 

5a;-4a;  =  56-50, 

a;  =  6. 


8. 


16z-ll  «7ar  +  70, 
16a; -7a;  =  70 +  11. 
9x  =  81. 
a; -9. 


9.      24x--49  =  19a;-14, 
24x-19x  =  49-14, 
5x  =  35. 
x  =  7. 

10.  3a;  +  23  "78-2«. 
3x  +  2x-78-23, 

5x  =  55, 
x=ll. 

11.  26-8x  =  80-14x, 
14x-8x-80-26, 

6x  =  54, 
x  =  9. 

12.  13-3x  =  5x-3. 
—  5x  —  3x  =  —  3  —13, 

-8x  =  -16, 
x  =  2. 

13.  3x-22=7x  +  6, 
3x-7x  =  6  +  22. 

-4x  =  28, 
x»=  — 7. 

14.  8  +  4x=12x-16, 
4x-12x  =  -16-8, 

-8x  =  -24, 
x  =  3. 


15.  5x  -  (3x  -  7)  =  4x  -  (6x  -  35), 

5x-3x  +  7  =  4x-6x  +  35, 
—  4x  +  5x  — 3x  +  6x  =  35  — 7, 

4x  =  28, 
x=7. 

16.  6x  -  2(9  - 4x)  +  3{5x  -  7)  =  lOx  - (4  +  16x  +  35), 

6x-18  +  8x  +  15x-21  =  10x-4-16x-35, 
6x  +  8x  +  15x-10x  +  16x=18  +  21-4-35. 

35x  =  0, 
x  =  0. 
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17.  9aj-3(5a;-6)  +  30  =  0, 

9x-16x  +  18+30  =  0, 

9x-15a:  =  -18-30, 

-6x  =  -48, 

x-8. 

18.  aj-7(4a;--ll)  =  14(a;-5)-19(8-a;)-61, 

x-28x  +  77-14aj-70-152  +  19a;-61. 
x-28aj-14x-19a;  =  -70-152-61-77, 
-  60x  «  -  360, 
x  =  6. 

19.  (x  +  7)(x-  3) « (x-5)(x- 15), 

X*  +  4x  -  21  =  x»  -  20x  +  75, 
4x  +  20x=75  4-21, 
24x»96, 
x  =  4. 

20.  (x-8)(x  +  12)  =  (x  +  l)(x-6). 

x*  +  4x-96  =  x«-5x-6, 
4x  +  5x  =  -6  +  96, 
9x  =  90, 
x=10. 

21.  (x-2)(7-x)  +  (x-5)(x  +  3)-2(x-l)  +  12  =  0, 

9x  - 14  -  x»  +  x«  -  2x  - 15  -  2x  +  2  +  12  =  0, 
9aj_2x-2x=  14 +  15-2-12, 
5x=15. 
x  =  3. 

22.  (2x-7)(x  +  5)-(9-2x)(4-x)  +  229, 
2x»  +  3x  -  35  =  36  -  17x  +  2x*  +  229, 

20x  =  300, 
x=  15. 

23.  14-x-5(x-3)(x  +  2)  +  (5-x)(4-5x)«45x-76, 

14  -  X  -  5x»  +  5x  +  30  +  5x*  -  29x  +  20  =  45x  -  76, 
5x-29x-45x-x  =  - 76-20-30- 14, 
_70x  =  -140, 
x  =  2. 

24.  (x  +  5)«-(4-x)»  =  21x, 
(x*  +  10.*  -»-  5«^  —  ''I «  —  «  *  -»-  '*^^  -=  "^i  * 

x'  +  ' 


^x  +  or  —  ^^  —  xr  =  :5ix, 

)x  +  25)  -  (16  -  8x  +  x»)  =  21x, 

lOx  +  25  - 16  +  8  X  -  x»  =  21 X, 

10x  +  8x-21x  =  -25  + 


25. 
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Exercise  20. 

1-  To  the  double  of  a  certain  number  I  add  14,  and  obtain  as 
a  result  154.    What  is  the  number  ? 

Let  X  =  the  number. 

Then  2a;  =»  its  double, 

and  2x  + 14  » its  double  increaned  by  14. 

But  154  =  its  double  increased  by  14. 

Therefore,  2x  +  14  =  154,  2x  =  140,  «  =  70. 

2.  To  four  times  a  certain  number  I  add  16,  and  obtain  as  a 
result  188.     What  is  the  number  ? 

Let  X  =»  the  number. 

Then  42r  =  4  times  the  number, 

and  4  a;  +  16  =  4  times  the  number  increased  by  16. 

But  188  =  4  times  the  number  increased  by  16. 

Therefore,  4a; +  16  =  188,  4aj  =  172,  a;  =  43. 

3.  By  adding  46  to  a  certain  number,  I  obtain  as  a  result  a 

number  three  times  as  large  as  the  original  number.    Find  the 

original  number. 

Let  X  =  the  original  number. 

Then  32  =  3  times  the  original  number. 

But  a;  +  46  =  3  times  the  original  number. 

Therefore,  3aj  =  a;  +  46,   2x  =  46,  x  =  23. 

4.  One  number  is  three  times  as  large  as  another.  If  I  take 
the  smaller  from  16  and  the  greater  from  30,  the  remainders  are 
equal.    What  are  the  numbers  ? 

Let  X  =  the  smaller  number. 

Then  3x  =  the  larger  number, 

and  16  —  X  =  16  dimmished  by  the  smaller  number  ; 

also]  30  —  3x  =  30  diminished  by  the  larger  number. 

Therefore,     16-x  =  30-3x,   2x=14,  x=7,  3x=21. 

6.  Divide  the  number  92  into  four  parts,  such  that  the  first 

exceeds  the  second  by  10,  the  third  by  18,  and  the  fourth  by  24. 

Let  X  =  the  first  part. 

Then  x  —  10  =  the  second  part, 

X  — 18  =  the  third  part, 

X  —  24  =  the  fourth  part, 
and  4x  —  52  =  the  whole  number. 

But  92  =  the  whole  number. 

.•.4x-52=92,  4x=144,  x=36,  x-10  =  26,  x-18  =  18,  x-24-12. 
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6.  The  sum  of  two  nnmbers  is  20;  and,  if  three  times  the 

smaller  nnmber  be  added  to  five  times  the  greater,  the  snm  is  84. 

What  are  the  numbers  ? 

Let  X  =  the  greater  number. 

Then         20  —  a?  =  the  smaller  number, 

5x  =  5  times  the  greater  number, 
3  (20  —  x)  =  3  times  the  smaller  number, 
Sac  +  3(20  —  x)  =  5  times  the  greater  +  3  times  the  smaller. 
But  84  =  5  times  the  greater  -f-  3  times  the  smaller. 

.•.5a;  +  3(20-a;)  =  84,   5a;  +  60-3x=84,   2a;=24,   ar=12.  20-a;=8. 

7.  The  joint  ages  of  a  father  and  son  are  80  years.    If  the 

age  of  the  son  were  doubled,  he  would  be  10  years  older  than  his 

father.    What  is  the  age  of  each  ? 

Let  X  =  number  of  years  of  father's  age. 

Then         80  —  re  =  number  of  years  of  son's  age, 

2(80  —  aj)  =  number  of  years  of  father's  age  +  10, 
a?  +  10  =  number  of  years  of  father's  age  +  10. 
.•.2(80-«)-a;  +  10,  160-2a;=a;+10,  -3a;=-150,  a? =50,  80 -a? =30. 

8.  A  man  has  6  sons,  each  4  years  older  than  the  next  younger. 

The  eldest  is  three  times  as  old  as  the  youngest.    What  is  the 

age  of  each? 

Let  X  =  number  of  years  of  age  of  youngest. 

Then  aj  +  4  =  number  of  years  of  age  of  second, 

aj  +  8  =  number  of  years  of  age  of  third, 
aj  +  12  =  number  of  years  of  age  of  fourth, 
aj  +  16  =  number  of  years  of  age  of  fifth, 
a?  +  20  =  number  of  years  of  age  of  sixth. 
3  a;  =  ^  times  age  of  youngest. 
.-.  3a;-a;-|-20,   2a;  =  20,  aj=10,  x+   4  =  14,  x+   8  =  18, 

«  +  12  =  22,  «  +  16  =  26,  a; +  20  =  30. 

9.  Add  #24  to  a  certain  snm  and  the  amount  will  be  as  much 

above  $80  as  the  sum  is  below  #80.    What  is  the  sum? 

Let  X  —  number  of  dollars  in  sum. 

Then  a;  +  24  —  80  =  number  of  dollars  above  80, 
and  80  —  a;  =  number  of  dollars  below  80. 

.-.a; +  24 -80  =  80 -a?,   2aj=136,   a;  =  68. 

10.  Thirty  yards  of  cloth  and  40  yards  of  silk  together  cost 

#330 ;  and  the  silk  cost  twice  as  much  a  yard  as  the  cloth.  How 

much  does  each  cost  a  yard? 

Let  X  =  number  of  dollars  one  yard  of  cloth  cost. 

Then  2«  -=  number  of  dollars  one  yard  of  silk  cost. 

30 a?  +  80x  =  number  of  dollars  all  cost. 
But  330  =  number  of  dollars  all  cost. 

.•.30x  +  80x  =  330,   110a;  =  330,   a;  =  3.   2a;  =  6. 
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11.  Find  the  number  whose  doable  increased  by  24  exceeds 

80  by  as  much  as  the  number  itself  is  less  than  100. 

Let  X  =  the  number. 

Then       2  a;  +  24  =>  ita  doable  increased  by  24, 
2  a;  +  24  —  80  =  excess  over  80, 

100  —  a; »  difference  between  the  number  and  100. 

.•.2x  +  24-80  =  100-a;,   3a?-15e,  «-52. 

12.  The  sum  of  $500  is  divided  among  A,  B,  C,  and  D.    A 

and  B  have  together  $280,  A  and  C  $260,  and  A  and  D  $220. 

How  much  does  each  receive? 

Let  X  =  number  of  dollars  A  has. 

Then       280  —  x  =  number  of  dollars  B  has, 

260  —  a;  =  nimiber  of  dollars  C  has, 

220  —  a;  =  number  of  dollars  D  has, 

760  —  2x  =  number  of  dollars  all  have. 

But  500  =  number  of  dollars  all  have. 

.-.760 -2  a;  =  500,       -2a;  =  -260,  a; -130, 

280-a;=150,   260-a;  =  130,   220-a;  =  90. 

•13.  In  a  company  of  266  persons  composed  of  men,  women, 
and  children,  there  are  twice  as  many  men  as  women,  and  twice 
as  many  women  as  children.    How  many  are  there  of  each? 

Let  X  =  number  of  children. 

Then  2  a;  =  number  of  women, 

and  4x  =>  number  of  men, 

7x  =  whole  number. 
But         *      266  =  whole  number. 

.•.7a:  =  266,  x  =  38,   2a;  =  76,  4a;  =  152. 

14.  Find  two  numbers  differing  by  8,  such  that  four  times  the 
less  may  exceed  twice  the  greater  by  10. 

Let  X  =  greater  number. 

Then  a?  —  8  =  smaller  number. 

4(x-8)-2a;=10. 

.•.4a;-32-2a;=10,  2a;  =  42,  «  =  21,  a;-8  =  13. 

15.  A  is  58  years  older  than  B,  and  A's  age  is  as  much  above 
60  as  B's  age  is  below  50.    Find  the  age  of  each. 

Let  X  =  number  of  years  of  B's  age. 

Then         a;  +  58  =  number  of  years  of  A's  age, 

{x  +  58)  —  60  =  number  of  years  of  A's  age  above  60, 
50  —  a;  =  number  of  years  of  B's  age  below  50. 

.•.(a;  +  58)-60  =  50-a;,   2x  =  52,   a;  =  26,   »  +  58  =  84. 


i 


38  ALGEBRA. 


16.  A  man  leaves  his  property,  amonnting  to  $7500,  to  be 

divided  among  his  wife,  his  two  spns,  and  three  daughters, 

as  follows :  a  son  is  to  have  twice  as  much  as  a  daughter,  and 

the  wife  $500  more  than  all  the  children  together.    How  much 

will  be  the  share  of  each? 

Let  X  =  number  of  dollars  in  a  daughter's  share. 

Then        2x  =  number  of  dollars  in  a  son's  share, 
and  3  a; »  number  of  dollars  given  to  all  the  daughters ; 

also,  4  a; «  number  of  dollars  given  to  all  the  sons. 

7x^  number  of  dollars  given  to  all  sons  and 
daughters, 
7a;  +  500=  number  of  dollars  ^iven  to  wife, 
7a;  +  7aj  +  500=  number  of  dollars  in  whole  estate. 
But       7500  =  number  of  dollars  in  whole  estate. 

.-.  7a;  +  7a;  +  500  =  7500,  14a;=7000,   a;  =  500, 

2a;=1000,   7a;  +  500  =  4000. 

17.  A  vessel  containing  some  water  was  filled  by  pouring  in 

42  gallons,  and  there  was  then  in  the  vessel  seven  times  as  much 

as  at  first.    How  much  did  the  vessel  hold? 

Let  X  =  number  of  gallons  the  vessel  holds. 

Then  a— 42  =  number  of  gallons  there  were  in  the  vessel, 
7  (a;— 42)  =  7  times  number  of  gallons  there  were  at  first. 

.•.a;  =  7(a;-42),  a;  =  7a; -294,   -6a;  =  -294,  a;  =  49. 

18.  A  has  $  72  and  B  has  $52.    B  gives  A  a  certain  sum ;  then 

A  has  three  times  as  much  as  B.    How  much  did, A  receive 

from  B? 

Let  X  =  number  of  dollars  A  receives  from  B. 

Then  52— a;  =  number  of  dollars  B  has  left, 
and         72  +  a;  =  number  of  dollars  A  has. 

.-.72  + a;  =  3(52 -a;),   72  +  a;  =  156 -3a;,   4a;  =  84,  «=21. 

19.  Divide  90  into  two  such  parts  that  four  times  one  part 

may  be  equal  to  five  times  the  other. 

Let  X  =  larger  number. 

Then  90— a;  =  smaller  number. 

.•.4a;=5(90-x),  4a;  =  450-5a;,  9a;  =  450,  a;  =  50,  90-a;  =  40. 

20.  Divide  60  into  two  such  parts  that  one  part  exceeds  the 

other  by  24. 

Let  X  —  lesser  part. 

Then  x  +  24  =  greater  part. 

.•.a;  +  a;  +  24  =  60,   2a;  =  36,   a;  =  18,   .-c  +  24  -  42. 


TEACHERS*   BDFnOK.  39 

21.  Divide  84  into  two  such  parte  that  one  part  maj  be  less 

than  the  other  by  86. 

Let  X  » lesser  part    > 

Then  a;  +  36  «  greater  part 

.•.«  +  a;  +  36  =  84,  2a!«48.  «-24.  84-«-60. 

22.  A  is  twice  as  old  as  B,  and  22  years  ago  he  was  three 
times  as  old  as  B.    What  Is  A*s  age? 

Let  X  »  number  of  years  of  B*s  age. 

Then       2x^  number  of  years  of  A's  age ; 
also,      a;  ~  22  »  number  of  years  of  B's  age  22  years  ago, 
and     2x  —  22  «  number  of  years  of  A's  age  22  years  ago. 

.•.3(a;-22)=.2a;-22,   3x- 66 -2a: -22,  «=-44.  2a?-88. 

23.  A  father  is  80  and  his  son  6  years  old.    In  how  many 

years  will  the  father  be  just  twice  as  old  as  the  son? 

Let  X  =  number  of  years. 

^  Then  x  +  30  =  number  of  years  of  father*s  age  x  years  hence, 
and         X  +  6  =  number  of  years  of  son's  age  x  years  hence. 

.•,30  +  x  =  2(x  +  6),  30  +  X-2X  +  12.  x-18. 

24.  A  is  twice  as  old  as  B,  and  20  years  since  he  was  three 
times  as  old.    What  is  B's  age? 

Let  X  =»  B's  age. 

Then       2;r  =-  A's  age ; 
also,      X  —  2b  =  B's  age  20  years  since, 
and     2x  —  20  =»  A's  age  20  years  since. 

.•.2x-20=3(x~20),  2x-20  =  3x-60,  x  =  40. 

25.  A  is  three  times  as  old  as  B,  and  19  years  hence  he  will 
be  only  twice  as  old  as  B.    What  is  the  age  of  each? 

Let  X  »  number  of  years  of  B's  age. 

Then       3x  »  number  of  years  of  A's  sige ; 
also,      X  +  19  »  number  of  years  of  B's  age  19  years  hence, 
and     3x  +  19  B>  number  of  years  of  A's  age  19  years  hence. 

.•.3x  +  19  =  2(x  +  19),  3x  +  19  =  2x  +  38,  x  =  19,  3x  =  57. 

26.  A  man  has  three  nephews ;  his  age  is  50,  and  the  Joint 

ages  of  the  nephews  is  42.    How  long  will  it  be  before  the  joint 

ages  of  the  nephews  will  be  equal  to  that  of  the  uncle? 

Let  X  =  the  number  of  years. 

Then  50+x  »  number  of  years  of  uncle's  age  x  years  hence. 
3  X + 42  »  number  of  years  of  nephews'  age  x  years  hence. 

.•.3xH-42«-50  +  x,   2x  =  8.  x  =  4. 
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27.  A  sum  of  money  consists  of  dollars  and  twenty-five-cent 

pieces,  and  amounts  to  $20.    The  number  of  coins  is  50.    How 

many  are  there  of  each  sort? 

Let  X  =  number  of  dollars. 

Then  50— x  =  number  of  quarters, 

and  X  +  — —  =  sum  in  dollars. 
4 

But  20  =  sum  in  dollars. 

...  X  +  ^5zi2?_  20,  4a:  +  50-a:=80,  3aj=30,  a;=10,  50-aj=40. 
4 

28.  A  person  bought  30  pounds  of  sugar  of  two  different 

kinds,  and  paid  for  the  whole  $2.94.     The  better  kind  cost  10 

cents  a  pound,  and  the  poorer  kind  7  cents  a  pound.    How  many 

pounds  were  there  of  each  kind? 

Let  X  =  number  of  pounds  of  the  better  kind. 

Then  30 —a;  =  number  of  pounds  of  the  poorer  kind, 

and  10a; +  7(30— a?)  =  number  of  cents  he  paid  lor  all. 
But  294  =  number  of  cents  he  paid  for  all. 

.-.  10x  + 7(30- a:)  =  294,   10a:  +  210- 7ic  =  294, 
3a;  =  84,     a;  =  28,    30-a;  =  2. 

29.  A  workman  was  hired  for  40  days,  at  $  1  for  every  day 
he  worked,  but  with  the  condition  that  for  every  day  he  did  not 
work  he  was  to  pay  46  cents  for  his  board.  At  the  end  of  the 
time  he  received  $22.60.    How  many  days  did  ke  work? 

Let  X  —  number  of  days  be  was  idle. 

Then  40— aj  =  number  of  days  he  worked, 

and  45a;  =  number  of  cents  he  paid  for  board  ,• 

also,    4000  —  100  a;  =  number  of  cents  he  received  for  work, 
(4000—  100a;)— 45a;  =  number  of  cents  cleared. 

But  2260  =  number  of  cents  cleared. 

.-.4000 -100a; -45a;  =  2260,   -  145a:  =  -1740,   a;  =  12,  40  -  a;  =  28. 

30.  A  wine  merchant  has  two  kinds  of  wine ;  one  worth  50 
cents  a  quart,  and  the  other  75  cents  a  quart.  From  these  he 
wishes  to  make  a  mixture  of  100  gallons,  worth  $2.40  a  gallon. 
How  many  gallons  must  he  take  of  each  kind? 

Let  X  =  number  of  gallons  at  $  2. 

Then       100  —  a;  =  number  of  gallons  at  $3, 
and  2  a;  ==  number  of  dollars  one  part  cost ; 

also,        3Q00  —  a;^  =  number  of  dollars  the  other  part  cost, 
and  2x+3(100  —  a:)  =  number  of  dollars  all  cost. 

But  240  =  number  of  dollars  all  cost. 

.•.2aj  +  3(100-a:)  =  240,   2a; +  300 -3a;  =  240,   a;  =  60,   100-a;=40. 
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31.  A  gentleman  gave  some  children  10  cents  each,  and  had 
a  dollar  left.  He  found  that  he  would  have  required  one  dollar 
more  to  enable  him  to  give  them  15  cents  each.  How  many 
children  were  there? 

Let  X  =  number  of  children. 

Then  10  a?  =  number  of  cents  given, 

and         10  X  +  200  =»  number  of  ceuts  required  to  give  each  15  eta. 
But  15  a;  =  number  of  cents  required  to  give  each  15  cts. 

.-.  10a; +  200  =  15a;,   -5a;  =  -200,  a;  =  40. 

32.  Two  casks  contain  equal  quantities  of  vinegar :  fh>m  the 
first  cask  34  quarts  are  drawn;  ft*om  the  second,  20  gallons;  the 
quantity  remaining  in  one  vessel  Is  now  twice  that  in  the  other. 
How  much  did  each  cask  contain  at  first? 

Let  X  =  number  of  quarts  each  contained  at  first. 

Then  a;— 34  »  number  of  quarts  first  now  contains, 

and  a;— 80  =  number  of  quarts  second  now  contains. 

2(a!  —  80)  =  twice  the  No.  quarts  second  now  contains. 
.•.2(a;- 80)  =  a; -34,   2x- 160-a;- 34,  x=12G. 

33.  A  gentleman  hired  a  man  for  12  months,  at  the  wages  of 
$90  and  a  suit  of  clothes.  At  the  end  of  7  months  the  man  quits 
his  service,  and  receives  $33.75  and  the  suit  of  clothes.  What 
was  the  price  of  the  suit  of  clothes? 

Let  X  —  number  of  dollars  the  suit  cost. 

Then  a;  +  90  =  number  of  dollars  he  receives  by  the  year. 

T     L    Of) 

and  -^ —  =  number  of  dollars  he  receives  by  the  month. 

12  "^ 

and  i^L± — I  ^  number  of  dollars  he  receives  for  7  months. 

12 
But      X  +  33.75  =  number  of  dollars  he  receives  for  7  months. 

.-.  Ii^^t_?2)  =  a;  +  33.75,   7a;  +  630-405  + 12a;,   5a;  =  225,  a;=45. 

34.  A  man  has  three  times  as  many  quarters  as  half-dollars, 
four  times  as  many  dimes  as  quarters,  and  twice  as  many  half- 
dimes  as  dimes.  The  whole  sum  is  $7.30.  How  many  coins 
has  he  altogether? 

Let  X  —  number  of  half-dollar  pieces. 

Then  3  a;  =  number  of  quarter-dollar  pieces, 

12  a;  =  number  of  dimes, 

24  a;  =  number  of  half-dimes. 

X     3a;     12dC     24a; 

-  +  —-  +  — — -  +  — —  =  the  whole  sum  in  dollars. 

2      4        10       20 

But  7.30  =  the  whole  sum  in  dollars. 

.•.|  +  ^  +  ^  +^  =  7.30,   10a;  +  15a;  +  24a;  +  24a;  =  146, 

73a;  =  146,   x^2,   3a; -6,   12a;  =  24,   24a;  =  48. 
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35.  A  person  paid  a  bill  of  $16.25  with  quarters  and  half- 
dollars,  and  gave  51  pieces  of  money  altogether.  How  many  of 
each  kind  were  there? 

Let  X  =»  number  of  half-dollars. 

Then         51  —  x  =  number  of  quarter-dollars. 

50  X  =  number  of  cents  in  half-dollars, 
25(51  —  x)  =»  number  of  cents  in  quarter-dollars, 
50x  +  25(51  —  x)  =«  number  of  cents  in  all. 
But  1525  =  number  of  cents  in  all. 

.-.  50x  +  25 (51  -  x)  =  1525,  50x  -f- 1275  -  25x  =  1525, 

25x=-250,  x  =  10,  51-x  =  41. 

36.  A  bill  of  £  100  was  paid  with  guineas  (21  shillings)  and 
half-crowns  (2 J  shillings),  and  48  more  half-crowns  than  guineas 
were  used.    How  many  of  each  were  paid? 

Let  X  =  number  of  guineas. 

Then         x  -f  48  =»  number  of  half-crowns, 

21 X  -h  2J(x  -f-  48)  =  number  of  shillings  in  the  lot. 

But  2000  =  number  of  shillings  in  the  lot. 

.-.  21  x  + 2}  (a +  48) -2000,   21  x -h  ^^^^^^  -  2000, 

42x-i-5x  +  240  =  4000,  47x  =  3760,  x-80,  x-f48=»128. 

Exercise  21. 

1.  (x  +  yY  9.  (ab  +  cd)^ 

=  X*  -h  2xy  -h  y«.  =  d^b^  +  2abcd  +  c»d*. 

2.  (y-zy  10.  (3mn-4)2 

=  y'*  -  2yz  -1-2*.  =  9mV  -  24win  +  16. 

3.  (2x-|-l)«  11.  (12  +  5x)« 

=  4x2  4-  4x  -h  L  =  144  -I-  120x  -f  25x». 

4.  {2a+5bf  12.   (^xy^-yz^f 

=  4o2  +  20a6  -h  256«.  =  IBx"/-  8xyV  +  y«2*. 

5.  (l~x^f  13.   (3abc-bcdf 

=  1  -  2x*  -j-  X*.  =  9a26V  -  Qab^c^d  -h  ¥<?d'. 

6.  (3ax-4x2)2  14.   (4x>-xy«)'» 

=  9oV  -  24ax»  -f  16x*.  =  16x«  -  8xV*  -|-  xh/*. 

7.  (l-7a)'»  15.   (x  +  y){x-^y) 
=  l-14a-f.49a«.  =x«-y«. 

8.  (5 xy -1-2)2  le.  (2a  +  b)(2a^b) 
=  25x2y2  +  20xy  -f  4.  =  4a2  - V. 
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17.  (l  +  a  +  6){l-a-6)  18.  (1 -o  +  6)(l  +  a-6) 

=  ri  +  (a  +  6)][l-(a  +  6)]  „ri     (a-6)][l+(a-6)] 

=  1  —  (a  +  6)«  -  1  -  (a  -  6)» 

=  1  _  a«  -  2a5  -  6».  -  1  -  o«  +  2a6  -  ft». 

19.  (a»  +  a6  +  6»)(a«-o6  +  ft«) 

=  [(a*  +  6«)  +  ab]  [(o»  +  6»)  -  ab] 

«  a*  +  o«6«  +  6*. 


20.  (3a  +  26~cX3a-26  +  c) 

=  [Sa  +  (26  -  c)]r3a  -  (26  -  c)] 
=  9a»-(26-c)» 
-9o«-(46«-46<;  +  c») 
-9o»-46»  +  46c-c«. 


Exercise  22. 

1.  (x  +  y  +  z)*  =»  a;*  +  y*  +  2«  +  2ay  +  2aa  +  2y2. 

2.  (a;  —  y  +  2)*  =  a:*  +  y»  +  2«  —  2ary  +  2a»  —  2y2. 

3.  {m+n—p—qf  =  m*+n*+p*+3"+2mn— 2fiip— 2TO5-2np-2n5+2p^. 

4.  (x»  +  2aj-3)«-a:*+4x»-2x»-12x-f 9. 

5.  (x»-6«  +  7)»  =  a:*-12ar»  +  50x»-84a;  +  49. 

6.  (2aj«-7aj  +  9)«  =  4a:*-28x»  +  85a:*-126a;  +  81. 

7.  (a;*  +  y«-2«)«-iB*  +  y*  +  2*  +  2a^2_2a:*2«-2yV. 

8.  (a!*-4»»y»  +  y*)«=-x>  +  18aV  +  y*-8a;*y*-8«y. 

9.  (a»  +  6»  +  c»)«-a«  +  6«  +  <^  +  2a»6«  +  2a»c»  +  26»c». 

10.  (»»-y»-2')'»  =  a;«  +  y«  +  2«-2ar»y»-2ar»2«  +  2y»2«. 

11.  (a;  +  2y - 32)«  =- x»  +  4y»  +  92*  +  4ajy - 6xz -  12y2. 

12.  (a;»  _  2y«  +  52«)«  -  JC*  +  4y*  +  252*  -  4x»y'»  +  10x22'  -  20yV. 

13.  (aj«  +  2x-2)»  =  x*  +  4x»-8x  +  4. 

14.  (x*-5x  +  7)«-a!*  +  39aj«-10x»-70x  +  49. 
16.  (2x»-3x-4)«-4a:*--12x»-7x»  +  24x  +  16. 

16.  («  4-  2y  +  32)«  -  x*  +  4y«  +  92*  +  4xy  +  6x2  +  \2yz. 
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Exercise  23. 


1.  (a;-+2)(a;  +  3)  =  a:»  +  5a:  +  6. 

2.  (x  +  l)(a;  +  5)=a:«  +  6aj  +  5. 

3.  (a:-3Xa;-6)  =  a:«-9a;  +  18. 

4.  (a;-8)(a;-l)  =  a:«-9ir  +  8. 
6.  (x-S){x+-l)  =  x^'-1x-S. 

6.  (a;-2)(x  +  5)  =  aj«  +  3a:-10. 

7.  (a;-3)(a;  +  7)  =  a:»  +  4ar-21. 

8.  (.i--2)(a:-4)  =  a;«-6a;  +  8. 

9.  (a;  +  l)(x  +  ll)  =  a:»+12a;+ll. 

10.  {x-2a){x+3a)  =  a^-\-ax-ea^. 

11.  {x—c){x  —  d) 

=  a;'  —  (c  +  a)  a;  +  cd. 


12.  (x— 4y)(a;+y)  =  »*— 3a;y— 4y'. 

13.  (a-26)(a-56)=o*''-7a6+10i;». 

14.  (.c»  +  2?/^)(:c2+y2) 
=  x*  +  *3a-y +  2y*. 

16.   (.r2-3.Ty)(.T2  +  a:y) 
=  i*  —  2  cry  -  3  a:^ . 

16.  (ox  -  9)(a.r  +  6) 

=  a'.c^  —  3  ax  —  54. 

17.  (x  +  o)(x  —  6) 

=  x'  +  (a  —  6)  x  —  a6. 

18.  (x-.ll)(x  +  4)  =  x2-7x-44. 

19.  (x  +  12)(x-ll)  =  x»+x-132. 

20.  (x-10)(x-5)  =  x»-15x  +  50. 


Exercise  24. 


1.  Lzii^«i  +  2x. 

l-2x 


7.  ^-^ ^  =  ab-<^ 

ab  -\'  c 


2.   l^li^  =  l-2x. 
l  +  2x 


3.   i^!zi^  =  3a-5. 


3a  +  6 


8. ^•  =  2x  — 4y. 

2x  +  4y  ^ 


9.   4^z:l^=7^2a. 
7-2a 


4.   i^il^  =  3a  +  6. 
3a-6 


K    16a'»-96»      .^      Q, 
0.  — -^-  =  4  a  —  3  6. 


4a  +  36 


6.   l:^ii!  =  l  +  3z. 

1-32 


10. 


^  =  X  —  9y. 

x  +  9y  ^ 


11.  l-(^-.Vr^i_^.  +  y. 
l+(x-3/)  ^ 

12.  «lz4±i)!  =  a-6-c. 

a  +  (6  +  c) 
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{x  +  y)-5  ^  8 -(26  + 3c) 

14.   ^-(^-^y  =»  1  -  a  +  5  6.        16.  (a-y-(^-^'  »  a-b-cU, 
1  +  (a  -  5  6) .  (a-6)+(c-d) 


Exercise  25. 

1.    (yS-l)  +  (y-l)  10.    (l+8o»)-^(l+2o) 

=  y*  +  y  +  1.  =  1  -  2a  +  4a«. 

2.  (6» - 125)  +  (6 - 5)  11.  (27o»  +  6»)  +  (3a  +  6) 
=  6»  +  56  +  25.  =-9o«-3a5  +  ft«. 

3.  (a»  -  216)  ^- (a  -  6)  12.  (So'x*  +  l)  +  (2aa;  + 1) 
=  o»  +  6a  +  36.  =  4aV  -  2aa:  +  1. 

4.  (ar»  -  343) -^  (a?  -  7)  13.  (ar»  +  27y») +  (x  +  3y) 
=  »»  +  7x  +  49.  =««-3«y  +  9y«. 

6.  (l-8a:»)-f-(l-2x)  14.   (512!r»y»  +  2»)  +  (8.Ty +2) 
=  1  +  2x  +  4a^.  =.64x»y"-8a:y2  +  2». 

6.  (8a»x»-l)  +  (2ax-l)  16.  (729a»  +  2166»)  +  (9a  +  66) 
-  4aV  +  2ax  +  1.  =  81  a«  -  54a6  +  366«. 

7.  (l-27r»y»)H-(l-3a;y)  16.  (64a»  +  10006»)  +  (4a  +  106) 
=  1  +  3a;y  +  9x»y'.  =  16a«  -  40a6  +  1006*. 

8.  (64a»6»-27r»)-«-(4a6-3x)  17.  (64a»6»  +  27x»)  +  (4a6 +  3x) 
=  16a«6*  +  12a6x  +  9a:*.  =  16a»6«  -  12a6x  +  9x«. 

9.  (x»  +  y^  +  (x+y)  18.  (a;»  +  343)  +  (x  +  7) 
=  x*  — xy  +  y'.  =x*-7x  +  49. 

19.   (27x»y»  +  82')-^(3xy  +  22) 
=  9x*y*-6xy2  +  42'. 
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Exercise  26. 

1.  (a:*  -  y*) -i- (a:  -  y) 

=  ar^  +  3^y  +  xy^  +  y*. 

2.  {3i^-y*)-^(x  +  y) 

=  .T*  —  x^y  +  a:y*  —  y*. 

3.  (cfi-c^-i-{a-x) 

=  a^  +  a*a;  +  o'x'  +  aV  +  oa?*  +  a*. 

4.  (a*  -  a:*) -s- (a  +  a;) 

=  a*  —  a*x  +  o'x*  —  a  V  +  ax*  —  «*. 

6.  (81aV-l)-^-(3aaj-l) 
=  27  aV  +  9  aV  +  3ax  +  1. 

6.  (64a«-6«)^-(2a-6) 

=  32aS  +  16a*6  +  So'ft'  +  4a26»  +  2a6*  +  6&. 

7.  (a5  +  3266)  +  (a  +  26) 

=  a*  -  2a«6  +  4a26«  -  8ai»  +  166*. 

8.  (a5- 3266)-?- (a -26) 

=  o*  +  2o»6  +  4o«62  -f  8a6»  +  166*. 

9.  (l-243o6)--(l-3a) 

=  1  +  3a  +  9a»  +  27  a'  +  81  a*. 

10.  (243a6  +  l)-^(3a  +  l) 

=  81a*-27o8  +  9a«-3a+l. 

11.  (a;'-y^)^(a;-y) 

=  a^  +  x^y  +  jB*y«  +  a^y^  +  a*y*  +  ajy*  +  y». 

12.  (a»o  - 1024)  ^  (a  +  2) 

=  a* -  2a8  +  4a'  -  8a8  +  16a*  -  32a*  +  64 a» 

-128a»  +  256a-512. 
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Exercise  27. 

1.  5a»-15a  6.  6a»6»-21a*6»  +  27a»6* 

=  5a(a-3).  -3a»6«(2a»6- 7a  +  96»). 

2.  6a»-fl8a»-12a  7.  54a!*/ +  lOSaV  -  243a:«y» 
=  6a(a«  +  3o-2).  -  27x^(2  + 4x»y«-9a:y). 

3.  49  x*- 21  a; +  14  8.  46  xy»- 90  a*y' -  360  a:*y» 
=  7(7x*  -  3x  +  2).  - 45xVUaJ»y»  -  2x  -  Sy). 

4.  4x»y-12x*y«  +  8xy»  9.  70ay- 140ay  +  2l0a/ 
=  4a:y  (x«  -  3a:y  +  2y»)-  "  70ay*(a«  -  2ay  +  3y»). 

6.  v*-av'  +  6y'  +  cy  10.  32a*6« +  96a«6»- 128a*ft» 

^y(^-a^+by  +  c).  -32a*6»(l  +  3a»6«-4o»6*). 

Exercise  28. 

1.  a;»-ax-&x +a6  6.  aix-a5y +|)jx-|)5y 
=  (x  -  a){x  -  b).  =  (oi  -^pq){x  -  y). 

2.  oft  +  ay  —  6y  —  y'  7.  cdx*  +  a<iry  —  6carv  -  aby* 
=  (a  -  y)(6  +  y).  =  (ex  +  ayXdx  -  by). 

3.  6c  +  6x  —  ex  —  x*  8.   aicy  —  li^dy  —  ctcdx  +  bd*x 
=  (b  —  x)(c  +  x).  ='{ac''  bd){by  -  dx). 

4.  mx  +  mn  -\- ax  ■}•  an  9.  ox  —  ay  —  6x  +  &y 
=  (m  +  aX»  +  n).  =  (a  -  6)(x  -  y). 

5.  cdx"  -  cxy  +  dxy  -  y'  10.  cdz*  -cyz-\-  dyz  -  y» 
=  (ex  +  y)((ix  -  y).  =  (cz  +  y)(dz  -  y). 

Exercise  29. 

1.  x«  +  12x  +  36  6.  2*+14z«  +  49 
=  (x  +  ef.  -  (2*  +  7)». 

2.  x«  +  28x  +  196  7.  x«  +  36xy  +  324y« 
=  (x  +  14)«.  =(x  +  18y)». 

3.  x»  +  34x  +  289  8.  y*  +  16yV  +  64z* 
=  (x  +  17)».  =(y«  +  822)«. 

4.  2«  +  22  +  l  9.  y«  +  24y»  +  144 
=  (z  +  1)».  =  (y'  +  12)'. 

5.  y»  +  200y  +  10,000  10.  x«2*  +  162x2  +  6561 
=  (y  +  100)».  =  (x2  +  81)». 
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11.  4a«  +  12a6«  +  9M 

12.  9x»3/*  +  30a?y«2  4-252» 


13.  9a:"  ^12rry  4-4y« 

14.  4a*ic»  4-  20a2ar»v  +  25a?*y2 


Exercise  30. 


1.  a«-8a  +  16 
=  (a-4)^ 

2.  a«- 30a  4- 225 

=  (a  - 15)=». 

3.  a:*- 38a; +361 
=  (a:  - 19)». 

4.  x*- 40a; +  400 
=  (x  -  20)». 

5.  y=»  -  lOOy  +  2500 
=  (3/  -  56)». 

6.  y*-203/«+100 
=  (y«  - 10)^ 

8.  a;*-32a:«y'  +  266y* 
=  (ar*  -  16y«)«. 

9.  2»-342»  +  289 

=  (2»-17)». 

10.  4a;*y»-20a;*y*2+25y*2' 
=  (2a;«y-5y"2)^ 

11.  16^y*-8ay»22+y«2* 
=  (4ay=»-y2«)2. 


13.  16a;«-8a:*y«  +  a:«y* 
=  (43:*  —  xy^f. 

14.  a«a;*-2a»6a;2y4  +  52y8 
=  (a3a;»-6y*)< 

15.  36a;»y2-60ay»+25y* 
=  {Qxy-bff. 

16.  l-6afe«  +  9a2  68 
=  (l-3a6»)«. 

17.  9m»n»-24mn  +  16 
=  (3mn-4)'^ 

18.  ^y^ti^-\2ha?y  +  %s?y^ 
=  {2bx-Sxyy. 

19.  49a»-112a6  +  646« 
=  (7a -86)2. 

20.  64ar*y«-160a:*y»2  +  100a;*2« 
=  (8a;2y»-10a:^2)». 

21.  49a«6V-28a6ca;  +  4a:» 
=  (7a6c-2a:)». 

22.  121a;* -286a:»y  + 169  y" 
-(lla;2-13y)«. 

23.  289  a;y 2^-102  a;y«2«rf+9y«2«cZ» 
=  (17a:y2-3y2£?)'. 


12.  OaH^c^-Qab^c^d  +  b^c^d^      24.  361a;y22-76a6cxy2+4a2W 


=  (3  abc  —  body. 


=  {ldxyz-2abcy. 


Exercise  31. 


1.  a«-62 

=  (a  +  6)  (a  —  b). 

2.  a^-lG 

-:(a  +  4)(a-4). 


3.  4a»-25 

=  (2a+5)(2a-5). 

4.  a*~b* 

=.(a2  +  &2)(a  +  6)(a-6). 
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5.  a*-l  10.   l-49a:« 

=  (a«+l)(a  +  l)(a-l).  =(l  +  7a:)(l  -7x). 

6-  ^-^  11.  a* -256* 

=  (aH&*)  (a«+6«)  (a+6)  (a-6).  =  (a«  +  5  b)  (o«  -  5  6). 

IV  A  4 

'  =(a*+l){a«+l)(a+l)(a-l).  ^'  KT^^^M^ 


8.  36x«-49y« 

=  (6a;+7y)(6a;-7y). 

9.  100a:«y«-12la«6« 

=  {10  xy +11  ab)  {10  xy-Uab). 


((a-6)-cH(a-6)  +  c} 
(a  —  6  —  c)  (o  —  5  +  c). 

13.  x^^{a-b)^ 

^lx^{a-b)\{x  +  {a~b)] 
=  (x  —  a  +  o)  (x  +  a  —  6). 

14.  {a  +  bf-(c+dy 

=  [{a  +  b)  +  {c  +  d)][{a  +  b)-(c  +  d)] 
.  =  (a  +  6  +  c  +  d)  (a  +  6  -  c  —  a). 

15.  (ar  +  y)«-(a:-y)» 

=  j(a;  +  y)  +  (aj-y)}{(x  +  y)-(a:-y)} 
=  (x  +  y  +  a;-y){x  +  y-x  +  y) 
=  4a!y. 

16.  2ab-a^-b*+l  19.  a»  +  126c- 46»- 9c« 

=  1  -  (a»  -  2a6  +  6»)  -  a=»  -  (46« -  126c  +  9c») 

=  1  _  (a  -  6)»  -  a«  -  (2  6  -  3  c)» 

=  {1  +  (a-  6)){1  -(a-  6)}  -{a  +  (26-3c)}{a-(26-3c)} 

=  (1  +  o  -  6)  (1  -  a  +  6).  =  (a  -f  2  6  -  3  c)  (a  -  2  6  +  3  c). 

17.  x^-2yz-y*-s?  20.  a'- 2ay +y'-x'-2xz-2» 
=  a»  -  (y*  -f  2y2  +  z")  -  ra»-2  av+y«)-(a:*+2xz+2') 
=  x*-(y  +  2)»  =(a-y)*-(x  +  z)» 

=  fx  +  (y  +  z)){x  -  (y  +  «)}  =  {(a--y)-Ka?+2)K(«-y)-(«+2)} 

=  (x  +  y  +  z)  (x  —  y  —  z).  =  (a—y+x+z)  {a—y—x—z). 

18.  x»-2xy  +  y'-z'  21.  2xy-x*-y»4-2' 


=  rx»  -  2  xy  +  y*)  -  z«  =  z«  -  ^x*  -  2  xy  +  y«) 


(x  —  y  +  z)(x  —  y  —  z). 


U  +  {x- y)]{z-  {x~ y)} 
{z+x~y){z-x  +  y). 


22.  a?  +  y*-i?-d*-2xy-2dz 

« (x»  -  2xy  +  y^  -  (<i*  +  2d2  +  z») 
=  (x-y)'~(d  +  z)« 
=  |(x-y)-((f  +  z)}{(x-y)  +  (<i  +  z)} 
=  (x  —  y  —  d  —  z)  (x  —  y  4-  a  +  z). 

23.  x2-y»  +  z»-a«-2x2  +  2ay 

=  (x*  -  2xz  +  z=»)  -  (a»  -  2ay  +  y') 
=  f  X  —  z)^  —  (a  —  y)' 
=  |(x-z)-(a-y)}{(x--z)+  (o~y)} 
I-  (x  —  z  —  a  4-  y)  («  —  z  +  a  —  y). 
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24.  2a6+a«  +  6«-c* 

=  (a  +  b)^  -  (? 

=  (a  +  6  +  c){a  +  6  —  c). 

25.  2ay-x'-y'  +  a'+6*-2ai 
=  (o«  -  2  aft  +  &')  -  (x«  -  2  ajy  +  y«) 

[a  —  hy  —  (x  —  yY 

(o-6)  +  (x-y)}{(a-6)-(»-y)} 

[a  —  h+x  —  y\a  —  h  —  x  +  y). 

26.   {ax  +  byf-l  27.   l-a;«-y' +  2a!y 

{ax-\-t)y  -}-  l){ax  +  6y  —  1).  =  1  —  (ic*  —  2a:y  +  y') 

l-(a;-y)« 


l-(x-yf 

(1  +  X  -  y)(l  -  a:  +  y). 


28.  (5a-2)«-(a-4)» 


{(5a  -  2)  +  (a  -  4)}{(5a  -  2)  -  (a  -4)} 
=  (5a-2  +  a-  4)(5a  -«-  2  -  a  +  4) 

=  (6a-6)(4a  +  2). 

f 

29.  a*-2a6'+6*-ic*  32.  d»-a:« +  4iry-4y* 
=,{a-by-x^  =cP-(x^-4xy-\-i  y») 
=  la-b-\-x){a-b-x)  =  <?  -  (a:  -  2y)^ 

=  ((^  +  oj  -  2y)(<i  -  ar  +  2y). 

30.  (a;  +  l)»-(y  +  l)«  33.  a«-6*-26c-c« 
=(a;+l+y  +  l)(x  +  l-y-l)  =a«-(6«  +  26c  + c^) 
=  (a;  +  y  +  2)(a;-y).  =  a^  -  (6  +  cf 

=  {a-\-b  -{■  c){a  —  b  —  c). 

31.  (a?+y)*-Cy-l)'  34.  4a:*~9x« +  6a;- 1 

=  (a;+l+y-l)(a;+l-y+l)  =  4a^  -  (9x2  -  6x  +  1) 

=  (2x»+3x-lX2x»-3x+l). 


Exercise  32. 

1.  X*  +  x^y'  ^^^^ix^-^-xy-^-  y*)(x*  -  xy  +  y*). 

2.  9x*  +  3x«y»  +  4y*  =  (3x«  +  3xy  +  2y»)(3x*  -  3xy  +  2y»). 

3.  16x*  -  17x*y»  +  y*  =  (4x2  +  3xy  - y«)(4x«  -  3xy  - y*). 

4.  81  a*  +  23a»6»  +  166*  =  (9a2  +  7a6  +  4ft2)(9a2  -  7a6  +  46*). 

5.  81a* -28a'6«  +  166*  =  (9a«  +  10a6  +  46*)(9a* -  lOaft  +  46'). 

6.  9x*  +  38x«y«  +  49y*  =  (3x2  +  2xy  +  7y2)(3x2 - 2xy  +  7y2). 

7.  25a*-9a26a  +  ]6M  =  (5o2  +  7a6  +  462)(5a»-7a6  +46*). 
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8.  49m*  +  110m«n»  +  81n*»(7m*  +  4mn  +  9n")(7m«-4mn  +  9n»). 

9.  9a*+  21aV  +  25<?*  =  (3a»  +  3ac  +  5c»X3a«-3ac  +  6««). 

10.  49o*  — 15a*6«  +  121M=»(7a»  +  13aft  +  116»X7o*-13a6  +  116»). 

11.  64iB*  +  128x«y«  +  81y*-(8a:»  +  4«y +  9y«X8a:»-4xy  +  9y»). 

12.  4a;*  -  37s»y*  +  9y*  -  (2a:«  +  Say  -  3y«X2»'  -  5xy  -  3y«). 

13.  25a;*  -  41a:«y'  +  l^y*  -  (5x«  +  ay  -  4y»X5a:*  -  xy  -  4y*). 

14.  81  ar*  -  34x»y«  +  y*  -  (9x>  +  4ajy  - y*)(9x^  -  4«y  -  y*). 

EX£RCISE   33. 

1.  x«  +  llar  +  24  14.  a*  +  5a«  +  6 

=  (s  +  8Xa;  +  3).  =  (a»  +  3Xa»  +  2). 

2.  a;»  +  lla;  +  30  15.  2«  +  4z"  +  3 

=  (a:  +  6Xa;  +  5).  » («»  +  3X2"  +  1). 

3.  y»  +  17y  +  60  16.  a*6'  +  18a6  +  32 

=  (y  +  12Xy  +  5).  -(a6  +  lexoi  +  2). 

4.  z»  +  13z  +  12  17.  xy  +  7a;*y«  +  12 

=  (2  +  12Xz  +  1).  -  (ar*y»  +  4Xa;*y«  +  3). 

5.  x«  +  21a;  +  110  18.  2"  +  lOz*  +  16 
=  (a;  +  llXa?  +  10).  -  (z*  +  8X2*  +  2). 

6.  y«  +  35y  +  300  19.  a»  +  9a&  +  206« 

=  (y  +  20)(y  +  15).  =  (a  +  56)(a  +  46). 

7.  6»  +  236  +  102  20.  a;«  +  9a;»  +  20 

=  (6  +  17)(6  +  6).  -  (a^  +  5X«»  +  4). 

8.  x»  +  3ar  +  2  21.  aV  +  14 o^a:  +  33 6* 

=  (a?  +  2Xa;  +  1).  =  (oa:  +  11  b){ax  +  3  b). 

9.  x^  +  7x  +  e  22.  aV  +  7aca;  +  10x» 
=  (a:  +  6)(a?  +  1).  ^(ac-\-  dx)(ac  +  2a;). 

10.  a'  +  9a5  +  86»  23.  a;»y V  +  19 ayz  +  48 
=  (a  +  8  6)(a  +  b).  =  (a;y2  +  16)(a:y2  +  3). 

11.  a;»  +  13aa;  +  36a«  24.   6V  +  18 a6c  +  65 a» 

=  (a;  +  9  a){x  +  4  a).  =  (be  +  13  a)(6c  +  5  a). 

12.  y«  +  19pv  +  48p*  26.  r*«*  +  23 rsz  +  90 2« 
=  (y  +  i6p)(y  +  3^).  =  {rs  +  182)(r8  +  52). 

13.  2« +  29(72  + 100  g»  26.  m*?i*  +  20  m^n^pa  +  51;? Y 
=  (2  +  25  q){z  -\-iq).  =-  (m*n'  + 1  lpq)(w?T?  +  3 j}^). 


J 


52  ALGEBRA.. 


Exercise  34. 

1.  «»-7aj  +  10  13.  a«6V-13a6c  +  22 
=  (a;  -  5)  (a;  -  2).  =  {abc  -  11)  {abc  -  2). 

2.  x«- 29a; 4- 190  14.  a?*- 15a; +  50 

=  (a;  -  19)  (a;  -  10).  =  (a;  -  10)  {x  -  5). 

3.  a* -23a +  132  16.  a;»-20a;  +  100 

=  (a  -  12)  (a  - 11).  =  (a;  -  10)  (a;  -  10). 

4.  ft«-306  +  200  16.  a«ar»  -  21  aa;  + 54 

=  (b-  20)  {b  -  10).  ^  =  {ax-  18)  {ax  -  3). 

6.  2«- 432 +  460  17.  a^x^-lQabx  +  Sdh^ 

=  (2  -  23)  (z  -  20).  ={ax-  136)  (aa;-  3ft). 

6.  a;* -7a; +  6  18.   aV  -  24 ac2  +  143 2» 

=  (a;  -  6)  (a?  -  1).  =  {ac  -  132){ac -  II2). 

7.  a;*-4a«a;«  +  3a*  19.   a;»-20a;+91 

=  {a^  -  3a»)  {a^  -  a»).  ={x-  \3){x -  7). 

8.  a;«-8a;+12  20.   a^- 23a; +  120 

=  {x  -6){x-  2).  =  (a;  -  15)  {x  -  8). 

9.  2»-572+56  21.  2^-532  +  360 

=  (2  -  56)  (2  -  1).  =  (2  -  45)  (2  -  8). 

10.  y«-7y*+12  22.  a;«-(a+ c)a;  +  ac 
=  (y'-4)(y»-3).  =(a;-a)(a;-c). 

11.  a;«y»  -  27a;y  +  26  23.  y»2«-28aftv2  +  187a«6* 
=  (ary  -  26)  {xy  -  1).  =  (3/2  -  17a6)  (yz-ll  ah). 

12.  a*6«-lla2  68  +  30  24.  <?d^ -^ abed +221  a^V" 
=-  (a»  6*  -  6)  (a«  6»  -  5).  ={cd-\  7ab)  (cd-lS  ab). 

Exercise  35. 

1.  a;»  +  6a?-7  5.  2' +  11 2 -12 

=  (a;  +  7)(a;-  1).  =  (2+  12)(2-  1). 

2.  a;«+5aj-84  6.  2«  + 132-140 

=  (a;  +  12)  (a;  -  7).  =  (2  +  20)  {2  -  7). 

3.  2/'  +  7y-60  7.   a«  +  13a-300 

=  (y  +  12)(y  -5).  =  (a  +  25){a-  12). 

4.  2/2 +  122/ -45  8-  a«  +  25a-150 

=  (y  +  15)  (2/  -  3).  =  (a  +  30)  .(a  -  5). 
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9.  68  +  354_4  12.  c2  +  17c-390 

=  (6*  +  4)(6*  -  1).  -  (c  f  30Xc  -  13). 

10.  6V  +  36C-154  13.   a«  +  a-132 

=  (6c  +  14X6c  - 11).  =  (a  +  1 2Xa  -  1 1). 

11.  c^o  +  15c6~100  14.  xy2«  +  9  aryz- 22 

=  (c*  +  20Xc*  -  5).  =  {xyz  +  1  lX«y«  -  2). 

Exercise  36. 

1.  x^-Sx-ZS  9.  y«-5ay-50a* 

=  (a;  -  7)(x  +  4).  =  (y  -  IOa)(y  +  5a). 

2.  y2_7y_l8  10.  a»6»-3a6-4 

=  (y-9Xy  +  2).  =  (a6 -  4Xa5  +  1). 

3.  a:«_9aj-36  11.  aV-3ax-54 

=  (a?  -  12)(aj  +  3).  =  (ax  -  9)(ax  +  6). 

4.  z»- 112-60  12.  c»cf*  -  24  cd- 180 
=  (2  -  15)(2  +  4).  =  (cd  -  30)(c<i  +  6). 

5.  2«-132-14  13.   aV-o»c-2 

=  (z  -  14)(z  +  1).  =  (a»c  -  2)(a»c  +  1). 

6.  a»- 15a -100  14.  y^;^ -by*z^-S4: 

=  (a  -  20)(a  +  5).  =  (y  V  -  12)(y*z»  +  7). 

7.  c^o_9c5_io  15.  a«6»-16a6-36 

=  (c*  -  10)(c*  +  1).  =  {ab  -  18)(a6  +  2). 

8.  a;»-8x-20  16.  x^  -  (a  -  b)x  -  ab 
=  (x-  10)(x  -f  2).  =  (a?-  oX«  +  ^)- 

Exercise  37. 

1.  12x»-5x-2  6.  6x'  +  5x-4 

=  (4x  +  l)(3x  -  2).  =  (3x  +  4)(2x  -  1). 

2.  12x»--7x  +  l  7.  4x2  +  13x  +  3 

=  (3x  -  lX4x -  1).  =  (4x  +  l)(x  +  3). 

3.  12x2-x-l  8.  4x2  +  lla;-3 

=  (4x  +  lX3x  -  1).  =  (x  +  3)(4x  - 1). 

4.  3x*-2x-5  9.  4x*-4x-3 

=  (x  +  1X3  X  -  6).  =  (2x  +  lX2x  -  3). 

5.  3x2  +  4x-4  10.  x2-3ax  +  2a« 

=  (x  +  2)(3 X  -  2).  =.  (x  -  a)(x  -  2a). 


J 
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Exercise  23. 


1.  (a;+2)(a;  +  3)  =  {B*  +  6a;  +  6. 

2.  (a;  +  l)(a:  +  5)=a^  +  6a;  +  5. 

3.  (a;-3)(a;-6)  =  a;«-9a:  +  18. 

4.  (a;-8)(x-l)  =  x«-9a;  +  8. 

5.  (a;-8)(aj+'l)  =  a;'-7a;-8. 

6.  (x-2)(a;  +  5)  =  x«  +  3x-10. 

7.  (a;-3)(a?  +  7)  =  a:*  +  4a;-21. 

8.  (.x--2)(a;-4)  =  a:»-6x  +  8. 

9.  (a;  +  l)(a;  +  ll)  =  JP»+12a:+ll. 

10.  (.T;-2a)(a;+3a)  =  a:2+aa;-6a2. 

11.  {x-c){x-d) 

=  ic*  —  (c  4-  a)  oj  +  cd 


12.  (aj— 4y)(a;+y)  =  «*— 3ay— 4^*. 

13.  (a-26)(a-56)=a''«-7a6+10Z;». 

14.  (.c»  +  2?/2)(x«  +  3/2) 
=  a;*  +  3ay +  2y*. 

15.  (.T2-3.Ti/)(.T2  4-a:^) 
=  a*  —  2  ar^y  -  3  x^y^. 

16.  (oa;  -  9)(a.r  +  6) 

=  a*.c^  —  3  ax  —  54. 

17.  (a;  +  a)(a;  —  6) 

=  a^  -\-  (a  —  b)x  —  ah. 

18.  (a;-ll)(a?  +  4)  =  a;2_7a;-44. 

19.  (a;  +  12)(a;-ll)=a:2+a:-132. 

20.  (a;-10)(a;-5)=.a;'-15aj  +  50. 


Exercise  24. 


1.   ^"^^  =  1  + 2a;. 
l-2a; 


7.  ^^^  =  ah^<^ 
ab  -{■  c 


2.   illi^=l-2ic. 
l  +  2a; 


8.   ^^^ll^'^2x-Ay. 
2a;  +  4y  ^ 


3.   9a'-&-^3a-6. 
3a  +  6 


9.  ^^-^^^  =  7.- 2a. 
7-2a 


4.   9al^^3^^j. 
3a-6 


5.  -^-=4  a  — 0  0. 


4a  +  36 


1-32 


10. 


a^-81y'_ 
x  +  9y 


X  —  9y. 


11.  i-(''-.y)'^i-:.+y. 

12.   «l:zI6±£)!  ==  a  -  6  -  c. 
a  +  (6  +  c) 
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l-(a-56)'  ,  1  _  «  ^  56.        16.  ^r\^^'"?  "  ^-*-^-^^- 
14.  (a -5  6).  (a-6)+(c-<i) 


Exercise  25. 

1.  (y»-l)-^(y-l)  10.  (l  +  8a?')^(l  +  2a) 
=  y>+y  +  l.  -l-2a  +  4o«. 

2.  (6»-125)-*.(5-5)  11.  (27a»  +  6»)  +  (3a  +  6) 
=.6>  +  56  +  25.  «9a«-3a6  +  6«. 

3.  (a»  -  216) -1- (a  -  6)  12.  {8aV  + 1)  ^-{2a» +  1) 
=  a«  +  6a  +  36.  =4aV-2a«  +  l. 

4.  (a^  _  343) -^  (x  -  7)  13.  (x» +  27y») -«-(x  +  3y) 
=  aj«  +  7a;  +  49.  -aj»-3«y +9y*. 

5  (l-8ar»)-^(l-2a;)  14.  (512jr»y»  +  2»)  +  (8a:y +2) 
=  l  +  2a;  +  4a:«.  -64x«y'-8a:y2  + 2«. 

6  (8aV-l)^(2ax-l)  16.  (729a»  +  2166»)-i-(9a  +  66) 
'   =4a«r»  +  2aa:  +  l.  =81a«-54a6  +  366«. 

=  l+3xri9!;y.  =16a«-40a6  +  1006«. 

8    (64a»6«-27a:»)-»-(4a6-3a:)      17.  (64a»6»  +  27x»)  +  (4a6 +  3a:) 

«16a»6«  +  12a6aj  +  9a:«.  =  16  a^ft*  -  12  a6x  +  9  aj». 

9.  (a:»  +  y»)H.(a:+y)  18.  (^  +  343) ^ (x  +  7) 

=  x»-xy+y».  =.a:«-7x  +  49. 

19.  (27x»y»  +  8z»)-*-(3xy  +  22) 
=  9xy  —  6ajy2  +  42'. 
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Exercise  26. 

1-  (aJ*  -  y*)  -  (a;  -  y) 
=  r*  +  ic^y  +  xy*  +  y*. 

2.  (x*-y*)4.(a;  +  y) 

=  .T»-a:*y +  iry»-y'. 

3.  (a^-afi)^{a-x) 

=  a*  +  a*a:  +  aV  +  a V  +  oo^  +  aj*. 

4.  {a^  -  afi) -i- {a  +  x) 

=  a*  ~  a*aj  +  a V  -  a  V  +  aa^  -  »*. 

5.  (81aV-l)  +  (3aa;-l) 

=  27aV  +  9aV  +  3aa:  +  l. 

6.  (64a«-6«)-f-(2a-6) 

=  32a*  +  16a*6  +  8a«6«  +  4a=»6»  +  2a6*  +  6&. 

7.  (a* +  3266)^ (a +  26) 

=  a*  -  2a»6  +  4a»ft»  -  8a6»  +  166*. 

8.  (a*- 3266)  + (a -26) 

=  a*  +  2a»6  +  4a«62  +  8a6»  +  166*. 

9.  (l-243a6)-5-(l-3a) 

=  1  +  3a  +  9a»  +  27a»  +  81  a*. 

10.  (243a5  +  l)  +  (3a  +  l) 

=  81a*-27a«  +  9a«-3a  +  l. 

11.  (a;'-/)-(a^-y) 

=  a»  +  ir5y  +  a:*y»  +  a«y«  +  Xiy*  +  jEy6  +  yi. 

12.  (aW  -  1024)  4- (a  +  2) 

=  a*  -  2a8  +  4aT  -  8a«  +  16a6  -  32a*  +  64a» 

-128a=»  +  256a-512. 
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Exercise  27. 

1.  5a»-15a  6.  6a»6»-21a«6»  +  27a*6* 

=  5a(a  -  3).  =-  3a»6«(2a«6  -  7a  +  9 6«). 

2.  6a'  +  18a«-12a  7.  54a?/ +  108a:*y«  -  243aV 
=  6a(a«  +  3a -  2).  -  27x^(2  +  4x»y«  -  ds^Y). 

3.  49jb*-21x  +  14  8.  45  xy»- 90  a*y»  -  360  aV 
=  7(7a>-3x  +  2).  -46a?VUaJ»y»  -  2x-8y). 

4.  4x»y  — 12a:*y»  +  8a/  9.   70aV- 140ay  +  210a/ 
=  4xy  (a?  -  3a:y  +  2y»).  -  70ay*(a»  -  2ay  +  3y»). 

5.  v*-ai/»  +  6v'  +  cy  10.  32a»6« +  96a^^r»- 128a«ft» 
=-y^-ay^+  6y +  c).  -32a»6»(l  +  3a»6«-4a»6*). 

Exercise  28. 

1.  a?-aa:-6a;  +  a5  6.  ahx - ahy -^^ pqx - pqy 
=  (a;  -  a)(x  -  b).  -  {ab  +p2)(x  -  y). 

2.  a6  +  ay-6y-y»  7.  ccb?  +  adxy  -  hcxy  -  aby* 

-  (a  -  y)(&  +  y).  =  (ex  +  ay)(dx  -  6y). 

3.  6c  +  6x-cx-x»  8.  aftcy  -  6*<?y  -  ac(£x  +  6<i»x 
=  (6  -  x)(c  +  x).  ^(ac-  bd)(J>y  -  dx). 

4.  7?ix  +  mn  ->cax  +  an  9.  <ix  —  ay  —  bx  +  by 
=  (m  +  aXx  +  n).  =  (a  -  b){x  -  y). 

5.  cda^-cxy +  dxy-y*  10.  cdz*  -  cyz  +  dyz  -  y* 

-  (ex  +  y)((ix  -  y).  =  (cz  +  y)(d2  -  y). 

Exercise  29. 

1.  x«  +  12x  +  36  6.  3*  +  14z»  +  49 
=  (x  +  6)«.  =  {z'  +  7)». 

2.  a?  +  28x  +  196  7.  x«  +  36xy  +  324y« 
=  (x  +  14)2.  =  (x  +  18  y)». 

3.  x«  +  34x  +  289  8.  y*  +  16yV  +  64z* 
=  {x  +  liy.  =(y«  +  82«)». 

4.  2«  +  22  +  l  9.  y«  +  24y»  +  144 
=  (z  +  1)'.  =  (y*  +  12)^ 

6.  y'  +  200y  +  10,000  10.  x^z*  +  162  xz  +  6561 
=  (y  +  100)«.  =  (xz  +  81)«. 
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14. 

12ar'-    9x»+    5a:  +  2 
J 

24a:»-18x«  +  10a:  +  4 
24ar»  +  10a:^+      x 

-28a:»+    9a? +  4 
-6 

168x«-   54a; -24 
168a»+    70x4-    7 

-31)- 124  a; -31 

4a;+    1 

15. 

3)6a;»  +  15a;'-6a;  +  9 
2a;»+    5a;2-2a;  +  3 

n 

22a;»  +  55a;«-22a;  +  33 
22a;»  +  56a;»-30a; 

-x^-\-    8a; +  33 
—  a;*  —    3  a; 


11a; +  33 
11a; +  33 


16. 

^tx?  +  4a;'^y  +  4a;y^ 


bf 


bx^y  —  bxy^  —  by^ 
b3?y  —  bxy^  —  5y* 


17. 

2a»-2a2-3a-    2 

2 

4a3-4a2-    6a-4 
4a*  +  5a^-26a 

-9a2  +  20a-4 
4 

'  -36a2  +  80a-    16 
-36a'-45a  +  234 

125)125a-250 

a-     2 


24a^»  +  10a;  +  1 
24a;2+    Sx 


4x  +  1 
4a;  +  1 


a;  +  7 
6a;  +  l 


.-.  H.G.F.  =  4x+l. 


3)9ar'  +  6a;'»-51a;  +  36 

3ar»  +  2a;2-17a;  +  12 
2 

6a;»+    4a;2-34a;+    24 
6a^+  I5x^-    6a;  +     9 

-lla;2-28a;+    15 
-lla;'>  +  88a;  +  363 

-116)- 116  a; -348 

x+     3 


Reserve  3. 


-2a: 
11 

-a; +  11 


H.G.F.  =  3(a;  +  3), 


I     /vviM 


.r'+   4a;^y+   4a;y*—  3^* 


2Sx^  +  l6x^y-\-l6xy^-l2f 
283^~   7x^y-  7xy^-35y^ 


23  y)  23  x^y  +  23  xy^  +  23  y^ 


a^  -\-     icy  +    y* 


4a;  — 5y 


.-.  lI.C.Y.  =  x^+xy+f. 


3a3 
2 

-    a*-2a- 

16 

6a^ 
6a^ 

-2a»-4a- 
-6a2-9a- 

32 
6 

4a2  +  5a- 
4a2-8a 

26 

13a- 
13a- 

26 
26 

a 
-9 

4a +  13 


.-.  H.<:!.  F.  =  a  -  2. 
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18. 

2)12y»-h2.v«-94.v-60 
6y»+    y«-47y-30 
_8 

48y*+  8y*-376y-240 
48y»-42y«-405.v 

50ya+   29y-240 
8 


400y2  +  232y-1920 
400.v»  -  350  v- 3375 

291)582y  +  1455 

2y+       5 
19. 

9x(2ic*-6a:»-aj»  +  15:r-10) 

2i*-6a:»-x*  +  15aj-10 
_9 

18a:*-54ar»-  9a:»+135x-90 
18a;*-  2ar»-45g»-h     5x 

2)-52a»+36a:»+130x-90 

-26a;»+18a:«+  65a--45 
9 

-234x»+162  xH585  a;-405 
-234ar'+  26g»-h585y-  65 

68)136a;^-  340 


2)48y»-24y«-348v+   30 


24y»-12y»-174y+   15 
24y»4-   4y«~188y-120 


-16y»+    14y  +  135 
-lG.v«~  40y 


54y  +  135 
64y-fl35 


Reserve  2. 
4 

-3y-25 

-  8y  +  27 


2a:»-  5 

20. 

15x*  +  2a;»-75a:»-f   6aj  +  2 
ir)X*  -75x2  + 15a; 


.-.  H.C.F.  =  2(2y  +  5). 

6a;*(4a;*+6a;'-4x*-15a:-l5)'  Reserve  3x. 
4a^+    6x*-4a:»-15x-15  2 

4a:*-12^-2x»  +  30x-2()| 


2x» 
2ar» 


-lOx  +  2 
-lOx  +  2 


.-.  H.C.F.  =  a;»-5a;  +  l. 

21. 

21a;»-32ar»-54x-7 
5 

105a;»-160a;2-270x-35 
105a;»-H    99ar*  +    122; 


-259a;«-282x-35 
5 


-1295a;«-1410x-175 
-1295ar»- 1221 X- 148 


-27)- 189  X-    27 
7x+     1 


.-.  H.C.F.  =  7x+l. 


18r»-2jr»-45xf    5 


18  x» 


—  45x 


-2x« 


+   5 
+   5 


x-13 

9x-l 


.-.  H.C.F.  =  3x(2x»-5)l 


35x*+  x»-175x»4-30x+  1 
3 


105x*+  3r'-52r).r'+yOx  +  3 
10ox*+14x3-52r)x2  ♦^oj'+H 


-ll)-llx3 


+5r)x 


11 


—  5x+  1 


7 

15x  +  2 


21 X*- 
21x*- 

-    4x»- 
32x»- 

15x2  -  2x 
54x2 -7x 

28r»  + 
3 

39x2 +  5x 

84  x» 
84  x» 

+  117x^ 
-128x* 

+    15x 
-2I0x- 

28 

7)245x'' 

+  231 X  + 

28 

35  x^ 
35  x« 

+    33x  + 
+  .    5x 

4 

28x  + 
28x  + 

4 
4 

X 


3x-37 

5x  +  4 
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22. 

y)  9  a^-22  x»y'-3  xy*-hlO.V^ 

9x*  -22x*y2-3xy»+10y* 
J 

18x*-44x«y*-    6xy»+20y* 
18x*-  9x»y»-hl05xy»-69x»y 

.V)69x».v-35r'y'-l  llxy'420y* 


69x»  -35x*y  -lllxy2+2(y 
2 


138x»-  70x2y-222xy2+  403/* 
138x»-529x2y-  69jvH80V 

153i/)459x«y-ir)3xy2-76V 

3x*  -      xy  -    5y2 


xy)  9x^— Gx^y'+x'v'— 25xy^ 

9iB*-6x»y+x»y'  -25y* 

9x*       -22x^v'-3xy»+l(V 

-y)-6x»y-f23xV+3xy'-35v* 

Gx*  -23x*y  -3xy2+35y» 
6x»  -  2x2y  -lOxy* 

-7y)-21x'y  -h7xy2+35y' 

3x2    —  xy  —  5y* 
3x*    —  xy  —  5y' 


Res.y. 
1 


3x 
23 

2x 


.-.  H.C.F.  =y(3x?-xy-5y2). 


23. 

4x*  +  2x»-18x*  +  3x 
4x*-8x»-f    2x2-  2x 

-5 


5 


10x»-20x2  +  5x 
10x»-20x2  +  5x 


6 


6x»-4x*-ll«»-  3x«-  3x-l 
2 


12x*-8x*-22x»-  6x2-  6x-2 
12r^+6x*-54x»+  9x2-15x 


-14x*+32x«-15x2+  9x-2 
2 


-28x*+64x»-  30x2-fl8x-  4 
-28x*-14x»+126x2-21x-f35 


39)  78r'-156x2+39x-39 


2x»-    4x2+    X-  1 


3x 


—  / 


2x  +  6 


.-.  H.C.F.  =  2x»-4x»+x-l. 


24. 

7ox»  +  3a»x-2a» 

iB*—   ox*—   a2x2—  o'x— 2  a* 
3 

6x3- 
Ox»- 

14ox2+    6a2x-4a' 
9ox2-   6a2x 

-5ax2  +  12o2x-4o» 

5x2  — 12ax  +4a2 
2 

10x2-24ox-+    ^a" 
lOx  -15ox-10o2 

-9o)-9ox  +  18a2 
X—   2a 

3  x*-3  0x3-3  o2x2-3  a^x-(j  a* 
3x*-7ox'+3o2x2-2o'x 

X 

-ol- 

4ax*— 6a2x2—  o'x— 6  a* 
3 

12ox3-18o2x2-  3o3x-18o* 
12ax»-28a2x2|-12o3x-  8o* 

4a 

5a2)10a2x2-15o3x-10o* 
2x2-  ^ax-  20* 

2x2—    ^fj^ 

ax—  2o2 
ox—  2a2 

.-.  II.C.F.  = 

3x 
5 

2x  +  a 
=  x-2a 
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Exercise  43. 


1.  2i»+aj-l  =  (aj+l)(2a;-l), 
a:*+5a?+4  =  (a:+l)(a:+4), 
a:»+l  =  (a;+l)(^'-aJ+l). 

.-.  H.C.F.=  «+l. 


3y«-2y-l 

y'-y'+y-l 


3.  r'-4x«  +  9x-10 

-2x»  +  4x-10 
--2a^»  +  4a:-10 


x»-2x  +  5 


•.  H.C.F.=  a!»-2x  +  5. 


2-  y"-y'-y'fi-y«(y-i)-(y-i) 

(y'-i)(y-i), 

(y-l)(3y+l). 

y«(y~lH(y-l) 
(y*+i(y-i). 


.-.  H.C.F.-  y-1. 


rr*  +  2a:«-   3«  +  20 
rr*-4x»+   9x-10 


6)6a:«-12a;4  30 
«»-    2x+   6 

x*  +  5a:*~   9x  +  36 
a^  — 2x"  +    5x 


7x«-14x  +  35 
7a«-14a;-h35 


«-2 

«  +  7 


4.  ar»-    7ic»+    16x-12 

7r»-49x«  +  112x-84 
7a:^-32a:»+    3Gx 

-17x»-f-    76X-84 

7 

-  119x2 +  532x- 588 
^119j«  +  544x-612 

-12)-    12x+    24 
X-     2 


.\H.C.F.=  x-2. 


3x»- 


Mx*  +  ir)x 

7x='-:J2x  +  3G 
7x^-14x 

-  18X  +  3G 

-J8X  +  36 


5r»-  lOx*  +  7x 
5r»-  lOx* 


-14 


7x 
7x 


14 
14 


3 
x-17 

7x-18 


6x«  +  7 


5.  y»_6y»  +  lly-15 

V»  —    y^  4-    3y  +   5 

_4)-4ya-t-    8y-20 

y»-    2y+    6 


i*  — 


2y  +  5 


.-.  H.C.F.  =y«-2y  +  6. 


y«  +  3y  +  5 


y  toy 

2.v»  4-  5  V 

y2  -  2.y  +  5 

V*-2.v-f  5 


2y«-7y»  +  16y-15 
2y»-4y'  +  10.v 


-3y=»+    6y-15 
-3.v*+    6y-15 


1 

y  +  1 


2y-3 
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7.  jr»-.l 

3r  -j-  3?  -\-  X 


6.   2«»  +  3a;-5*=(2x  +  5)(x-l). 
3  a;*  -  aj  -  2  =  (3  a;  +  2)  (jc  -  1 ), 
2a:2  +  a.  _  3  =  (2»  +  3)(a;  -  1). 

.-.  H.C.F.  =  ar 


ST  —  S?  —  X  —  2 

a?  -1 


-1. 


—  a:*  — a; 

—  a:*  ~  aj 


1 
1 


a!*  +  a:  +  1 


—  a;*  —  a;  —  1 


2a:'-    ar»-    a;-3 
2ar>+2a:^  +  2a? 


-3a;2-3a;-3 
-Sa;«-3a;-3 


-a?-f-l 


2a:--3 


.-.  R.C.F.^x^  +  x  +  l. 


8.   a:»-3ar  -2 

ar^  +  2a?' +    x 

-2x^-^x-2 
-2a?-^x-2 


a;2  +  2a;  +  1 

a?  -h    X 

x  +  1 
x  +  l 


2a:»-h3a:»  -1 

2ar»  -6a;-4 


3l3^_±Qx_±3 
ar*  +  2a;  +  1 


3? 
3? 

+  1 

+  23?  + 

X 

-23?- 
-23?- 

x  + 
4a:- 

1 
2 

3)3a;  +  3 
x  +  l 


x-2 


x-2 


x+l 
H.C.F.=a;  +  l. 


9.  12  (a;* -y*) 

10(3? -y^) 

8  (s^y  +  xy*) 

10.        3?  +  xy^ 

3?y  +  y* 
a?  +  3?y^  +  y* 


l2{3?  +  y'^)(3?-y^) 

V2{3?+y^){x  +  y)(x-y)', 

I0\i^  +  f)(3?  -  y^ 

\0{x  +  y){:^-xy+  y^){x  -y)(3? +xy +y^); 
=  S  xy  {3?  -\- y^) 
=  8  xy  {x  +  y)(3?  —  xy  +  y^). 

.-.  H.C.F.  =  2(a:+y). 

=  x{3?  +  y^) 

=  x(x  +  y)(3?  —  xy  -\-  y^) ; 

=  y(3?  +  f) 

=  y{x  +  y){3?-xy+y'^\ 

=  \3?  +  23?y^  +  y*')-3?y^ 

=={3?+  y^f  -  3?y^ 

=  (3?  -\-xy  +  2/2)  (a;2  _  a:y  +  y2). 

.-.  H.C.F.  =  a;2_a:y +ya. 
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11.  2(x^^xy»)^2xy(x-yl 

4(a?*y  -  ity*)  =  4fl;y  (a;  -  y)(a:»  +  ay  +  y»), 


5{3h/  -  a^)  =  5xy(x  +y){x-y){j*  +  y«). 

.*.  H.  C.  F.  =  xy{x  —  y), 

£XERCISE  44. 

1.  4a»a;-2>xa»xx,  10.  x^-l  «(a;  + l)(x~l). 
6a»x*  =  3  X  2  X  a*  X  X*,  a:»  -  x  =  x(x  +  1), 

2ax»  =  2xaxx*.  x'-l-.(x-  l)(x*  +  x  +  1). 

.-.  L.C.M.=.12a»x«.  .-.  L.C.M.-x(x  +  l)(x»~l> 

2.  18ax'  =  3«x2xaxx»,  H.  2a+l  =  2a  +  l, 
72ay2=  3«  X  2»  X  a  X  y»,  4a* -  1  =  (2a  +  l)(2a-  1). 
12xy  =  3x2«xxxy.  8a»  +  l«  (2a+l)(4a*-2a+l). 

.-.  L.C.M.=»72ax«y«.  ...  L.C.M.  «(8a»+l)(2a-l). 

3.  x»  =  xxx,  12.  (a  +  ft)«  ==  (a  +  6)». 

ox  +  x»  =  X  (a  +  x).  (a2  _  ^«)  =  (a  +  6)  (a  -  ft). 

.-.  L.C.M.  =  x»(a  +  x).  .-.  L.C.M.=(a  +  ft)*(a-ft). 


.-.  L.C.M.  =  x(x  +  l)(x-l). 


4(l-x)  =  4(l-x), 
2(l-x*)=2(l+x)(l-x). 

5.  a«-6«  =  (a  +  6Ka-ft),  .'.  L.C.M. -4(1 +x)(l -x). 
a*  +  aft  =  a(a  +  6).                     ^^    x-l=x-l 

.-.  L.C.M.  =  a(a+b){a-b).       '  jB2  +  x  +  l  =  i^  +  x  +  l. 

6.  2x-l  =  2x-l.  ^"'  =  ^'"TTM'''i'\ 
4x*-l  =  (2x  +  l)(2x-l).  •••  li-^M. -=x»-l. 

.-.  L.C.M.  =  (2x+l)(2x-l).    15^  a^_y,„(a.  +  y)(a._y)^ 

7.  a  +  6  =  a  +  6  •        (^  +  y)' =  (a?  +  y)*,. 
a»  +  6*  =  (a  +'6)(a»- a6  f  6*).  (^  -yf-K^-y)- 

.:  LC.M.  =  U)(a'-a6U  •••  L-CM.  =  (r +  y)'(x-y)'. 

8.  =^-l-(x  +  l)(x- 1).  18-  f - y'  =  (^  +  •'/) (^ :; 2')' 

5  -  L  &  + 1)(«  + 1)  (^  - 1).       m^+fU  I2{x+yp-xy+y^. 
.-.  L.C.  M.  =  (x»+l)(x+l)(x-l).        •••  !-■  C-  M-  ■=  12(0^+/)  (a:  -  y)*. 

9.  i»-a!  =  K(a!-l),  17-  6fi»  +  !cy)  =  6a!ra!  +  y). 
3?-l  =  {x-i)(x'  +  x  +  l),  8(w-y«)  =  8y(s-y), 

«»+  1  =  (x  +  1  (i»-xH- 1)  10(x«-y')=  10{x  +  y)(x-y). 

.-.  L.C.M.  =  x(aH'  +  ]){a!»-l).     .-.  L.C.M.  =  120xy(x  +  y){x-y). 
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18.  a?»  +  5x  +  6  =  (ar-(-3)(a;  +  2),     20.  x^-^nx-i-30  =  (x  +  6)(x-^i\ 
x«  +  6»  +  8  =  (x  +  2)(a;  +  4).  x«  + 12  a; +35  =  (a: +  5)  (a? +7). 

.-.  L.C.M.  =  (a;  +  2)(a;  +  3)(x  +  4).        .-.  L.C.M.  =(a?+5)(a;+6)(a?+7) 

19.  a«-a--20  =  (a-5)(a  +  4),     21.  a^~9aj-22  =  (»+ 2)(a;-ll), 
a»  +  a  -  12  =  (a  +  4)(a  -  3).  ar»  -  13a;  +  22  =  (a?- 2)  (a:-ll). 

.  •.  L.  C.  M.  =  (a-3)  (a+4)  (a-5).    .  •.  L.  C.  M.  =  (x  +  2)  (a;  -  2)  (x  -1 1). 

22.  iab{a^-3ab-\-2b^)  =  4ab(a-2b)(a-b\ 
5a»  (a«  +  a^» -  662)  =  5^2 (a  +  36)(a  -  26). 

.-.  L.C.M.  -  20a26  (a -  6)(a  - 26) (a  +  36). 

23.  20(x»-l)  =  20(x-H)(x-l),   26.  (a-6)(a-c)=(a-6)(a-c). 
24(x2-x-2)  =  24(x-2)(x  +  l),  (6-a)(6-<')  =  _(a-6)(6-c). 
16(a;Ha;-2)  =  16(a,-+2)  {x  - 1).           (c  -  a)  (c  -  6)  =  (a  -  c)  (6  -  c). 

.•.L.C.M.=  240(a;+l)(a;-l)(x+2)(a;-2).    .•.L.C.M.  =  (a-6)(a-c)(6-c). 

24.  12xy{x^-y^)=l2xy(x+y){x-yl 
2x'^(x-^yy=2x'^{x+y){x+y\ 

3y^(x-y)2=3y^(^^^^^  ^^  a:»-4xH3x  =  x(x>-4a:+3) 

•  •  ^-  ^-  ^-  =  12xy(a;-y)2(x+y)2.  ^  a:(x-3)(x-l) 

25.  a  -  6)  (6  -  c)  =  (a  -  6)  (6  -c),  ==  :,^:,^4)  {x~S), 
(0-c){c-a)  =  -{a-c)(b-c\           a^+Sx*~ix^=  ar'lx'+'Sx-i) 
(c-a){a~b)  =  -(a-b){a^c).                              -^  x^(x-]){x+i). 

.',  L.C.M.  =  (a-6)(6-c)(c~a).    .-.  L.C.M.  =  ar»(a:-l)(.T-3)(a:+4). 

28.  x^y  —  xy^  =  xy{x  —  y\ 
'ix{x-yf  =  ^x{x-yf, 

^{x-yf  =  ^y{x~y)\ 

.-.  L.C.M.  !=12ajy(x-y)'. 

29.  (a  +  6)2  -  (c  +  (?)« =  (a  +  6  +  c  +  rf)(a  4  6  -  c  -  d\ 
(a  +  c)2-(6  +  rf)2  =  (a  +  6  +  c  +  (Z)(a~6  +  c-(0. 
(a  4-  df-  (6  +  c)2  =  (a  +  6  +  c  +  c;)(a  -  6  -  c  +  c^). 

.-.  L.C.M.  =  (a+6-fc+cZ)(a+6-c-c£)(a-6+c-d)(a-6-c+(?). 


30. 


(2a;-4)(3x--6)  =  2(x-2)x3(x-2). 
(a;-3)(4x-8)  =  (x-3)x4(x-2), 
(2x-  6)(5x-  10)  =  2(x-  3)  x  5(x-  2). 

.-.  L. C.  M.  =  60(x  -  2)«  {x  -  3). 
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Exercise  45. 

1.  6a»-«~2-(3x-2)(2«  +  l), 

21  a»  -  17x  +  2  -  (3x  -  2)  (7c  - 1). 
14x»  +  5a:  -  1  -  (2aj  +  l)(7x  -  1). 

.«.  L.C.M.-(3»-2)(2x  +  l)(7ar-l). 

2.  x»-l«(aj+l)(x-l), 

a»  +  2aj-3-(x  +  3)(«-l), 
6a:«  _  a;  -  2  =  (3x  -  2)(2x  +  1). 

.-.  L.C.M.-(2«  +  l)(3x-2)(x-l)(x  +  l)(x  +  3) 


3.  x» 

x» 

x» 


27  =  (x-3)(x»  +  3x-|-9), 
15x  +  36  =  (x--3)(x-12), 
-2x  +  6 


-3x* 


x«(x-3)--2(x-3) 
«(x«-2)(x-3). 

.-.  L.C.M.  -  (.T  -  3) (x  - 12) (x»  -  2)(x«  +  3x  +  9). 


4.  5x«  +  19x-4-(5x-l)(x  +  4), 
10x»  +  13x  -  3  =  (5x  -  l)(2x  +  3). 

.-.  L.C. M.  - (5x  -  l)(x  +  4)(2x  +  3). 

6.  12x»  +  xy-6y«  =  (4x  +  3y)(3x-2y), 
18x»  +  18xy  -  20y«=  (3x  -  2y)(6x  +  lOy). 

.-.  L.C.M.  =  (4x  +  3y)(3x-  2y)(6x  +  lOy). 


6.  x)x*-2x'-hx 

x»-2x«  +  l 
g'-2x  -1 

-2)-2x»  +  2x  +2 

X*—     X    —  1 


Hence,        x* 
and  2x* 


2)2x*-2x»-2x  -2 

X*—    x*—    X  —  1 

a:*--2x'-f-    X 

X 

x»-2x  -1 

X^  —      X*  —  X 

X»-     X    -1 
X»-     X    -1 

1 

x  +  l 

2x'  +  X  =  (x»  -  X -  l)x  x(x  -  1), 
2x»-2x-2  =  (x»-x-l)x2(x  +  l). 

.-.  L.C.M.  -  2x(x»  -  X -  l)(x  +  l)(x-  1). 


7.  12x*+   2x-   4-(6x-l-4)(2x-l)  =  2(3x-f-2)(2x-l), 
12x«-42x-24-(6x  +  3)(2x-8)  =  6(2x-j-l)(x-4). 
12x«  -  28x  -  24  =  (6x  +  4)(2x  -  6)  =  4(3x  +  2)  (x  -  3). 

.-.  L.G. M.  =  12(3x  +  2){2x  -  l)(2x  +  l)(x  -  4)(x 


-3). 
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6. 

3rr»)27g'-3a^  +  6z»-3a' 

— Bar* —    3^ — X — 1 
3x»-a;  +  l 


6. 

10)  20z»  -  60x^  -f  50a;  -  20 


2a:»- 
2a;»- 


6a;*  +    5a; 
63;*+   4x 


-   2 


X 
X 


7. 

ix" 


Sx 
10  a; 


-5 


2a; 
2a; 


5 
5 


2 
2 


6g)162a;»+48a;»-18a;«+6a; 

27ar^  +  8a;»-3a;  +1 
27a:^-3a;»  +  6a;'-3a; 


3ar»  +  2a;«       +1 
3ar»-    x^  +  x 


3a;«-a;  +  l 
3a;«-x  +  l 


Reserve  3  X. 
3a; 

3a;-2 
x  +  1 


.-.  H.C.F.  =  3a;(3a;«-a;  +  l). 


4  x)  32  a;*-92  ar»+68  a;«-24  x 

8a;8-23a;2+17a;--  6 
8ar>-24a;'-l-20a;  -  8 

a;»-  3a;  +  2 
x»-  2a; 


Reserve  2. 
4 

2a; 
x-1 


X  +  2 
.-.  H.0.F.  =  2(a;-2). 


12a;«-    4a; -65 
12a;»-24g-15 

10)20a;-50 

2x-   5 


2a;  +  l 
,-.  H.C.F.  =  2a;-5. 


8. 

a)3o^  —  5a' a;  —  2aa;' 


3a« 
3a« 


5aa; 
6  ax 


-   2x^ 


ax 
ax 


2ar« 
23? 


9. 

]0a;*+    a;* 
10a;5 


5a;» 


9a; +  24 

+  15 


3)(>ar'-Ua;+    9 
2ar^-3a;+    3 


a)9a» -8a»a;- 20  oa;* 

9a«-   8aa;-20a;» 
9a«-15aa;-    6a;« 


7  a;)  7  oa;  — 14  a;* 
a   —   2x 

.-.  H.C.F.  =  a(a-2x). 


Reserve  a. 
3 

3a  +  a; 


20a;*  -  17a;*  +  48a; -3 

20a;*  +  2ar*-18a;*  +  48g 


_2a;»+      a:*  -3 

-2a;»+    3a;*-3a; 


-2a;*  +  3a;-3 
-2a;*  +  3a;-3 


2a; 

-5 
-a;-l 


,%  H.C.F.  =  2a;*-3a;  +  3. 
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10. 

2)8a:»-4a:*-32a;-182 

3)36a;»-84a;*-llla;~126 

i3S_23^-iex-   91 
4a;* -2a;* -42a: 

12ar»-28a;*-   37a;-  42 
12a:*-   6a:*-   48x-273 

3 

13) 26 a;-    91 

-11)- 22a:*  +    11  a: +  231 

2a;-     7 

2a:*-       a;-   21 
2a:*-     7a; 

2a; 
x  +  3 

6a;-   21 
6x-  21 

.-.  H.C.F.  =-2x--7. 


11. 

5ar»(12a:»  +  4a:*  +  17a;-3) 

12a:*  +  4a:*  +  17a; -3 
12ar^  +  4a:*-      x 

3)  18a; -3 

6a;-l 


.'.  H.C.F.  =  5a;(6a;-l). 


10a;  (24  a:*- 52a:*  +  14a; -1) 

24ar»-52a:*  +  14a;-l 
24a:»-f    8a:«-|- 34a?-6 

-5)-60a:*-20a;  +  5 

12a:«+   4a;-l 
12a:*-   2a; 

6a;-l 
6a: -1 


Reserve  5«. 
2 


X 

2a; +  1 


12. 


2y)  18a:»y-18a;*v*-2a:y*-8y* 


9a^—da^y—xy*~  4y* 
9ar»  -ary*-20y* 

y)—9xh/         +16v* 

-9a:*  +16y* 

-9a;*+12ayv 

-12a:y+16y* 
-12ajy+16.v« 


xy)d3i*y  —  g*.v*  —  20  yy* 

9a:*-      xy^-2{)f 
9ar>-16a:y* 

5.v*)15ayy«-20y* 

3a;    -   4y 


Reserve  y. 

1 

—  a; 

—  3x  —  4y 


• 
• 

.  H.C.F.= 

y(3a;-4y) 

13. 

« 

6a:*          X     15 
6ar«     10a; 

9aJ_3a;-20 
2 

9a; -15 
9a; -15 

18a:2_6a;-40 
18a;* -3a; -45 

3 

-3a;+    5 

-2a;-3 

.-.  H.C 

.F  =  3a;-6. 
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14. 

12x'-   9a:*  +    5a;  +  2 
J 

24ar*  +  10a'+      x 
-283^+   9a; +  4 
-6 

168a:»-   54a; -24 
168a;*  +    70  a;  +    7 

--31)- 124a; -31 

4a;  +    1 

15. 

3)6a;^  +  15a;*-6a;-f  9 

2a;»+    5a^»-2a;  +  3 
11 

22ar»  +  65a;*-22a;  +  33 
22ar>  +  56a;»-30a; 

-a;*+    8a; +  33 
—  a;*  —    3a; 


llx  +  33 
11a; +  33 


16. 


4  a;*  —    x^y  —    ^^  —  S?/* 
4a;'  +  4a;*y  +  4a;y* 

—  5a:*y  —  5xy^  —  by^ 

—  5a;^v  —  5a;y*  —  5v* 


17. 

2a«-2a2-3a-    2 
2 

4a«-4a2-   6a -4 
4a*  +  5a* -26a 

-  9a*  +  20a -4 

4 

-  36a*  +  80a-    16 
-36a* -45a +234 

125)125a-250 

a-     2 


24ar»  +  10a;  +  l 
24a;*  +    Qx 


4a;  +  1 
4x  +  1 


a;  +  7 
6a;  +  l 


.-.  H.C.F.  =  4a;  +  L 


3)9a;»  +  6a;*-51a;  +  36 

3a;»  +  2ar»-17a;  +  12 
2 

6ar'+    4a;*- 34a;  +    24 
0^3? -\-  15a;*-   Qx+     9 

-  11a;*- 28a;  +    15 

-  11a;*  +  88  a; +  363 

-116)-116a;-348 
a;+      3 


Reserve  3. 


-2a; 
11 

-a; +  11 


.-.  H.C.F.  =  3(a;+3). 


7a;*  +   4a;*y+   4a;y*—   3^* 


28ar»  +  16a;*y  +  16a;y*-122r' 
28a;*-   7a;*.v-   7a;y*-35y* 


23  y)  23  a;*y  +  23  ayy*  +  23  y* 


a;' 


+      xy  -^     y^ 


4x  — 5y 


.-.  H.C.F.  =  ar»  +  a;3/+y*. 


3a*-   a*-2a- 
2 

-16 

6a*-2a*-4a- 
6a* -6a*- 9a - 

-32 
-   6 

4a*  +  5a- 
4a*-8a 

-26 

13a- 
13a- 

-26 
-26 

a 


-9 
4a +  13 

.-.  H.<:J.  F.  =  a  -  2. 
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18. 

2)12y»  +  2.v^ 


-94.v~60 


6y»  + 
8 


y2_47y_30 


48y«+  8y«-376y-240 
48y»-42.v^-405y 

50y«+   29y-240 
8 


400y»  +  232y-1920 
400.v'-350y-3375 

291)582y  +  1455 

2y+       5 
19. 

9x(2a^-6a:'-2?  +  16ar-10) 

2ar*_6ar»-x»  +  15x-10 
_9 

18aj*-54ar»-  9rF«+136a;-90 
18  a;*-  2ar»-45a»+     5x 

2)-52g»-t-36a;'+130a:-90 

-26r»+18a:»+  652'-45 
9 

-234x»+162a:*+585z-405 
-234x»+  26a»4-585y-  65 

68)  136  g^-  340 

23?-  5 

20. 

15a-*  +  2a:»-75a:«+   5ar  +  2 
150?*  -75x2^152. 


2)48y»--24y*-348y+   30 


24y»-12y«-174y+    15 
24v8.f   4y«-188y~120 

-16y*+    14y  +  135 
-16y«-  40y 


54y  +  135 
54y  -f  135 


Reserre  2. 
4 

-3y~25 

-  8y  +  27 


.-.  n.r.F.  =  2(2y  +  5). 

6x*(4x*+6a;>-4a:»-15x-15)'  Reserve  3x. 

4a^+    6r»-4a:»-15x-15  2 

4j*-12a:^-2j:*-i-30j-2()| 

18x»-2j:"-4r)xf   5x-13 


23? 

2r» 


-lOx  +  2 
-lOx  +  2 


.-.  H.C.F.  =  x'-5x  +  l. 

21. 

21x»-32x»-54x-7 
5 

105x»-160x«-270x-35 
105x8+    99x»+    12x 


-259x«-282x-35 
5 


-1295x'^  -  1410x  -  175 
-1295x«  -  1221 X- 148 


-27)-189x-   27 
7x+     1 


.-.  H.G.F.  =  7x+l. 


18x» 


—  45x 


-2x» 


+   5 
+   5 


9x-l 


.-.  n.C.F.  =  3x(2x«-5). 


35a;*+  x»-175x*+30x+  1 
3 


105x*+  3x»-52r>xHiHJx  +  3 
105x*+14x3-525x»+35x  +14 


-ll)-llx» 


+55x-ll 
—  5x+  1 


21x*-   4x»-15x«-2x 
21x*-32x»-54x»-7x 


7 

15x  +  2 


28r»  +  39x«  +  5x 
3 


84r»  +  117x*+    15x 
84r»-128x'-21Gx-28 


7)245x^  +  231x  +  28 


35x2+    33x+    4 
35x>+      ~ 


5x 


28x  + 
28x  + 


4 
4 


X 


3x-37 

5x  +  4 
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22. 

y)  9  a;*y-22  a:«.v»-3  ayy*+10y^ 

9  a?*  -22a?23/*-3a?y»+10y* 
J 

18a?*-44a?«y»-    6a;y«+20y* 
18a?*--  9a?*y*-t-105ay»-69ar'y 

.V)69a:»y-35a:»y*-llla;y»+20.v* 

69ar'  -36a?»y  -lUxyH20y 
2 


138a?»-  70a?*y-222a7*+  40y» 
138a;»-529g*y-  69jv*+805y» 

153.V)  459a?*v-ir)3a?y*--765v» 

3a?*  —      xy  —    6y' 


xy)  9a!^y— 6a?*y*+a?^y'— 25a!y^ 


9a?*—6ar'y+a?' 


3»A 


-2by* 


ry+x'v' 
9a?*       -22a?^*-3ay^+10y* 

-y)-6ar^.V+23a?*y*+3a?y^-35y* 

6a?»  -23a?*y  -3a;y*+35y' 
6a?»  -  2a?*y  -lOaiy* 

-7y)-21a;*.V  +7a?y*+35v3 

3a?*    —  ary  —  5y* 
3a?*    —  gyy  —  5y* 


Res.y. 
1 


3a? 
23 

2a? 


.-.  H.C.F. -y(3a:^-ay-5y*). 


23. 

4x*  +  2a?'-18a?*  +  3a? 
4a?*-8a?»+    2ar^-  2a? 

-5 


5 


10a?»-20a;2  +  5a; 
10a?»-20a?*  +  5a? 


5 


6a?»-4a?*-lla!»-  3a?*-  3a?-l 
2 


12a?*-8a?*-22a?»-  6  a:*-  6a?-2 
12a;8^(5a4_54aj8+  9ic«-15a; 


■14rc*+32a?»-16a?*+  9a:-2 
2 


-28a?*+64a;»-  30a?*+18a?-  4 
-28a?*-14ar»+126a?*-21a?+35 


39)  78a?8-156a?*-t-39a?-39 


23^-    4a?*+    a?-  1 


3a; 


— i 


2a?  +  5 


.-.  H.C.F.  =  2a:»-4a?*+a?-l. 


24. 

aar»- 

7aa;*  +  3a*a?-2a' 

a?*—   as^—  a^x^—  a^x—2a* 
3 

6a;8- 
()a?»- 

14aa?*+    6a*a?-4a' 
9aa?*-    6a*a? 

-5aa?*  +  12a*a?-4a» 

5a?*  — 12aa?  +4  a* 
2 

10a?*-24aa?-^    8a''' 
10a?  -15aa?-10a* 

-9a)-9aa?  +  18a* 
X—   2a 

3  a?*-3  aa?«-3  aV-3  a^x-G  a* 
3a?*-7aar»+3a*a?*-2a'a? 

x 

-al 

4aa;»-6aV-  a3a?-6a* 
3 

12aar'-18a*a:*-  3a3a;-18a* 
12  aa?»-28a*a?*+l  2  a^a?-  8  a* 

4a 

5a*)10a*a?*-15a='a?-10a* 

2a?*-  3aa;-  2a* 
2a?*—  4  ax 

oa?—  2a* 
ax-  2a* 

.-.  II.C.F.  = 

3a; 
5 

2a;  +  a 
*a;-2a 
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Exercise  48. 


1.  2x«+x-l  =  (x+l)(2x-l), 
x*+5x+4  =  (x+l)(x+4), 

X»  +  1=(X  +  1)(J'»-X+1). 

.-.  H.C.F.=  x+1. 


3.  x»-4x«  +  9x-10 
x*  — 2x*  +  5x 

-2x2 +  4x^10 
-2x«-f4x-10 


x'-2x  +  5 


.-.  ir.C.F.  =  x*-2x+5. 


2.  y»-y'-y*fl-y«(y-l)-(y-i) 
-(y'-i)(y-i). 

3y«-.2y-l-(y-l)(3y+l), 

-(y'+l)(y-i). 

.-.  H.C.P.-.  y-L 


x'  +  2x»- 
x»-4x«  + 

3x  +  20 
9x-10 

6)6x«- 

12x  + 

30 

x»  +  5x«- 

x»-2x»  + 

2x  + 

9x  + 
5x 

5 
35 

7x«- 
7x«- 

Hx-i- 
14x  + 

36 
35 

«-2 

x  +  7 


4.  x»-   7x*+    16x-12 

I 

7r»-49x2  +  112x-84 
7x»-32x»+    3Gx 

-17x*+    76X-84 
7 

-119x«  +  532x-588 
^119x«  +  544x-612 

-12)-    12x+    24 

X-     2 


.-.  H.C.F.=  x-2. 

6.  y»-5y«  +  lly-15 

■V*-    y'+    3.V+    5 

~4)-4y»-f    8y-20 

y»-   2y+    5 


/*  — 


2y  +  5 


•.  H.C.F.=y«-2y  +  5. 


3x»- 
3x»- 


14x«  +  16x 
21.i'»  +  48x-3G 


7ar'-:i2x  +  3G 
7j'-14x 

-  l«x  +  3G 
-18x-f  3G 


5x»-10x*+  7x 
5x»-  10x» 


-14 


7x 
7x 


14 
14 


^y!  +  3y  +  5 


■  2.V*  +  5.V 


yi  _  2y  +  5 

y'-2y-h5 

2y»_7y2  +  16y-15 
2v»-4.v'  -hlOy 


-3y«+    6y-15 
-3.v*+    6y-15 


3 

x-17 
7x-18 


5x«  +  7 


1 

y  +  1 


2y-3 
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6.   2x»  +  3a;-5'«=(2a;-h5)(a;-l). 
3x«  -  aj  -  2  =  (3a;  +  2)(a;  -  1), 
2x^-hx-'S  =  l2x  +  S)lx  - 1). 

.-.  H.C.F.  =  a; 


-1. 


7.  a»-l 

x*  +  a*  +  a? 


—  7?  —  X 

—  0^  -  X 


1 
1 


a*  +  ar  +  1 


a'-a:*-a;-2 
a^               -1 

-x«-a;-.l 

2a:'-    a;«-    a;- 

2ar»  +  2x2  +  2a; 

-3 

-3a:2_3a._ 
-Sa:«-3a;- 

-3 
-3 

1 


-x  +  l 


2a?-3 


.-.  H.C.F.  =  a;2  +  ar  +  l. 


8.    a:»-3a:  -2 

a?  +  2a?'  +    a? 


-2x2 -4a; -2 
-2a;*-4a;-2 


a;2  +  2a;  +  l 
x^  +    X 


X  +  1 
a?  +  l 


2a;»  +  3a;»  -1 

2ar»  -6a;-4 


3)3a;'-^  +  Ga;4-3 
ar*  +  2a;  +  l 


a;*  +  1 

ar»  +  2a:2_j. 


a; 


9.  12(a;*-y*) 
8  (a;*y  +  ary*) 


-2a;'-    a;  +  l 
-2a;'-4a;-2 

3)3a;4-3 

a;  +  1 


12{x^^y^){x^-y^) 

)(x- 


x-2 


x-2 


x+  1 
H.C.F.  =  a;  +  l. 


12(a;2+y')(a;  +  y)(a;-3^); 

10(a;  +  y)(a;'  -  a;y  +  y')(ar  -y)(x^ +  xy  +y^); 

Sxy{s^+f) 

Sxy{x  +  y)(x*  -  xy  -^  y^). 

,'.  H.C.F.  =  2(a;+y). 


10.        al^  +  xy^ 

ar^y-\-y* 
a^  +  a^y^  +  y* 


=  x(3^  +  y^) 
=  x(x  +  y)(a^  — 

(x  +  % 


xy-^y^); 


y)(x^-xy  +  y^); 
a;*  +  2a;y +  y*)-ar*3/« 
=  0^  +  y')'  —  x^y^ 
=  (x'  +  xy  -h  y^){a^  ~  xy  -\- y^. 

.-.  H.C.F.  =  x^-xy-vy\ 
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11.  2(x«y-iry«)=.2xy(x-y), 

4(afV  -  «y*)  =  4iy  r«  -  y)(x^  +  ary  +  y«). 
6(3h/-xj^)  =  5ay(«  +y){x-  y){j^  +  y'). 

.*.  H.C.F. -iy(x-y). 


£X£RCISE   44. 

1.  4a»a;  =  2«xa'xa?,  10.  x»-l -(x  +  l)(x~  1), 
6a»x'  =  3x2xa«Xx*,  x»-x-x(x+  1), 

2ax»  =  2xaxx».  x»-l-(x-  l)(x»  +  x  +  1). 

.-.  L.C.M.  =  12a»x«.  .-.  L.C.M.  -  x(x  +  l)(x»- 1> 

2.  18ax»  =  3»x2xaxx*.  11.  2a+l»2a  +  l, 
72ay»=  3=»  X  2»  x  a  X  y*.  4a»  -  1  =  (2a  +  l)(2a -  1). 
12xy  =  3x2«xxxy.  8a»  +  l«  (2a+l){4a*-2a  1 1). 

.-.  L.C.M.  =  72ax*y«.  ...  L.C.M.  "(8a»-hl)(2a-l). 


(o«-i«)  =  (a+6)(a-6). 


4(l~x)  =  4(l-x), 
2(l-x*)=2(l+x)(l--x). 

.-.L.C.M.  =4(1 +  x)(l-x). 


3.  x*  =  xxx,  12 
ox  +  x*  =  x(a  +  x). 

.-.  L.C.M.  =  x«(a  +  x).  ...L.C.M.=(a  +  6)»(a-6). 

*•  fr  ^  r  ("^  t  ^^(fr  ■^''  w.  4(i  +  x) = 4(i + x), 

(x*  — x)  =  x(x  — 1). 

.-.  L.C.M.  =  x(x  +  l)(x-l). 

5.  a«-6*  =  (a  +  6)ra-6), 

a^  +  ab  =  a{a-\-b).  14.  x  -  1  =  x  -  1, 

.'.  L.C.M.  =  a{a-{-b){a-b).  '  a;a  +  x  +  l  =  x«  +  x  +  l, 

6    2.      1      2^     1  x»-l=(x-l)(x»  +  x  +  l). 

o.   zx  —  1  =  zx  —  1,  .rr'Xf— ^1 

4a»-l  =  (2a!  +  l)(2s-l).  . .  Jj.UM. -i"- i. 

,-.   L.C.M.  =  (2l+l)(2x-l).  15      3a_yt  =  (jj  +  y)(i_y), 

a»  +  6>  =  (a  +  6)(a'- a6  +  5').  (f     W  ^"_  J^         _ 

8.  :c>-l=(«  +  l)(»-l).  !«•  ffj/y^L^^i'^i;^^^' 

.^tc.M.i(il\K^+i^^^^^^^^^^^  •••  L.C.M.  =  12(^.^)(»-,)'. 

^+1  =  8  +  1   ^  -  X 1 1 :  10(x»- y')  =  lO(x  +  y   X  - y  . 

.-.  L.C.M.  =  x(r'  +  l)(x»-l).  .-.  L.C.M.  =  120xy(x  +  y)(x-y). 


74  ALGEBRA. 


18.  rr*  +  5a;  +  6  =  {ar  +  3)(a;  +  2),     20.  ar*  +  llx  +  30  =  (a;  +  6)(a;-i-i":), 
x»  +  6a;  +  8  =  (a;  +  2)(a;  +  4).  a»  +  12x+  35  =  (a:  +  6)(a?+  7). 

.  •.  L.  C.  M.  =  (a:  +  2)  (aj  +  3)  {x + 4).        .  •.  L.  C.  M.  =  (a?+5)  («+  6)  (x+7). 

19.  a«-a~20  =  (a-5)(a+4),     21.  a»- 9 a; -22  =  (a; +2) (a; -11), 
a*  +  a  -  12  =  (a  +  4)(a  -  3).  a*  -  13a;  +  22  =  (a;-2)  (x-11). 

.  •.  L.  C.  M.  =  (a-3)  (a+4)  (a-5).    .  •.  L.  C.  M.  -  (a;  +  2)  (x  -  2)  (a;  -1 1). 

22.  4a6(a«-3a&+26»)  =  4a&(a-2&)(a-6). 
5a« (a«  +  a6 -  66*)  =  da" (a  +  36)(a -  26). 

.-.  L.C.M.-20a«6(a-6)(a-26)(a  +  36). 

23.  20(a;«-l)  =  20(a:  +  l)(a:-l),    26.  (a-b)(a-c)^{a-b)(a-c), 
24  (a:2-a;-2) = 24  (a;-2)  (a;  + 1),  {b-a)  (h-c)  =  -  (a-b)  (b-c), 
16(a;Ha:-2)  =  16(a:+2)  {x  - 1).           (c  -a){c-b)  =  {a~  c)  (6  -  c). 

/.  L.C.M.=  240(a;+l)(a;-l)(a;+2)(a;-2).    .-.  L.C.M.  =  (a-6)(a-c)(6-c). 

24.  12a;y(a;«-3/«)=12ay(a;+y)(a;-y), 
2  ar*  (a;+y)« = 2  a;*  (x+y^  (a?-|-y\ 

f'X~'^^7o'ft..^    27.  r^-4a:»+3.  =  .(:^-4.+3) 
. •.  L.  C.  M.  =  12a;y(ar-y)«(a;+y)«.  =  ar (a:-3){a;-l). 

ar*+ar»-12a:«=  x^(x^+x-12) 

25.  (o-6)(6-c)  =  (a-6)(6-c),  =ar2(.r+4)(.c-3), 
(6-c)(c-a)  =  -(a-c)(6-c),           a:6^3ar*-4ar3=  r»(r'+3a;-4) 
(c-a)(a-6)  =  -(a-6)(a-c).  ^^  ar»(ar-l)(a;+4). 

.-.  L.C.M.  =  (a-6)(6-c)(c-a).    .-.  L.C.M.  =  ar»(ar-l)(.T-3)(a:+4). 


28.   3^y-xy^  =  xy{x-y\ 
3x{x^yy  =  3x(x  —  yy^ 
4y(a;-y)^  =  4y(a;-y)». 


.-.  L.C.M.«=12xy(a;-y)». 


29.  (a  +  6)»  -  (c  +  (?)«  =  (a  +  6  +  c  +  rf) (a  -I  6  -  c  -  rf). 

(a  +  (?)*-  (6  +  c)2  =  (a  +  6  +  c  +  d)(a  -b-ci-d). 
.'.  L.C.M.  =  (a+6+c+cZ)(a+6— c-rf)(a-6+c-d)(a— 6-c+J). 

30.  (2a;-4)(3aj-6)  =  2(x-2)x3(a;-2), 
(a;  -  3)(4a?  -  8)  =  (x  -  3)  X  4(x  -  2), 
(2x-  6)(5x-  10)  =  2(x-  3)  x  5(x-  2). 

.-.  L.  C.  M.  =  60(x  -  2)«  (x  -  3). 
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Exercise  45. 

1.  6a»~x~2-(3x-2)(2«  +  l). 
21x»-17x  +  2  =  (3x-2)(7c-l). 
142?  +  5a;  -  1  -  (2«  +  l)(7x  -  1). 

.'.  L.C.M.-(3»-2)(2x  +  l)(7ar-l). 

2.  j«-l-(a:  +  l)(x-l), 

a«  +  2x-3  =  (x  +  3)(«-l), 
6a*-x-2  =  (3x-2)(2x  +  l). 

.-.  L.C.M.  « (2x  +l)(3x-2)(x-  l)(x  +  l)(x  +  3) 


3.  x» 

x»-3x* 


27«(x-3)(x*  +  3x  +  9), 

3)(x-12' 
x«(x-3)-2(x-3) 


15x  +  36=«(x-3)(x-12), 
-2x  +  6  =  x*(x-3)-2(x 
=  (x»-2)(x-3). 


.-.  L.C.M.  =  (.T  -  3) (x  ~  12) (x»  -  2)(x«  +  3x  +  9). 

4.  6x»  +  19x-4  =  (5a"-l)(x  +  4), 
lOx*  +  13x  -  3  =  (5x  -  l)(2x  +  3). 

.-.  L.C.M.  - (6x  -  l)(x  +  4)(2x  +3). 

6.  12x*  +  xy-6y«  =  (4x  +  3y)(3x-2y), 
18x*  +  18xy  -  20y*  =  (3x  -  2y)(6x  +  lOy). 

.-.  L.C.M.  =  (4x  +  3y)(3x-  2y)(6x  +  lOy). 


6.  x)x*  — 2x'-hx 

x»-2x»  +  l 
g»-2x  -1 

-2)-2x»  +  2x  +2 

X*—     X    —  1 


Hence,        a?* 
and  2x* 


2)2x*-2x»-2x  -2 

X*—      X*—     X    —1 

a;*  — 21*+    X 

X 

x»-2x  -1 

X*—      X*—  X 

X«-     X    -1 
X»-     X    -1 

1 

x  +  1 

2x'  +  x  =  (x^  — X  — l)xx(x  — 1), 
2x»-2x-2  =  (x*-x-l)x2(x+l). 

.-.  L.C.M.  =  2x(x* - X - l)(x  +  l)(x 


1). 


(6x  +  4)(2x  - 1)  =  2(3x  +  2)(2x  -  1) 
(6x  -I-  3)(2x  -  8)  =  6(2x  -j- 1)  (x  -  4), 
(6x  +  4)(2x  -  6)  =  4(3x  +  2)  (a:  -  3). 


7.  12x«+   2x~   4-(6x  +  4)(2x-l)  =  2(3x  +  2)(2x-l), 
12x»-42x-24 
12x»~28x-24  = 


.-.  L.C.M.  =  12(3x  +  2)(2x-l)(2x-|-l)(x-4)(x-3). 
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6. 

3g«)27g'-3g*-f6z»-3x' 

9a^-   x^-\-2x  -1 
9g*  +  6g»  +  3a; 

-6x»-     3^-X-l 
-6a:»-4a^       -2 

3»»-a;  +  l 


6. 

10)  20  ar»- 60  0^4- 50  a; -20 


2x^- 
2^- 


6a^+    6a; 
e^*  +    4a: 


-    2 


a; 

X 


7. 

4a'2 
4a;» 


8a; 
10a; 


-5 


2a; 
2a; 


5 
5 


8. 

a)3ci^  —  5a' a;  —  2aa;* 


3a2 
3a« 


5aa; 
Baa; 


-    2a;^ 


aa; 
ox 


2a;« 
2:^ 


9. 

]Oar»+    a;2-9a;  +  24 
10a;^-5x«  +15 

3)(>a;^-Uu;+    9 

2a;*-3a?+    3 


2 
2 


6a;)162a;»+48a;»-18a;'+6g 

27ar^  +  8a^»-3a;  +1 
27ar^-3a;»  +  6a;«-3a? 


3ar»  +  2a;»       +1 
3a;»-    ^^x 


3a;»-a;  +  l 
3a;»-a;  +  l 


Reserve  3  X. 
3a; 

3x-2 
x  +  1 


.-.  H.C.F.  =  3x(3a;»-x  +  l). 


4x)32a;*-92a;8+68a;»-24x 

Reserve  2. 

8a;»-23a;«+17x-  6 

4 

8a;»-24a;»+20x  -  8 

a;»-  3x  +  2 

2x 

^-  2x 

x-\ 

-     x+  2 

.-.  H.0.F.  =  2(x-2) 

12a;«-    4x-66 

3 

12a;2-24x-15 

10)20x-50 

2x-   5 

2x  +  l 

.-.  H.C.F.  =  2x-5 

a)9a»-8a*x- 20  oa;* 

Reserve  a. 

9a=»-    8aa;-20a;« 

3 

9a«-15aa;-    6a;« 

7x)7aa;  — 14a;» 

3a  +  x 

a   —    2x 

.-.  H.C.F.' 

=^a(a  —  2x) 

20a;*~17a;«  +  48x-3 
20a;*  +  2ar>~18ag»-f  48g 


-2ar» 

-2ar» 

+ 
+ 

ar» 
3a;»-3x 

-3 

■2a;»  +  3x- 
2a;''  +  3x- 

-3 
-3 

2x 

-5 
-x-1 


,-.  H.CF.  =  2a;*-3a;  +  3. 
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10. 

2)8a;»-4a;«-32a-182 


4ar»-2a;»-16a; 
4a;»-2a;«-42a; 


-    91 


13) 26 a;-    91 
2a;-     7 


3)36a:»- 

-84ai»-lll«-126 

12a:»- 
12a:»- 

-28a;»-   37a;-  42 
-   6a;»-    48a:- 273 

-11)- 

-22a;»+    lla;  +  231 

2a;*-       a;-  21 
2a;«-     7a; 

6«-   21 
6ar-   21 

2x 

«  +  3 


.-.  H.C.F. -2j-     7. 


11. 

5a;»{12aJ»  +  4a;*  +  17x-3) 

12a:»  +  4a;*  +  17a:-3 
12a;'  +  4a;»-      x 

3)18a;-3 

6x-l 


.-.  H.C.F.  =  6a;(6aj-l). 


10a;{24a;»-62a;«  +  14x-l) 

24a:»-52a;*  +  14x-l 
24x»-t-    8x»-t-34x-6 

-5)-60x«-20x-i-5 

12a;«+   4x-l 
12x*-   2x 

6x-l 
6x-l 


Reserve  Tax. 
2 


X 

2x  +  l 


12. 

2y)  18x»y-18x*.v»-2jry»-8v* 


9x'-9x*y-xy»-  43/» 
9x»  -xy'-20y» 

y)-9x^         -fl6v» 

-9x*  +16y» 

-9x^4-123^ 

-12xy+16y» 
-12ay+16y» 


xy)9x*y  -  x»y»  -  20 r;/* 

9x»-      xy»-2()y» 
9x»-16xy» 

5y«)15xy»-20y» 

3x    -   4y 


Reserve  y. 

1 

—  X 

-3x-4y 


• 
• 

.  H.C.F.- 

y(3x-4y) 

13. 

« 

6a^_      x-15 
6x«-10x 

9x*-3x-20 
2 

9x-15 
9x-15 

18x*-6x-40 
18x»-3x-45 

3 

-3x+    5 

-2x-3 

.-.  H.C 

.F  =  3x-5. 
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14. 

12ar»-    9x^+    5a;  +  2 
_2 

24a:'-18x«  +  10a;  +  4 

24z»  +  10a:^+      x 

-28a:»+    9a; +  4 
;-6 

168a;«-   54a; -24 

168a:*  +    70g  +    7 

-31)- 124  a; -31 

4a;  +    1 

15. 

3)6a.-»  +  15a;»-6a;  +  9 
2a;»+    5a^'-2»  +  3 

n 

22ar»  +  55a;*-22ar  +  33 
22ar^  +  56a;»-30a; 

-a^-\-    8a; +  33 
—  x^—   3a; 


llx  +  33 
11a; +  33 


16. 

4ar'  +  4a;^y  +  4xy^ 

—  5oi^y  —  5xy^  —  by^ 

—  5  a;^  V  —  5  xip'  —  5  y^ 


17. 


24a;2  +  10a:  +  l 
24a;»+    ^x 


4a;  +  1 
4x  +  l 


a;  +  7 
6a; +  1 


.-.  H.C.F.  =  4a;+l. 


3)9ar»  +  6a;^-51a;  +  36 

3a;»  +  2a;*-17a;  +  12 
2 

6ar»+    4x2- 34a;  +    24 
Q>:^  ^-  \b^-    6a;  +     9 

-lla;«-28ar+    15 
-lla;»  +  88a;  +  363 

-116)- 116a; -348 

a;+      3 


Reserve  3. 


2a; 


11 


a; +  11 


.-.  H.C.F.  =  3(x+3). 


7;c'+   4a;*y+   4a^'—  3y' 


28x'«  +  16a;2y  +  16a;t/2-12y' 
28a;»-    7ar^.v-   Ixy^-Zby^ 


23  y)  23  3^y  +  23  a;^'^  +  23  y* 


x" 


+      ajy  +     y« 


4a;  —  5y 


.-.  H.C.F.  =  a;»  +  a;y +2/^ 


2a'-2a2-3a-    2 
2 

16 
234 

250 

2 

3a»-   a'-2a- 

2 

-16 

4a3-4a2-   6a-4 
4a' +  5a' -26a 

6a»-2a«-4a- 
6a8-6a'-9a- 

-32 
-   6 

-9a2  +  20a-4 
4 

-36a«  +  80a- 
-36a«-45a  +  i 

125)125a-! 

a  — 

4a*  +  5a- 

13a- 
13a- 

-26 

-26 
-26 

a 
-9 

4a  +  13 


.-.  H.'C.F.  =  a-2. 
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18. 

2)12y»  +  2.v^ 


-  94y  ~  60 


6y»  + 
8 


y»-47y>30 


48y»+  8y«-376y-240 
48y»-42.v»-405v 

60y«+  29y-240 
8 


400y»  +  232y-1920 
400.v'-350.v-3375 

291)582.v  +  1455 

2y+       5 
19. 

9a:(2a?*-6a:»-a!*  +  15ar-10) 

_9 

18aj*-54ic»-  9x*+136a;-90 
ISg*-  2ar'-45a;«-f     5j 
2)-52ar^+36a:'+130g-90 

-26r»+18a:»+  65x-45 
9 

-234ar»+162  x2+585  a;-405 
-234^^+_26^+585£-_66 

68)136g^-  340 

2a^-  5 

20. 

15x*  +  2a:»-75a^-f    5x  +  2 
150:*  -  75a;*  +  15a; 


2)48y»~24y»-348.v+   30 


24y»-12y«-174y+    16 
24y»+   4y'~188y-120 


-16y»+    14y  +  135 
~lGy«~   40y 


54y  +  135 
54y-fl35 


R6Berye2. 
4 

-3y-25 

-  By  +  27 


.-.  n.C.F.  =  2(2y  +  5). 

6a:»(4z*+6a:»-4a:»-15x-15)'  Reserve  3x. 

4r*+    Ga:»-4a:»-15j:-15  2 

4j^-12r'-2.r^-f3()j-2()| 

18r'-2x'-45xt    5  x-13 


2r» 

2x» 


-lOx  +  2 
-lOx  +  2 


.-.  H.C.F.  =  x»-5x  +  l. 

21. 

21x»-32x»-54x-7 


5 

105x»-160r'-270x- 
105x»+    99x»+    12x 

-35 

-259x«-282x- 
5 

-35 

-1295x»-1410x- 
-1295x»-1221x- 

175 

■148 

-27)-189x- 

■    27 

7x+     1 


.-.  H.C.F.  =  7x+l. 


18x» 


—  45x 


-2x« 
-2x« 


+   5 
+   5 


9x-l 


.-.  II.C.F.  =  3x(2x»-6> 


35x«+  x»-175x«+30x+  1 
3 


105x*f  3r»-52r)x»+90x+  3 
105xH14x3-525x«  f-35j:  +14 


-ll)-llr> 


4-5r)x-ll 


X*  ~  5x+  1 

21 X*-    4x»-15x»-2x 
21x*-32x»-54x»-7x 


7 

15x  +  2 


28x»  +  39x^  +  5x 
3 


84x»  +  117x»+    15x 
84x»  -  128x2 -21(5x- 28 


7)245x2  +  231  x  + 28 

35x2+    33x+    4 
35x2  -}-.    5x 


28x+   4 
28x+    4 


X 


3x-37 
5x  +  4 
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22. 

v)  9  a^~22  x'y'-S  xu*+10y^ 

9a^  -22r»y»~3ay+10y* 
_2 

18a^-44x»y»-    6ay+20y* 
18a;*-  9x«y«+105a:y'-69a:»y 

.V)69ar»y-35a'y»-llla:y^  4-20.7* 


69r»  -35xV  -lllaiyH 2()y» 
2 


138ar»-  70a:*y-222xy2^  40y» 
138a:»-529a;^.V-  G9xyHS05y^ 

153.V)  459x«.v-ir)3ary^-765v» 

3a;'  —      xy  —    5y' 


ary)  9sfiy—Qa^*-{-a^y*—25xi^ 


9aJ*— Gar'y+x' 


2..S 


-25y* 


9g*       -22a;*v«-3ayy»-fl(^ 

~y)-63^y+23x^y^+Sxy^-S5y* 

6ar»  -23a;2y  -3a:y2-f35y' 
6a;»  -  2x^y  -lOxy^ 

-7v)-21a;»v  +7ayH35v3 

3a;*    —  xy  —  5y' 
Sa;*    —  xy  —  5y* 


Res.y. 
1 


3a; 
23 

2a; 

1 


23. 

4a;*  +  2ar»-18a;*  +  3a; 
4a;*-8a;»+    20;^-  2a; 

10ar»-20ar«  +  5a; 
10a;»-20a;«  +  6a; 


5 


-5 


5 


24. 

3ar»-7aa;»  +  3a«a;-2a» 

6ar»-14aa;*+    6a^x~A(? 
Ga^-   9ax^-   6a^x 

—  a)—5ax^  -f  12a'^a;  — 4a' 

5a;'^-12aa;  +4a« 
_2 

10a;«- 24 aa;-+    Sa^ 
10a;  -Idax-lOd^ 

-9a)-9ax  +  lSd^ 

x—    2a 


.•.  n.C.F.^y{33^-xy-6y^). 


6aJ^-4a;*-lla:»-  3a;*-  3a;-l 
2 


12a;6_8a;*-22ar»-  6a;'-  6a;-2 
12a;6+6a;*-54ar»+  9a;*-15ar 


-14.T*+32a;»-16a;'+  9a;-2 
2 


-28a;*+64a;»-  30a;'+18a;-  4 
-28a;*-14a;»+126a;*-21a;-f35 


3U)  78ar»-156a;'-f  39a;-39 


2ar'-    4a;'+    x-  1 


3a; 


—  4 


2x  +  5 


.-.  H.C.F.  =  2ar»-4a;«+a;-l. 


a;*—  ax^—  d^3?—  a^x—2a* 
3 


3  a;*-3  aa;*-3  a  V-3  a»a;-G  a* 
3  a;*-7  aar»+3  aV-2  a»x 


4  aa;'— 6  a'a;'—  a^x—Qa* 
3 


12aa;»-18aV-  3a»a;-18a* 
12aa;»-28aV+12a'*x-  8a* 


5a')10aV-15a3a;-10a* 

2a^-  Sax-  2a' 
2a^—  ^ax 

ax—  2a' 
ax—  2a' 


a; 


4a 


3a; 
6 

2x  +  a 


.-.  11.  C.F.  =  a; -2a. 
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Exercise  43. 


1.  2x"+a:-l 

a:*+5x+4 
a:»+l 


(x+l)(2x-l). 
>+l)(x+4), 
a:+l)(a^— «+l). 

.-.  H.C.F.«  «+l. 


3.  a:»-4x*  +  9x-10 
g»-2a:»  +  5x 

-2a:»  +  4x-10 
-2ar»+4x-10 


a:*  — 2x  +  5 


.-.  IT.C.F.=  x«-2x-|-6. 


2.  y»-y*-y^l-y'(y-l)-(y-l) 

Cy'-i)(y-i). 

(y-l)(3y+l), 

y*(y-lH(y-l) 
(y'+i)(y-i). 


3y»-2y-l 
y*-y"+y-l 


.-.  H.C.F.  -  y-1. 


x>  +  2x»- 
x»-4x«  + 

3x  +  20 
9x-10 

6)6x*- 

12x  +  30 

x»- 

r»  +  5x«- 
x»-2x»  + 

2x+   5 

9x  +  36 
6x 

7x»- 
7x*- 

14X-I-35 
14X  +  35 

x-2 

x  +  7 


4.   x»-   7x»+   16X-12 

7r»-49x*  +  112x-84 
7a:'-32x»-f    3Gx 

-17x«4-    76x^84 
7 

-  119x»  +  532x-588 
^119j:«  +  544x-612 

•^12)-    12x+    24 

X-     2 


.-.  H.C.F.=  x-2. 


3x»- 

-  14j:»  +  1(5x 

-  21.r»+  I8X-36 

7j:*-14x 

-  l«j:  +  3G 
-18X  +  36 

10x*+  7x-14 
10x» 

7x-14 
7x-14 

3 

x-17 
7x-18 


6x«  +  7 


6.   y»-5y«  +  lly-15 

y*—    .V'+    3y+    5 

-4)-4.v«+    8y-20 

y*-   2y+    5 


.»__ 


2y  +  5 


.-.  H.C.F.  =y»-2y  +  5. 


I 


y«  +  3y  +  5 


y-toy 
2.v«  +  5y 

y'-2y  +  5 


2y  +  5 


2yS-7y«  +  16y-15 
2y»-4y»  +  lOy 


-3y«+    6y-15 
-3y»+    6y-15 


1 

y  +  1 


2y-3 
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6.  2r«-h3x-6-=(2a;  +  5)(a;-l). 
Sx'-x-^2  =  (Sx  +  2)(x-l)/ 
2a:» +  ar~  3  =  (2a; +  3)(a:-l). 

.-.  H.C.F.  =  ar 


~1. 


7.  a^-1 

sc'  +  x'  +  a? 


—  a:*  — a;- 
—  tc*  -  a;  r- 


1 
1 


a:'-a:»-a;--2 
x"  -1 


a:*  +  a?+  1 


—  a^  —  x  —  1 


2ar»-    ar»-    a;-3 
2x»+  2a;2  +  2a: 


-3a:2_33._3 
-Sa:«-3a;-3 


~x  +  l 


2a; -3 


.-.  H.C.F.  =a;2_j.a.^i 


8.    ar»-3ar 

a^  +  2a;2+    x 


-2 


-2x^-ix~2 
~2x^-^x-2 


a;'^  +  2a;  +  1 
a;'  +    a? 

a;  +  1 
a;  +  1 


2a!»  +  3a;»          -1 
2a;»            -.ex-4: 

2 

3)3ar2  +  Ga;  +  3 

ar*  +  2a;  +  l 

a;~2 

ar»  +  l 

ar»  +  2a;«+    x 

a;-2 

-23? ~    a;  +  l 
-2a;2-4a;--2 

3)3a;  +  3 

aJ  +  1 

a;+  1 

.-.  H.C 

J.F.=a;  +  l. 

I 

9.   12(a!«-y«)=12(a:>  +  y»)(itJ_y>) 

=  8a;y(a;  +  y)(a:»-a;y  +  3,«). 

.%  II.C.F.=2(a;+y). 
10.        a;*  +  ay  =  a;(a;S  +  3/3^ 

=  2/(a;  +  y)(a;*  —  arv  +  V*V 

=  ?a;a  +  y3)2  _  aJ8^2'        "^ 

=  (ar^  +  a;y  +  y^)  (x^-xy^  y*). 

.  *.  H.  C.  F.  =  x^  —  xy  +  y\ 
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11.  2{3^--xy^\='2xy(x-y\ 

3(a^y  -  ay»)  =  3xy(x  +  y)(x-  y), 
4(jB<y  -  a^)  =  4a!3/ r«  -  y)(a:»  +  ly  +  y*). 
6(aj*y  -  a^)  =  5xy(x  +  y)(x-y){ji^  +  y»). 

.••  H.C.F.  =  xy(x-y). 

EXEBCISE   44. 

1.  4a>x  =  2»xa'xa?,  10.  x*- 1  =  (x+ l)(x~  1), 
6a*x^  =  3  X  2  X  a«  X  aj*.  ai*  -  x  «=  a;(x  +  1), 

2ax»  =  2xax«*.  x*-l-(x-l)(x«  +  x  +  l). 

.-.  L.C.M.  =  12a>x».  .%  L.C.M.-x(x  +  l)(x»-l> 

2.  18ax»  =  3»x2xaxx».  H.  2a+l=2a  +  l, 
72ay*=  3«  x  2»  x  a  x  y».  4a«  -  1  =  (2a  +  l)(2a-  1). 
12xy  =  3x2«xxxy.  8a»  +  l  =  (2a+lX4a«-2a+l). 

.-.  L.C.M.  =  72ax»y«.  ...  L.C.M.  »(8a»+l)(2a-l). 

3.  x«  =  xxx,  12.  (a  +  ft)«  =  (a  +  W 

ox  +  x»  =  x(a  +  x).  (a»  _  Ji)  =  (a  +  i)  (a  -  b). 

.-.  L.C.M.  =  x»(a  +  x).  .-.  L.C.M.  =  {a  +  6)*(a-6). 


.-.  L.C.M.  =  x(x  +  l)(x-l). 


4(l~x)  =  4(l-x), 
2(l-x*)=2(l+a:)(l~a;). 

K      2     M     /     ,  7.\/       j:\  .'.  L.C.M.  =4(1 +x)(1— x). 

a«  +  a6  =  a(a  +  6).  ^^^  x-l=x-l, 

.-.  L.C.M.  =  a(a+6)(a-6).  *  a:2  +  x  +  l  =  :^  +  x  +  l. 

4x»  -  1  =  (2x  +  l)(2x  -  1).  •••  -L- ^-  ^-  -=  ar*  -  1. 

.-.  L.C.M.  =  (2x+l)(2x-l).  15^  ^_y2^^x+y){x-y), 

...  L.C.M.  =  (a+6)(a«-a6+6«).  •'•  ^-  ^  ^^  ^  (^  +  ^^'(^  ~  ^^  ' 

8.  x«  -  1  =  (x  +  l)(x - 1).  !«•  f  - y'  =  (%+ ?/)(.^ - y). 
x«4-l-x»4-l  3(a;-y)«  =  3(j;-y)', 

5-  1  I&  +  lVx  +  lVx-n  12(a>+y»)=  12(x+y)(i»-xy+y«). 

...  L.C.M.  =  (x«+l)(x4(--l).  •••  I^.C.M.  =  12(x»+y»)(x-y)». 

9.  x2-x  =  x(x-l),  17.   6fx«  +  xy)  =  6x(x  +  y) 

x»-i  =  (x-i)(x«  +  x  +  i).  ?A^r^!^^?^/''"^x^;     ^ 

x»+l  =  (x  +  l)(x^-x+i:  10(x«-y^)=10(x  +  y)(x-y). 

.-.  L.C.M.  =  x(x»-|-l)(ar»-l).  .«.  L.C.M.  =  120a3^(x  +  y)(x-y). 
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18.  a:»  +  5a;  +  6  =  (x  +  3)(x  +  2),     20.  x«  +  lla;  +  30  =  (a  +  6)(a;-f  0, 
a:*  +  6a?  +  8  =  (oj  +  2)(a;  +  4).  a^  +  12x+35  =  (a;  +  5)(aj+  7). 

.-.  L.C.M.«(x  +  2)(x  +  3)(a?  +  4).        .-.  L.C.M.  =  (aj+5)(a;+6)(ar+7). 

19.  a«-a-20  =  (a-5)(a+4),     21.  a;* -9«- 22  =  (a; +2) (a; -11), 
a«  +  a-12  =  (a  +  4)(a~3).  a^»-13a;  + 22  =  (a;-2)  (x-U). 

.-.  L.C.M.  =  (a-3)(a+4)(a-5).    .-.  L.C.M.-(a;  +  2)(x-2){x-ll). 

22.  4a6(a«  -  3a6  +26*)  =  4a6(a-  2&)(a -  &). 
5a«  (a*  +  a6  -  6  60  =  5  a*  (a  +  3  6)  (a  -  2  6). 

.-.  L.C.M.«20a26(a-6)(a-26)(a  +  36). 

23.  20(x«-l)  =  20(x  +  l){x-l),   26.  (a-6)(a-c)=(a-6)(a-c), 
24(ar2-x-2)  =  24(x-2)(x  +  l).  (6-a)(6-f)  =  _{a-6)(6-c), 
16(a;»+x-2)  =  16(ar+2)  (x  - 1).            (c  -a)(c-b)  =  (a-  c)  {b  -  c). 

.•.L.C.M.=  240(a;+l)(x-l)(a;+2)(x-2).    .'.L.CM.  =  (a-b){a-c)(b-c). 

24.  12xy{x^-y^)=12m/{x+y){x-y\ 
2  x'lx-^yf  =  2  a^»  (x+y)  (x+y^ 

r'^r^'^'roL'^^^^^^^^^  ^-  x»-4x«+3x  =  x(x«-4x+3) 

.-.  L.C.M.  =  12x»y*(x-y)«(x+y)».  =x(x-3)(x-l). 

x*+x»-12x2=  x^ix^+x-U) 

25.  (a  _  6)  (6  _  c)  =  (a  -  b)  {b  --  c),  --.  ar2(.r +4)  (.r-3), 
(6-c)(c-a)  =  -{a-c)(6-c),           x6+3x*-4a^-.r»(.r«+3x-4) 
(c-a)(a-6)  =  -(a-6)(a-c).  .-=  x'{x-]){x+i). 

.-.  L.C.M.  =  (a-6)(6-c)(c-a).    .-.  L.C.M.  =  x»(x-1)(.t-3)(x+4). 


28.   x^y-xy^^xyix-y), 
Zx{x  —  y)^  =  3x(x  — y)*, 
^y{x~yf  =  ^y(x-yf. 


.-.  L.C.M.t=12xy(x-y)». 


29.  (a  +  6)«- (c  +  c?)»  =  (a  +  6  +  c  +  d)(a -\  b-c-d), 
(a  +  cf  -(b  +  df  =  la-hb  +C  +  d)(a-b  \  c-d), 
(a  +  df-  (6  +  c)2  =  (a  +  6  +  c  +  c?)(a -b-c^-d). 

,'.  L.C.M.  =  (a+6-hc+cZ)(a+6— c-£?)(a— 6+c-c?)(a— 6-c+rf). 


30.  (2x-4)(3x-6)=2(x-2)x3(x-2), 
(x  -  3)(4x  -  8)  =  (x  -  3)  X  4 (x  -  2), 
(2x-  6)(5x -  10)  =  2(x  -  3)  X  5(x-  2). 

.-.  L. C.  M.  =  GO(x  -  2)«  (x  -  3). 
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Exercise  45. 

1.  6a»-aJ-2-(3«-2)(2aj  +  l). 
21aj«  -  17a?  +  2  =  (3x  -  2)  (7c  - 1), 
14ai»  +  5a?  -  1  -  (2x  +  l)(7x  - 1). 

.-.  L.C.M.-(3x-2)(2x  +  l)(7x-l). 

2.  a«-l«(a:  +  l)(2J-l), 

a«  +  2a;~3-(«  +  3)(a;-l), 
6aj*  -  «  -  2  =  (3aj  -  2)(2x  +  1). 

.-.  L.C.M.-(2x  +  l)(3x-2)(«-l)(a?  +  l)(x  +  3) 


8.  aj» 

X* 

x> 


27«(x-3)(x«  +  3x+9), 

-  (x-12] 

x-3)-2(x 
(a:»-2)(x-3). 

.-.  L.C.M.  =  (t  -  3)(x  - 12) (x»  -  2)(x»  +  3x  +  9). 


15x  +  36-(x-3)(x-12), 

3x»  -  2x  +  6  =  x« (x-  3)- 2(x  -  3) 


4.  5x»  +  19x-4  =  (5x-l)(x  +  4). 
10x«  +  13x  -  3  =  (5x  -  l)(2x  +  3). 

.-.  L.C.M.-(6x-l)(x+4)(2x  +  3). 

5.  12x»  +  xy-6y«  =  (4x-|-3y)(3x-2y), 
18x»  +  18  xy  -  20y»  =  {3x  -  2y)(6x  +  lOy). 

.-.  L.C.M.  =  (4x  +  3y)(3x-  2y)(6x  +  lOy). 


6.  x)x*-2x»  +  x 

x"~2x*  +  l 
gs_2x  -1 

-2)-2x»  +  2x  -h2 

X*—     X    —  1 


Hence,        X* 
and  2x* 


2)2x*-2x»-2x  -2 

X*  —      X*  —      X    —  1 

X*  — 2x'+    X 

X 

x»-2x  -1 
x"—     X*  —  X 

X»-     X    -1 
X»-     X  -1 

1 

x  +  1 

2x5  +  X  =  (x*  —  X  —  1)  X  x(x  —  1), 
2x»-  2x  -  2  =  (x»  -  X  -  1) X  2(x  +  1). 

.-.  L.C.M.  =  2x(x>-x-l)(x  +  l)(x 


1). 


7.   12x»+   2x-   4«(6x  +  4)(2x-l)  =  2(3x  +  2)(2x-l), 
12x»  -  42x  -  24  =  (6x  +  3)(2x  -  8)  =  6(2x  +  1)  (x  -  4), 
12x»  -  28x  -  24  =  (6x  +  4)(2x  -  6)  =  4(3x  +  2)  (x  -  3). 

.-.  L.C.M.=12(3x  +  2)(2x-l)(2x  +  l)(x-4)(x 


-3). 
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8.  x»-6a:»  +  lla;-6 


-    x»+    5a;- 

-6 

-3)-3a^'  +  15a;-18 

—    a;*+    5a:- 

-6 

a;*-   5a;+    6 

a?-5x  +  6 

a:»-8a;»  +  19a;-12 

a^'-Sa; 

a;3_5a;*+    6a; 

-2a; +  6 

-3x«  +  13a;-12 

-2a; +  6 

-3r«  +  15a;-18 
-2)-    2a;  +    6 

ar»-9a;«  +  26a;-24 
ar»-6a;2  +  lla;-   6 


a;-l 


a;-3 


x-2 


Hence, 

a;*  -  6.x*  +  11a;-   6  =  (a;- l)(a;-2)(x 
a;*  -  9a:»  +  26a;  -  24  =  (a;  -  2)(x  -  3)(x 

ar»-8ar«  +  19a;-12  =  (x-l)(a;-3)(a; 

3). 

'I: 


-4 


L.C.  M.  =  (x  -  l){x  -  2){x  -  3){x  -  4). 


9.  x*-4a«  =  (a;  +  2a)(a;-2a), 

ar»  +  2aa;2  +  4a«a;  +  8a=»  =  x'^{x  +  2a)  +  4a«  (a;  +  2a) 

=  (a;2  +  4a2)(a;  +  2a), 
a;»  -  2aa,'*  +  4a»a;  -  8a»  =  x^(x  -  2a)  +4a2  {x  -  2a) 

=  {x^  +  ^a^)(x-2a). 

.-.  L.C.M.  =  (a;  +  2a)(a;-2a)(a;2  +  4a'). 


10.  x^  +  2a;«y 
x^-2x^y 


xy*  -  2f 
xy^  +  2f 


=  x^{x-\-2y)-y^{x-\-2y) 
=  (x'-y^)(x  +  2yl 
=^x'{x-2y)-y^{x-2y) 
=  {x^-y')(x-2y). 

.-.  L.C.M.  =  (a;«-y«)(a;  +  2y)(a;-2y). 


11.   1  -f  p+|j2  =  l  -\-p+p^, 
l—p+p^^l—p+p^ 


12.   l-a  =  l-a, 

(l-a)«  =  a-aVl-a), 
l+p^+l>*=(l+l>+pO(l-p  Fp').        (1  -a)'=(l-«)(l-a)(l-«)• 
.^L.C.M.  =l+p«  fp*.  .-.  L.C.M.={l-a)». 


13.  (a  +  cY 

[a-\-by-c^^(a  +  h  +  c)(a  +  b 
[b-^-cf       -      -        - 


is 


b^  =  {a-[-b  +  c){a-b  +  c\ 
(a  +  b-c), 
a*  =  (a  +  6  +  c)(-  o  +  6  +  c). 


.-.  L.C.M.  =(a  +  6  +  c)(a  +  &-c)(a-6  +  c)(-a  +  ft  +  c). 
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14.  c)4c»-c'y-3cy« 

4c^  — cy  —  3y* 
J 

36c»-    9cy-27y» 
36c»-52cy  +  16y» 

43y)43cy-43y» 
c  -     y 


3c»-3c*y  +  cy»-y» 
4 


12c»-12c»y+    4cy*-4y» 
12c»-    3c'y-    9cy« 


~y)-9c»y  +  13cy«-4v» 


9c»    -13cy  +4y* 
9c»    •-   9cy 


-   4cy  +4y' 


3c 


4 


9c-4y 


Hence  4c'  — c'y  — 3cy'  =  (c  — y)(4<j^  +  3(jy), 

3c»~3c»y  +  cy*-y'  =  (c-  y)(3c^  +  y»). 

.-.  L.C.M.«c(c-y){4c  +  3y)(3c«+y^ 

15.  m»-87n  +  3  =  (m+3)(77i*-3m+ 1), 
m«  +  3m*  +  m  -h  3  =  m* (m  +  3)  +  (m  +  3) 

'    =(m'^  +  l)(m  +  3). 

.-.  L.  C.  M.  =  (m  +  3)(m«  -  3m  +  l)(m»  +  1). 

16.  20n*  +  n»-l  =  (5n«-l)(4n*  +  l). 

25n*  +  5n»  -  n  - 1  =  (5n»  -  l)(5n*  +  n  +  1) 

.-.  L.C.M.  =  (5n«-  l)(4n«  +  l)(5n»  +  n  +  1)l 


17.  463 -126«  + 96-1 


2868-    846«+    636-7 
2863- 1606»+ 1326 


766«-   696-7 
7 

532  6*-    4836-     49 
53262-30406  +  2508 


6*-26»  +  6*-86  +  8 
4 


46*-  86»+  46«-326+32 
46*-126»H    96*-     6 


/|6»-  56»-316+32 
46»-126»+  96-  1 


76«-406+33 
76«-  76 


-336+33 
-336+33 


6  +  1 


46  +  76 
76-33 


2557)25576-2557, 

6-        1, 

Hence,  46»  -  126«  +  96-  1  -  (6  -  1)(46«  -86+1), 

6*  -  2  6*  +  6«  -  8  6  +  8  =  (6  -  1 )  { 6»  -  6»  -  8 ). 

.-.  L.  C.  M. » (6  -  1)(4 6*  -  8 6  +  1)(6«  -  6»  -  8). 


18. 

2r)2rS-87^+12r»-8r»+2r 

r*-4r»+  6r»-4r  +1 
r*         -  2r»         +1 

-4r)-4r'+  8r*— 4r 

r«-  2r  +1 


3 

r)3r*- 

-Gr*-{- 

ar 

r*- 

-2r«  +  l 
-2»^+    r« 

27^- 

2r»- 

3r»  +  l 
4r»  +  2r 

-2r 
-2r 

+1 
+1 

Reserve  r. 

1 

r»  +  2r  +  l 


Hence.  2r*-8f*  + 12r»-8r»  + 2r  =  2r(r-l)*, 
3r*-6r>  +  3r  =  3r(r«-m 

.-.  L.C.M. -6r(r-l)*(r+l)». 
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Exercise  46. 


1. 


_  (g  -f  l)(g  - 1) 

^x(x-\- 1) 
x  —  1 


2. 


a^-7a;+12 
_(a;-5)(a;-4) 
'(.T-3)(ar-4) 

_a;  —  5 


3. 


x»-2a;-3 

(g-3)(x-fl) 
''(a:-7)(a;-3) 
a;+  1 


g*  +  a*  -f  1 
x»  +  ar  +1 
_(a:»  +  a;  +  l)(g'-g  +  l) 

or*  +  af  +  1 


6. 


a«  +  l 


_(a  +  l)(a'-a-f  1\ 
(a  +  l)(a«  +  a  +  l) 


a'  -  a  +  1 
a'  +  a  +  1 


g    g*  +  2 j:'^' +  y^ 
^  —  x^ 

(a*  +  y»)(r»-y») 

a*  — y» 


7. 


o»  -  g  -  20 
a'  +  a  -  12 
^(a--5)(a  +  4) 

(a-3)(a+4) 

g  — 5 
""0-3 


8.   a:'-4a:»+    9x-10 
g»  +  2a:»-    3a; +  20 

^6)-6a!«-hl2g-30 

a»-   2x+   6 


.'.  H.C.F.-g*--2aj  +  5. 


a:'  +  2a!*-3x  +  20 
g'-2a;*  +  5x 


4a;«-8a;  +  20 
4a!»-8a;  +  20 


1 

0 


g»-4a^  +  9g-10_(g»-2a;  +  5)(g  —  2)_g-2 
"  a^  +  2ar»-3z  +  20     (x« -2z  +  5)(a; +  4)     a: +  4 
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9.  a^-5a^4-llx-15 


-3a:«4- 
-3a:»4- 


6a; -15 
6ir-15 


-    x»  + 
-6x*4- 

3a?  4- 
11«- 

5 

15 

4)4a!*- 

8*4-20 

«»- 

2*4- 

5 

a?-3 

.-.  H.C.F.=  a:*-2a?4-5. 

.   a^-5x'4-llg-15_(a-3)(a:»-2a;4-5)^g-3 
a:»-«»4-3x4-5         («  4- 1)  (x*  -  2»  4- 5)     «  4- i 

10. 

ar*  —  a;*y  —  xy^  —  y*  a?*  4-  a'y  4-  xy*  —  y* 

.T*  4-  g'y'  a?*  —  a;^y  —  ary*  —  y* 

2a-y)2a:»y  4-2a:y» 

x»4-y* 


-a^y  -gy» 


—  a;y 


.-.  H.  C.  F.  =- a;*  4- y'. 
.  a;*  4-  g'y  4-  J?/*  -  y* 


(.T«  4-  y')  (g'  4-  a:y  -  y»)  _  x» _+  xy  --_ti\ 
ar*-a*y-j:y»-y*     (x"  4- y')  (x*  -  xy  -  y*)     s^-xy-y* 


11.  a»-3a4-2 
4 


12. 


4o»  -12a  4- 8 

4a»4-3a^-    la 

-3a*-    5a4-8 
-3a»+    3a 

-  8a  +  8 

-  8a4-8 

.-.  H.C.F.=  a-l. 


a' +   4a*- 
a»-   3a  4- 

4a»4-    3a  - 
3 


5 


-12a»-    9a  4-21 
-12a«-20a  4-32 


ll)lla  -11 
a  -   1 


1 


a 


4 


-3a 

-8 


.   a*  4-  4a*  -  5  ^  (a  —  1)  (g*  4-  5a  4-  5)     g*  \  5a  4-  5 
■  '  a»-3a4-2  ""  (a-l)(a*4-a-2)  ^  a*  4- a -2* 


x*  4-  X*  —  X  — 1 

3 

3x»4-3x*-3x-3 

3x»4-2x*-    X 

X*  -  2x  -  3 

x*4-    X 

-3x-3 
-3x-3 


3x*4-2x-l 
3x*-6x-9 

8)8x4-8 

X4- 1 


X 

3 


X  —  3 


.'.  H.C.F.=  x4-l. 

.     3x*4-2x-l  ^(x4-l)(3x-l)     3x-l 
'  'x»4-x*-x-l"(x4-l)(x«-l)^  x*-l" 
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•    3?  - 

-    a:2-2a;  +  2 
-3a;*-}- 2a; 

2a;2-4a;  +  2 
2a:»-6a;  +  4 

2)2a;-2 
x-1 

• 
•  < 

.  H.C.F.-a;-l. 

a^-Zx^  +  ix- 

2 

-3a;*  +  4aj-2 

-    a;*-2a;  +  2 

-2)- 

-2a;»  +  6a;-4 

a:»-3a;  +  2 

S^—     X 

-2x  +  2 

-2aj4-2 

a;»-a:»-2a;  +  2 


(a;-l)(a;«-2a;-h2) 
(a:-l)(x*-2) 


X 

2 


a;-2 

a;*-2g-h2 
a:»-2 


14. 


4a:»-12aa;  +  9a» 
8x»-27a» 
(2a;-3o)(2a;-3a) 
"  (2aj -  3a)(4a;2  +  6ax  +  9a«) 
^       2g-3a 
"'4x'  +  6ax  +  9a' 


16. 


,g    15a»  +  a5-2y 
*  9a»-|-3a6-26» 
(5a  +  26)(3a-&) 
(3a  +  26)(3a-e>) 
5a-j-26 


17. 


18. 


3a-f-26 

ar^-2a:*-    a;  +  2 
a;*-3x*  +  2a: 


o«-y^25c-c' 
a*  +  2a6  4-6«-c» 
_o«-(5»  +  25c-f-c^ 

(a''  +  2a5  +  6*)-c» 
_(o-H  6  +c)(a  — 5  — c) 

(a  +  6  +  c)  (a  +  6  -  c) 
_  g  —  5  — ^ 

a  +  6  — c 

a:*-a:'-2a;-H2 
2a;»-x-l 
(a;-l)(ar»-f-a;»-2) 
(a;-l)(2a;»-|-2a;-f-l) 
a;»  +  a.''-2 
"°2a:*  +  2a;  +  l 


a;»-3x  +  2 
a;»-3a;-l-2 


a:3-6a;»  +  lla?-6 
a:«-2a^»-      x  +  2 


-4)-4g'-f-12a;-8 

a^»-    3x  +  2 
H.C.F.  =a;2_3a:_j.2. 

a;»  -  6a;»  -f  11  a;  -  6  _  (g*  -  3a;  +  2)(a?  -  3) 


a;-|- 1 
X  —  3 


ar»-2a;»-a;  +  2        (a;»-3a;  + 2)(x  + 1)     a;  +  1 


6a;»-23x»-f-16x-3 
6ar>-17a;«  +  llg-2 

-1)-   6x^+   5a; -1 

6a;»-   5a;  +  l 

6a;»-23a;«-f  16a?-3_(6a;'-5a;-|-l)(a;~3) 

6ac»  -  17ar»  +  11a;  -  2     (6a;*  -  5a;  +  l)(x  -  2) 


19.   6a;»-17a;»  +  llx-2 

Qs^—   bx*  +      X 

-12a^'-|-10a;-2 
-12a;'  +  10a?-2 


1 
a;-2 

a  — 3 
x-2 
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20. 


a;*  — ac*  — g  +  1 
a^-2a:»-a!*-2x  +  l 

g»(a;-l)~(g-l) 
"(«»  +  a;+l)(a:»-3»  f  1) 

(x»  +  a;+l)(x*-3x  +  l) 
_(a;-l)(j'-|-a;  +  l)(a-l) 
'"(a:*-3a:  +  l)(a:*  +  «  +  l) 

a:»-3x  +  l 


21.   o)o*-a»6-a«y  +  ay 


.gS  _  a4^>  ,  a8^^2  ^  gay 


a«  f  6« 


a 


22. 


(g  +  sy 


aa_a6_262 
_   (a  +  6)(a-H6) 

(a-2b)(a-^b) 
at- 6 

a -26 

oo     3a5(a'-y) 
'   4(a26-a6«)« 

3aZ>(a  +  &)(o-6) 
4a»6«(a-6)(a-6) 

3(a-t-6) 
4a6(a-6)' 

OA    a'  +  2a&H-6^-c' 
a*  +  ab  —  ac 
(g'-f  2a&-fy)-c* 

g'  +  g6  —  gc 
(g  +  6  -f  c)(a  +  &— c) 

a(a  +  i  — c) 
g  -f  6  +  c 


25    Gx^^-ll£»y_-f3xy« 

_g(r)x«-lljyl-3;/») 

_  a?(2g-3y)(3j;-T/) 
"y(2x-3t')(3x  t  2y) 
x(3x  — y) 


26. 


27. 


a«  -  (5  -f  c  +  c?)« 

(g  +  5  +  c-f  (f)(a  — 6  -c-(^) 
(g  — 6  +  c  +  d){o— 6— c— rf) 
g  -f  &  4-  c  4-  cf  ^ 

g  — 6  +  c  +  rf 

0x»-5x-6 
8x»-2x-15 
J3x4-2)(2x-3) 
^{4x-f  5)(2x-3) 

3x  +  2 

4x  +  5 
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_  (g'  +  ay  +  y«)(a:»  -  ay  +  y«) 
(a;  -  y)(x  -  y)  (»"  +  ay  +y«) 
^  a*  —  gy  +  y' 

(a?  -  y)' 


29. 


sfi  -\-jf 


aj*  —  ar^y*  +  y* 

_  (a?'  +  y^)  (a;*  -  ar^y^  4-  y^) 

a;*  —  ar^y'*  +  y* 
=  g2  +  y». 


a  —  h 


Exercise  47. 


1.  =a?— 1. 

X—  1 

2.  3g»+    2a;+    1 
3a;*  +  12a; 


a;  +  4 


3a? -10 


-10a;+    1 
-  10a;  -  40 


...3^±2£±l=3a-10-  41 


a;  +  4 


a;+4 


.   r,a;2+    6a;  +    5 
3a2  f  12a; 


a;  +  4 


3a;-6 


-6a;+    5 
-6x-24 

+  29 
3a:»  +  6a;+5 


a;  +  4 


=  3a;-6  + 


29 

a;+4 


4.   o'  —    ax  ^^    s? 
a*  +    oa; 


a  +  x 


a  — 2a; 


—  2ax+    a^ 
-2ax-2x^ 


+  Sx^ 

...  if ^     =a  — 2a;+— — • 

a  +  a;  ti  +  a; 


5.  2r»  +5 

2a;2_6a. 


a;-3 


2a; +  6 


6a;  +    5 
6a; -18 

+  23 

2^L±5^2a  +  6+-^. 
a;  — 3  X—  3 


6.   10a*-17aa;  +  10a;« 
lOa*-    2aa; 


5a  —  a; 


2a-3a; 


—  15aa;  +  10a;* 
-15aa;+    3ar» 

+  7a;* 
10a'-17aa;+10^2a-3x+  '^ 


5a  — aj 


7.  48a;*  +16 

48a;* -12a; 


5  a— a? 


4a; -1 


12a; +  3 


12x  + 16 
12a;-   3 


+  19 

...  15^+16,  i2^  +  3  +  -i?-. 
4x— 1  4a;— X 
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8.    2a;»-5a;-    2 
2aj»-8aT 


x-4 


2x  +  3 


3a;-    2 
3a;-12 


+  10 
2a^-5x-2^^^^3^J0_ 

«  — 4  05—4 

10.   5a:»-  »« 


9.  a»            +A« 

a-b 

a*  —  o5 

a  +  & 

+  26» 

.*. -=  a  +  o  + 

a—o                   a—o 

+  5  5x*  +  4a:-l 

x-1 


— 5a:*+   a;  +  5 
— 53:^-4  a -t-1 

+5aj  +  4 


Sa*  +  4a?-l 


=  »  — 1  + 


5x  +  A 
6x'+4«-l 


1.  l-^Hi? 

«  +  y 

_x+y-ix-  y) 

x  +  y 
_  a  -f  y  —  a;  +  y 
a  +  y 

=^. 

a  +  y 

2.  1+5^ 

«  +  y 

_g  +  y +  (a-y) 

a:  +  y 
_  g  +y  +  g  —  y 


Exercise  48. 

a  — a: 
_  g*  -  2o3?  +  a;*  +  (g*  +  a») 

g  — a? 
_2(g*-gj;  +  a;») 
g  — a? 


6.  5g-26 


3g»-46* 


2a; 


as  +  y 


«  +  y 


3.   3a;- 


l+2a;» 


Sx^-(l+2a^ 

X 

3x^-1-23^ 

X 


5g-66 
_  25g«-40a5-fl2y-(3g«-46«) 
5g-66 
22a«-40a&-t-16y 
5g-66 

g  +  0 
_g«-f  2o6 +  5* -(g^  +  y) 
g  +  6 
2g& 
g  +  6 

T    T^     2-3g  +  4g« 
7.  7g — 

5-6g 
_  35g -42g«  -  (2-3g  -f  4a^) 

5-6g 
^38g-46g»-2 
*"        6-6g 
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8.  3a;- 


5ax  —  S 


2a 

_6ax-(bax  —  S) 

2a 
oa;  +  3 

2a 

9.   ^  +  1 

a  —  b 


14.  a;  +  5 


2a;-15 


g  —  6 


2g 
g  — 5 


10.  ^-1 

g  +  6 

=  Q  —  ^  —  (g  -I-  ^) 

g  +  6 
_-26 
g  +  6 

11.  -M.-(a;  +  y) 

_  2x^-(x^-^2xy-{-y^) 

x  +  y 
_x^  ~  2xy  —y^ 
x+y 

TO    5g  — 12a;  ,  «      ,  o 

12. |-6g  +  3a; 

4 
_  5g-12a;4-24g-i-12a; 

4 

29  g 


a;-3 

a;^  +  2a;-15-2a;-f  15 
a;-3 


x" 
x-3 

15.  2g     b       2o& 

a  +  b 

2a^-hab-b^- 

-2g5 

g  +  6 

2a^ -ab~b^ 

a  +  b 

16.  3a;     10+    ^^ 

a;  +  4 

3x2  + 2a; -40 

+  41 

a;  +  4 

3a;2  +  2a;+l 

a;  +  4 

17.  ar2  +  a;  +  l+— ^ 

a;  — 1 

_  a;^  -  1  +  2 
a;-l 

a;-l' 

18.  a;»-3a;-^^(^~^) 

a;-2 

a;*-2ar>-3a;2+6x-9a;+3a;' 

a;-2 
_  a;*  —  2ar^  —  3a; 

~         a;-2 

^a;(a;8-2a;2-3) 

a;-2 


13.  g  - 1  + 


g  +  1 


g»  -  1  + 1 
g  +  1 


a' 


g  +  1 


19.   g2-2ga;+4a;« 


g8  +  8ar>-6a:» 

a  +  2x 
g»  +  2ar^ 
g  +  2a; 


6a;» 
g  +  2a; 
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20.  i..a  +  y  +  ^^l5y_+i^ 

X  +  a 

_  j'  —  o*  -h  gy  -t-  oy  +  g*  —  gy  -t-  y* 
X  +  g 

x-\-  a 


ExBRCise  49. 

1     3a?-7    4»~9  Q    4g-5c    3g~2c 

6             18  5ac          12g«c 

L.C.D.  =  18.  L.C.D.  -  60g»c. 

The  multipliers  are  Sand  1  The  multipliers  are  12  gan<l  H 

respectively.  respectively. 

3x-1  ^  9g-21  .  4g--5c  ^  48g«-fiOa<; 

6              18      '          .  5gc               ()Oa»c       ' 

4g-9 ^ 4a?-9  3g-2c ^  log -10c 

18     "^     18    *  12g»c  "^     GOg'c 


2  ^^-^y,  ^^-^v. 

5a^  \0x  A       5  6 


L.  C.  D.  =  lOa^. 


1-x    l-x' 
L.C.D. -1  -r». 


The  multipliers  are  2  and  x 

respectively.  The  multipliers  are  1  +.t an<l  1. 

2x  —  4y  _4j  —  8y  .  5     _5-i-  5a; , 

5x»      "     10a:«     '  l-x      l-x»  * 

3x-8y     3ar»-8a;y  6^6 

lOx  10x»     *  l-a^'^l-a* 


5. 


(a-6)(6-c)    (g-6)(g-c) 

L.C.D.  =  (g-6)(g-c)(ft-c). 

The  multipliers  are  a  —  c  and  6  —  c 

1 a  —  c , 

{a~h){b--c)~  (a-b){a-c){b-cy 

1  5-c 

(g-6)(g-c)     (g-6)(g~c)(6-c)' 
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6        ^g*  gy  .J    8a? 4-2    2a?-l     Sx  +  2 

3(a  +  6)'    6(a2-6*)*  *    a!-2'   3x-6    5a?-10 

L.C.D.  =  6(a2-5«).  L.C.D.  =  15(a;-2). 

The  multipliera  are  2(o— 6)  The  multipliers   are    16,    5, 

and  1.  and  3. 

4a^     ^Sg^Ca-ft).  8a?  +  2^30(4a;  +  l). 

3(a  +  6)      6(a«-62)*  a:-2        15(x-2)  ' 

gy       ^       a:y  2a;  — 1      d(2x~l) . 

6(a»  +  6«)     6(a'^-6«)*  3a;-6~  15(ar-2)  * 

3a; +  2  ^3(3a;  +  2) 
6a;-10'' 15(a;-2)* 


8    a  —  bm    -1     c  —  6n 
.  ,    1, 

mx  nx 

L.  0.  D.  =  mnx. 
The  multipliers  are  n,  mnx,  and  m. 

a  —  bm  _an  —  bmn  . 

.— ^— ^^ , 

mx  mnx 

mnx 


1  = 

mnx 

c  —  bn     cm  —  bmn 


nx  mnx 


Exercise  50. 

1     3a;-2y     bx~1y     8a;  +  2y 

6a;  10a;  25     *        - 

L.  CD.  =  50  a;. 

The  multipliers  are  10,  5,  and  2  a;. 

30  a;            —  20y  =  first  numerator, 
25  a;            —  35y  =  second  numerator, 
16a;' +  4a?y =  third  numerator. 

16  a;*  +  65  a;  +  4  a;y  —  55  y  =  sum  of  numerators. 

.-.  Sum  of  fractions  =  16a^  +  55x  +  4ay-55y, 

50  a! 
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2    4a:»-7.v«     Sx^Sy     5-2y 

3jr«  6x  12 

L.C.D.  =  12«». 

The  multipliers  are  4,  2x,  and  z*. 

16  a:*                         —  28  y*  —  first  numerator, 
6x*              —  16xy  "  second  numerator, 

5as*~2a'y •-  third  numerator. 

27a:*  —  2a:*y  —  16ay  —  28y*  —  sum  of  numerators. 

...  Sum  of  fractions  =  27^-2^y-l6T^-2Sy' 

12«» 

L.C.D.  =  902»«. 

The  multipliers  are  45,  185,  and  10&*. 

1 80  a»  4-  225  5*  -  first  numerator, 

36  6*  +  54  a6  =>  second  numerator, 
70 y —20 oft*  =  third  numerator. 

180a*  +  331 6*  +  54a6  —  20o6*  =  sum  of  numerators. 

180a«  +  54a5- 20a6*  +  3316* 


Sum  of  fractions  — 


4    4g  +  5     3g-7  ^     9 


906^ 


3  5x         12a:* 

L.  C.  D.  =  60a:*. 

Tlie  multipliers  are  202*,  12x,  and  5. 

80 1*  +  100  a:*  «■  first  numerator, 

—   36  a:*  +  84  X  =-  second  numerator, 
45  =  third  numerator. 

80  a:*  +    64  a;*  +  84x  +  45  =»  sum  of  numerators. 

80  a:*  +  64  a:*  +  84  a: +  45 


Sum  of  fractions 


60  a:* 


g    4a  — 3y     3a;-h7y     5j;  — 2y     9g-t-2y 

7  14  21  42     * 

L.C.D.  =  42. 

The  multipliers  are  6,  3,  2,  and  1. 

24x  —  18y  =  first  numerator, 
9x  +  21y  —  second  numerator, 
— lOx  +   4y  =  third  numerator, 
9x  +    2y  «  fourth  numerator. 

32  X  +    9y  =>  sum  of  numerators. 

.'.  Sum  of  fractions  — 2l. 

42 
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L.C.D.  =  K»y». 

3  ^y2  -  4  icy  =  first  numerator, 

"Xo^  — 7a;*=:  second  numerator, 

-6g^v'^  +llv«  third  numerator. 

^Sx^y^  -  ^xy  +  lly2  _  7a;a  =  sum  of  numerators. 

. •.  Sum  of  fractions  =  lly'-4an/ -8a;«v«-7g' 

L.C.D.  =  a«6V. 

^1m  ~^^^^^  +^^^  =  first  numerator, 

~^^ +2a'6c         -g^c'  =  second  numerator, 

-2ab'^c-\-2a^bc+b^  c^-a^  c^  =  sum  of  numerators. 

.-.  Sum  of  fractions  =  ^'g'-2a6'c  +  2a«6c-aV 

a^b*(^ 

g    5a»-2     3a«-.o 

8o«  8 

.L.C.D.  =  8a«. 

5  a'  —  2  =  first  numerator, 
g'  — 3  a*        =  second  numerator. 

6  a'  —  3  a*  —  2  =  sum  of  numerators. 

.-.  Sum  of  fractions  =  ^^'-^^'-^. 

8a2 


Q    a  —  b     b  —  c  .  c  —  a  ,  ab"^  +  b<^ -}- ca^ 
c  a  o  abc 

L.  C.  D.  =  abc. 

^'^  —  o6*  =  first  numerator, 

^'  c  —  6c*  =  second  numerator, 

oc*  —  a' c=  third  numerator, 

a&'  +  6c^  +  a'c=  fourth  numerator. 

a»  6  +  i^  c  +  ac*  =.  sum  of  numerators. 

.-.  Sum  of  fractions  ==  ^'^  +  ^^  +  < 

a6c 
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10.  ^ 1 l_  +  2x-z    2^^i2f. 

%7?y     6y«z     Ix^      4a^2»       4a^y« 
L.C.D.=  12x»yV. 

6y2*  «  first  numerator, 

—  2a^  =  second  numerator, 

—  6  ay*  =  third  numerator. 

6  xy* — 3  y'g  =-  fourth  numerator, 
-6yz« -i-3y'2=» fifth  numerator. 

—  20*  z  =  sum  of  numerators. 

.  •.  Sum  of  fractions  = = 1 — 

12a:»y«2»         Qy*z 


Exercise  51. 


1. 


X —6     X  +5 

L.C.D.=(x-6)(a;  +  5). 

The  multipliers  are  a? +  5  and  «--6  respectively 

a:  +  5  =  first  numerator, 
g  — 6  =  second  numerator. 

2x  —  1  =  sum  of  numerators. 
Sum  of  fractions         ^x  —  i 


2. 


««  -  X  -  30 
1  1 


x-7     x-3 

L.C.D.  =  (j:-7)(x-3). 

The  multipliers  are  a?  —  3  and  x  —  7  respectively. 

X  —  3  =  first  numerator, 
—  X  -f  7  =  second  numerator. 

4  =  sum  of  numerators. 

4 


.•.  Sum  of  fractions  = 


3.  .-^  + 


.'c»-10x  +  21 
1 


1 +x      1— X 

L.C.D.  =  l-x». 

The  multipliers  are  1  —  x  and  1  -f  x  respectively. 

1  —  X  =  first  numerator, 

1  +x  =  second  numerator. 

2  -=  sum  of  numerators. 

2 


.*.  Sum  of  fractions  = 


l-x» 
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4. 


l-x     l-x' 

L.C.D.=  l-a;«. 

The  multipliers  are  1+x  and  1. 

1  +  X  =  first  numerator, 
—2        =  second  numerator. 

— 1  +  Of  =  sum  of  numerators. 

=  -(!-»)•        _ 

Sum  of  fractions  =  —^ ^  =  — 


x^  1  +  ar 


6. 


+ 


x~y      {x-yf 

L.  C.  D.  =  (x  -  yf. 

The  multipliers  are  x  —  y  and  1. 

x  —  y  =  first  numerator, 
X        —  second  numerator. 


2x  —  y  =  sum  of  numerators. 

.  •.  Sum  of  fractions  =    ^~y. 

(x-y)« 


6.    _— ^— + 


7. 


2a(a  ■I-.t)     2a(a  — x) 

L.  C.  D.  =  2a(a  +  x)(a  —  x). 

The  multipliers  are  a—x  and  a  +  x. 

a  —  X  =  first  numerator, 
o  +  x  =  second  numerator. 

2  a        =  sum  of  numerators. 

Sum  of  fractions  = .  =  — = — . 

2a{a-^x){a—x)     a'-x^ 

a  b 


{a-\-b)b     {a  —  b)a 

L.G.J).  =  ab{a'-b^). 

The  multiphers  are  a{a  —  b)  and  6(a  +  b). 

a^ -a^b  =  first  numerator, 

—  ab^  —  y  =  second  numerator. 

a^  —  a?b  —  ab^  —  l^  =  sum  of  numeratora 

.-.  Sum  of  fractions  =  o^  -  a'h  -  oh^ -b\ 

ab(a^~b^) 
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8. 


2a;(a;-l)     4a?(x-2) 

L.C.J).  =  ix(x-l)(x-2). 

The  multipliers  are  2(x— 2)  and  (a:-l). 

lOo;  —  20  =»  first  numerator, 
--3g  +    3  =  second  numerator. 

.  7  X  — 17  =  sum  of  numerators. 
Sum  of  fractions  =         (x—    ( 


9. 


4aj(x«-3x  +  2) 
1 +x  1  —x 


1  +  x  +  x*     1  — x  +  x* 

L.C.D.=  l+x»  +  x*. 

The  multipliers  are  1  —  x  +  x*  and  1  f  x  +  x*. 

1  +  x*  =  first  numerator, 
— 1  +  x*  =  second  numerator. 

2x'  =  sum  of  numerators. 

2x» 


Sum  of  fractions  = 


1  +  x*  +  x* 


10    2ax  — 36y  _  2ax  4-  3&y 

2xy(x-y)     2xy(x  +  y) 

L.C.D.  =  2xy(x«-y«). 

The  multipliers  are  x-f  y  and  x— y. 

2ax'  +  2axy  —  3  bxy  —  3  6y'  =»  first  numerator, 
— 2ox'  +  2axy  —  3  bxt/  -\-  3  6y^  =  second  numerator. 

4£ixy  —  6  bxy  =  sum  of  numerators. 

or  2xy  (2a  —  3  6)  =  sum  of  numerators. 

2a-3& 


•*.  Sum  of  fractions 


3^  —  y^ 


EXE'UMSE    02. 

1  +  a     1-a     l-a» 

L.C.D.  =  1  -a« 

The  multipliers  are  1— a,  1  +  a,  and  1. 

1  —    a  ^  first  numerator, 

1  +    a  =  second  numerator, 

2a  =  third  numerator. 

2  +  2a  =  2(l  +  a)  =  sum  of  numerators. 

.-.  Sum  of  fractions  =     ^(^  '^  ^)     =  -^ 

(l  +  a)(l-a)      1-a 


.92  ALGEBRA. 


2. 


2x 


1  —  x     1  +  af     l  +  a* 

L.  C.  D.  =  (1  -  x)  (1  + x)  (1  +  a;"). 

1  +  X  -\-  x^  +    !*  =  first  numerator, 
— 1  +  x  —  .T*  +    x*  =  second  numerator, 
2x         —  2^*  =  third  numerator. 

Ax  =  sum  of  numerators. 

4x 


Sum  of  fractions  = 


8.  -^ ^  + 


1-aJ* 


1  —  x     1—x     l  +  x* 

L.C.D.=  (l-x)(l+a:«). 

a?  +  .T*         =  first  numerator, 

—  sc^         —  ar*  =  second  numerator, 
x    —sc^  =  third  numerator. 


2  a:  —  2a'^  +  a:^  —  ar*  =  sum  of  numerators. 

=  2a;(l-a;)  +  a:»(l-x). 

...  Sum  of  fractions  =  (2^-^f)(l-^)  ^  ^£±^. 

(l  +  x'){l-x)        1+x* 

4.    -  +  —^- 


-  +  — •='—  + 


y     x  -\-y      0?  -Yxy 

L.C.D.  =  a;y(a;  +  y). 

a*    +  a;^y  =  first  numerator, 

+  xy'^  =  second  numerator, 
-\-x^y =  third  numerator. 

«*  +  2x^y  +  xy'^  =  sum  of  numerators. 

=  a:(a;  +  y)'. 

.-.  Sum  of  fractions  ^  £(^.y)'  =  i+JL 

6x  ""■  X      X  —  ^     aj  ~~  o 
a;--2     a;  — 3     a?  — 4 

L.  C. D.  =  (a?  -  2)(a;  -  3)(a;  -  4). 

a*—    8a;*  +  19a;  — 12  =  first  numerator, 
a;*—    8a;*  +  20a;  —  16  =  second  numerator, 
a;'—   8 a;* -f  21a;  — 18  =  third  numerator. 

3  a;*  —  24  a;*  +  60  a;  —  46  =  sum  of  numerators. 

...  Sum  of  fractions  =  30^-21^  + 60x -46. 

»>-9a;«  +  26a!-24 


6. 
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4  a  6a' 


x  —  a     {x—af     (x-a)' 

L.  C.  D.  =  (a?  -  of. 

Sa*  —  6aa?  +  3a*  =  first  numerator, 

4aa!  —  4  a*  =  second  numerator, 
—ba^  =  third  numerator. 

3a^  —  2aa;  —  Ga'  =  sum  of  numerators. 

3a^~2ax-Ga« 


.'.  Sum  of  fractions  = 


{x^af 


7. 


oj-l      x  +  2     (a:  +  l)(x  +  2) 

L.C.D,  =  (x-l){x  +  l)(arf  2). 

X*  +  3  a?  +  2  =  first  numerator, 
—  x*  +  1  =  second  numerator, 

—  3x  +  3  =  third  numerator. 

6  =  sum  of  numerators. 
6 


.*.  Sum  of  fractions  = 


(x»~l)(x  +  2) 


Q  a —b         ,         b—c  c-a 


{b -{-c){c-\-a)     (c-\-a)(a-\-b)     (a  +  6)(6  +  c) 

L.C.  D.  =  (&  +  c)(a  +  6)(c  +  a). 

a?  —  h^         =  first  numerator, 
+  6*  —  c*  =  second  numerator, 
—  g'  +  c*  =  third  numerator. 

0  =  sum  of  numerators. 
.•.  Sum  of  fractions  =  0. 


9    x  —  O'.^—b  (a  — by 

'  x—  b     x  —  a     (x  —  a)(x  —  b) 

L.C.D.  =  (x-a)(x-6). 

x'  —  2ax  +  a*  =  first  numerator, 

x*  —  2  6x  +  6*  =  second  numerator, 

-g'  +  2a6  —  6* ■=  third  numerator. 

2x*  —  26x  +  2a6  —  2ax  =  sum  of  numerators. 

=  2(x-a)(x-6). 

.%  Sum  of  fractions  -  2(x  -  a){x  -b)  _  ^ 

(x  —  a)  (x  —  6) 


1 
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10.  g  +  y       2a?     ^    z«y 


y       x  +  y    y{p^-y^) 

L.C.D.  =  y(a;»-y2). 

a*  —  xy^  +    a;*y  —  y*  =  first  numerator, 
2xy'  —  2a:^         =  second  numerator, 
—  7? +    3?y         —  third  numerator. 

xy^  —  y*  =  Bum  of  numerators. 

.'.  Sum  of  fractions  =  y  ^^^^l »  —^-. . 

y(^-y)     aj  +  y 


11  o  +  ^         .         h  +  c         .         c  f  a 


13. 


(6-c)(c-a)     {c-a){a-b)     {a-b){b-c) 

L.  C.  D.  =  (6  -  c){c  -a){a-  b). 

a^  —  b*         =  first  numerator,     ' 
+  6'  —  c*  =  second  numerator, 
—  o*         +  c'  =  third  numerator. 

0  =  sum  of  numerators. 
.'.  Sum  of  fractions  =  0. 

12         a^  —  bc  l^  —  ac  c^  ■\-db 

(o  +  b){a  +  c)     {b+  a)(6  +  c)     (c  +  6)(c  +  a) 

L.C.D.  =  (a  +  6)(&  +  c){a  +  c). 

a?b  —  b^c  +  a^fi  —  be*  =  first  numerator, 
a6*  +  6'c  —  a*c  —  ac*  =  second  numerator, 
a'5  -i-  oc'  +  ftc'  +  gy  =5  third  numerator. 

2a*6  +  2ab^        =  sum  of  numerators. 

=  2a5(a  +  6). 

.-.  Sum  of  fractions  = 2ah(a  +  b)        ^ 2ab 

(a  +  b){b  +  c){a  +  c)     (b -^  c)  (a -[■  c) 


a  X  a'  4-  a;* 


a  — a?     a  +  2a:     (a  —  a:)  (a  +  2  a;) 

L.C.D.  =  (a-a;)(a+2a:). 

a^  +  2aaj         =  first  numerator, 
—  ax  +  ai*  =  second  numerator, 
—  g* —x^  =  third  numerator. 

ga;         =  sum  of  numerators. 


••.  Sum  of  fractions  = 


ax 


(o-a;)(o  +  2aj) 


14. 
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6 


(a-b)(b-c)     {a-b)(a-c)     (a-c)(6-c) 
L.C.D.  =  (a-6)(a-c)(6-c). 

3  a  —  3  c  «  first  numerator, 

—  4  6  +  4  c  =  second  numerator, 
Ga  —6b  =»  third  numerator. 

9a  — 10  6    +c  =  sum  of  numerators. 

.-.  Sum  of  fractions  -       9o-106-fc    ^^ 

(a-b)(a-c){b-e) 

Ig     x  —  2y        2x+y         2x 
x{x-y)     y{x-\-y)     a^-y* 

L.C.D.  =  xy(x*-y»). 

xh/  —  xy*  —  2y'  »=  first  numerator, 

—  2x'  +    a:*y  +  icy'  —  second  numerator, 
— 2a^ =  third  numerator. 

—  2x'  .  —  2y'  «  sum  of  numerators. 

=  -2(x+y)(x*-ay +y*). 

.-.  Sum  of  fractions  «  -2(a:  +  y)(^-^ +.7*) 

icy(x+y)(x-y) 

^      2(a^  -  ay  4- y«) 

16.     a-6  a-5    _   {a-h){x  +  y) 

x{a-\-b)     y(a-\  b)        xy(a  +  b) 
L.C.D.  =  xy(a  +  6). 

<*y  —  ^  =  first  numerator, 

—  ax  +    bx  =  second  numerator, 

—  ay-\-by—    ax  -\-    bx  =  third  numerator. 

—  2ax-^2bx  —  sum  of  numerators. 

=  2a:(6-a). 

.%  Sum  of  fractions  =    ^;   ~^(  =  -t~~t:* 

ay(a  +  o)     y(a  +  6) 

17        3g         a;-H2y         3y 

'  {x  +  yf     a:»-y'     (x-y)«* 

L.C.D.  =  (a;  +  y)«(a;~y)». 

•     3a^  —  Ga^'y  +    3xy'  =  first  numerator, 

— aj*  —  2a:*y  +      a^*  +  2y'  =  second  numerator, 
.+  3a:'i/4-    6xy^  +  3y^  =  third  numerator. 

2a^  —  5a?y  +  10a:y*  +  Sy*  =  sum  of  numerators. 

a         ,,     .'  2a^  -5x^y  +  lOxy^  +  5y» 

.-.  Sum  of  fractions  =» ^^--— ^ — ^• 

(x-{-yf{x-yy 
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18. 


a—c  a—b 


19. 


L.  C.  D.  =  (a  +  &  +  c)(a  +  6  _  c)  (a  -  &  +  c). 

a'  —(?  —  first  numerator, 

—  a?  -\-  ac  +  h^  —  ah         =  second  numerator. 

ac  -\-  b^  —  ab  —  <^  —  sum  of  numerators. 

Sum  of  fractions  = ac-ab  +  b^-c' _ 

{a  +  b'hc){a-\-b  —  c)(a-hc  —  b) 

a  -\-b  a  —  b  ab(x  —  y) 
ax  -i-  by  ax  — by  a^a^  —  b'y* 
L.  C.  D.  =  {ax  +  by)  (a^  —  by). 

a^x  +  abx  —  aby  —  b^y  =  first  numerator, 

—  a*aj  +  abx  —  aby  +  5^y  =  second  numerator, 
4-  a6x  —  aby  =  third  numerator. 

+  3  abx  —  3  o6y         =  sum  of  numerators ; 

or,  3ab{x  —  y)  =  sum  of  numerators. 

.-.  Sum  of  fractions  =  Mi^ljO. 

a^x^  —  h^y"^ 

ExEucisE  53. 

1.  _L_  +  ^~y  =  _f 3?-y 


^~y    y~^    ^—y    ^—y 

L.C.  D.  =  x  —  y. 

X  =  first  numerator, 
y  —  X  =  second  numerator. 

y        =  sum  of  numerators. 

.  *.  Sum  of  fractions  =  — ^ . 

x-y 

o    3  + 2a;  ,  3a;-2  ,  '[6x-x^ 

Am T J-  

2-x        2  +  x        x»-4 
3  +  2a;^3a;-2      16a?-a^ 


2-a;        2  +  a;         4- a;* 
L,C.D.  =  4-a;2. 

6+    7  a;  +  2  a*^  =  first  numerator, 
—  4+    8a;  —  3a:^  =  second  numerator, 
—  16a;+    x^  =  third  numerator. 

2     —  x  =  sum  of  numerators. 

2-a;         1 


.*.  Sum  of  fractions  — 


4-ar»      2  +  a; 
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3.  -^  + 


x"— 1       «+l       1  — X       »*— 1       «  +  l       «  — 1 

L.C.D.  =  a:»-l. 

a:*        =  first  numerator, 
X*  —  a:  =  second  numerator, 
X*  4-  X  =  third  numerator. 

3  x*        =  sum  of  numerators. 

Sx* 
Sum  of  fractions  =• • 

x*— 1 
4^1.       1 


3_3y«     2-2y     6y  +  6 


^  +       ^ 


3(l+y)(l-y)     2(1 -y)     6(1 +  y) 

L.C.D.  =  6(l+y)(l-y). 

8  =  first  numerator, 
3y  +   3  =:  second  numerator, 
— y  -f-    1  =  third  numerator. 

2y  +  12  =  sum  of  numerators  ; 
,  2(6  +  y)  =  sum  of  numerators. 

.'.  Sum  of  fractions  =  — ^ — 2L.. 

3(1 -y*) 
5.  ._-4_.-.-_A__. 


or 


6. 


(2-m)(3-m)     (m-l)(m-3)     (m-l)(m-2) 

= 1 ? + I 

{2-m)(3-m)     (l-m)(3-m)     (l-m)(2-m) 

L.C.D.  =  (l~m)(2-.m)(3-m). 

1  —    m  =  first  numerator, 

—  4  +  2m  =  second  numerator, 

3~    m  =  third  numerator. 

0  =  sum  of  numerators. 
.*.  Sum  of  fractions  =  0. 

1  1 


(6  —  a)(x  +  a)     (a  -  6)(x  +  ft) 
1  1 


(6  —  a)(x  +  a)     (b  —  a)  (x  +  6) 

L.C.  D.  =  (6  -  a)(x  +  a)(x  +  6). 

X  +  6        a  first  numerator, 
—  X        — g  —  second  numerator. 

6^—  a  =  sum  of  numerators. 
•••  Sum  of  fractions  = , ,  ""   . 


(6-a)(x+a)(x  +  6)     (x  +  a)(x  +  6) 
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7    q*  -I-  y  I    2a^>'    ,    2a^h      a«  +  y       2a&«    ^ 


8. 


L.C.D.  =  (a»-6»)(a»  +  6»). 

o^  +2a*6*+2o'6*  +6*  =  first  numerator, 

— 2a*6'  — 2a6*       =  second  numerator, 

+2a^6  — 2a'6*  =  third  numerator. 


o*+2a^6  — 2o6*+6*  =  sum  of  numerators. 


Sum  of  fractions  = 


(a»-6»)(a»  +  6») 


6  — g  _  a—  26  _  3a(a  — 6)  ^  6  — a  _  a  — 2b     3g(a— 6) 
a;  —  6       6+a;         6'— a:*        aj  —  6       a;  +  6         3?-~h* 

L.C.D.  =  a;2-6«. 

—  a6  —  aa;+    6a;+'6'  =  first  numerator, 

a6  —  oa;  +  26a;  —  26^  =  second  numerator, 
3aa;—  36a; =  third  numerator. 

ax  —b'^  =  sum  of  numerators, 

oa;  —  6* 


Sum  of  fractions 


x'-b^ 


9    3-h2a;      2-3a;      16a;-  a;*      3  +  2a;      2-3a;      16a;-a;» 
2-a;        2  +  a;         a;»-4         2-a;        2  +  a;         4-a;* 

L.C.D.  =  4-x«. 

6+    7a;  +  2x'  =  first  numerator, 
—  4+    8a;  —  3a;*  =  second  numerator, 
—  16a;-h    a;*  =  third  numerator. 

2      —  a;  =  sum  of  numerators. 

2-a;         1 


.*.  Sum  of  fractions  = 


4-a;*     2  +  a; 


jQ    __3 7  4-20a;_      3  7         4 -20a; 

l-2a;     l  +  2a;      4a;»-l      l-2a;     l+2a;      l-4a;» 

L.C.D.  =  l-4a;«. 

3  +    6  a;  =  first  numerator, 

—  7  +  14  a;  =  second  numerator, 

4  —  20a;  =  third  numerator. 

0  =  sum  of  numerators. 
.'.  Sum  of  fractions  =  0. 
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y,  a-j-b  b  -\-  e  c  +  a 


{b-c)(t-a)     {b-a)(a--c)     (a-b)(b-e) 
a+b  ft+c  a+e 


{b-c)(a-^c)     (a-6){o-c)     (a-b)(b-c) 

'  L.C.D.  =  (a-6)(a-c)(6-c). 

—  a'  +  ft*         =  first  numerator, 

—  &*  +  <:*  =  second  numerator, 
o*         —  c*  =  third  numerator. 

0  =  sum  of  numerators. 

.*.  Sum  of  fractions  =  0. 


12. 


14. 


a*  — be  h*  +  ac  (^  -i-ab 


{a-b)(a-c)     (b  +  c)(b-a)     {c-a)(c^b) 
a*  —  be  ac  +  6'  oA  +  r* 


(a  —  b){a  —  c)     (6  +  c)(a  ~b)     (a  ~  c)  (b  +  c) 

L.C.D.  =  (a  -  b){a  -  c){6  +  c). 

a*b—l^e-\-ah—b<^  =■  first  numerator, 

b'e—a^e        -\-ou^—ab'*  =  second  numerator, 
— o*6 -f  ftc^— oc'-f  oft*  '^  third  numerator. 

0  «  sum  of  numerators. 
.  *.  Sum  of  fractions  =*  0. 

13.       y  +  g     ^ i±? ^     g-^y 

'  (x-y){»-2)      (y-x)(y-2)     (2-a;)(z-y) 

=        y+2  ag-t-  z         ,         a?  +  y 

(a;-y)(x-2)  ~  (x-y){f/-z)     (x-z){f/-z) 

L.C.D.  =  (x-y)(y-2)(x-.2). 

y*  —  s^'^  first  numerator, 
—  x"  +  2*  =  second  numerator, 

z*  — y*        =  third  numerator. 

0  »  sum  of  numerators. 

.'.  Sum  of  fractions  =  0. 


6 


(a-6)(6-c)     (b-a)(c-a)     (a-c)(c--6) 
3  4.6 


(a-b)(b-c)     {a'-b)(a-c)     {a-e)(b-c) 

L.C.D.  =  (a-&)(a-c)(6-c). 

3  a  —  3  c  »>  first  numerator, 

—   4  6  +  4  c  =  second  numerator, 
6o—   Qb  =  third  numerator. 

9a  — 10  6+    c»  sum  of  numerators. 

a         re     X-                9a  — 106  + c 
.'.  Sum  of  fractions  =• — -—. :• 

(a— 6)(o  — c)(6  — c) 
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15. 


+ 


x(x-y)(x-z)     y{y-x){y-z)     xyz 
1  1  1 


yH 


x{x-y)(x-z)     y{x-y){y-z)     xyz 

L.C.D.  =  xyz{x  —  y){x  —  z){y  —  z). 

—yz^  =  first  numerator, 
—a^z-^-xz^         =  second  numerator 
—s^-^xy^—y'*z-{^a?z—xz^-\-yz^  =  third  numerator. 

—as^y+xy"^  =  sum  of  numerators  ; 

or,  —xy{x  —  y)  =  sum  of  numerators. 

Sum  of  fractions  = —  ay^a;— y; 

xyz{x-y){x-z)(i/-z) 

1 

z{x-z){y-z) 


Exercise  54. 


1.  Ax— • 

bx      d 

Cancelling  common  factor  x, 

_  ac 

"hd 

o    2aj  ^  3  a6  ^  3  ac 

A,     X X  -ITT' 

a        c         2o 
Cancelling  2o6c, 
=  9aaj. 


5.  l-!^\ 


\bxy^ 


6. 


3. 


2p-2  '  p-\ 
^     3;, 


X 


2(i>-l)       2p 
Cancelling  p  and  p  —  \, 

=  i 
4     8a;*y   .    2ar^ 

^  8^     3a6^ 
16a6»      2ar»* 
Cancelling  2ic'  and  3a6', 

55 


45a;»y      2^aW 

Cancelling  8,  15,   a*,   6',   a;, 
andy, 

=  -^. 
9aa; 

Qg'.v'z  ^^     20a»6^c 

10  a^ft'c  18  a;y*z' 

Cancelling  9ccy'z,  10  o*6*c, 
and  2, 

=  —  ax. 

7,  3^x5i^X-^^. 
4aa'      6a:y         2jcy' 

Cancelling  2,  6,  a:*,  y*,  and  z, 

15a; 

4z 

g    9mV     5p'7^^24a^y' 
SpY      2iy       90mn 
Cancelling  9,  5,  8,  mn,  p^q, 
and  xy, 

_  3mngy 
4pq^ 
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'    14nY      75|)*m     4ib»n 

Cancelling  25i*TO,  14n»5f,  and 
3p, 

4pq 


10,    -zA,x«'-^' 


a*  +  a6     a'  —  ab 

a-b    .Aa^b){a-b) 

a{a  +  b)  a{a-b) 

Cancelling  a  -  6  and  o  +  6, 

a  —  6 


11. 


o«  -l-y     g  —  ft 
i»  -  6»  "*"  a  +  6 

a'  +  y      ^  a  +  6 
(a-6)(a  +  6)     a-b 

Cancelling  a  +  6, 


(a  -  6)« 
-„    x'  +  x-2^.j»-13x-f  4j 

x(x-7)  J-(-f*-) 

Cancelling  x  --  7  und  x  4-  2 
^(x_-l)(.r-(i). 


-„    x'-llx  +  30^x*^^3x 
^'^'     x»-6x  +  9       x«-5x 

(x-5)(x-6)^g(.r^3) 
(x-3)(x-3)     x(x-5) 

x-6 


14.  4=^X^^ 

a»  +  x»     (a-x)» 

(a  +  x)  (a«  -  ox  +  x»)      (a  -  «)' 

_(a  +  x)(a'  +  ax-f  x*) 
(a-x)(o»-ox  +  x») 


15.  2a(x'-y»y 


X 


2a(x-hy)'(x-yy  a^ 

ex 

2ax'(x  — y) 


X; 


(x-y)(x  f  y)' 
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16    <*'+2a6     o6-26»  ^7     a?*-^  x^~^ 

_a(a  +  2b)         b{a-2b)  _  (x+2)(x-2)     (a;-h5)(a;-5) 

a«  +  4&«       (a-26)(a+26)  a;(a;+5)  jr(ar+2) 

=  _a6_  ^  (a;-2)(a;^5) 

a' +46''  ""  .T* 

18.  ^  +  ^v:(^-y)' 

a;  — y        a:*  — y* 
^  a?(a;  +  y)  ^  __(^j:iy)(^j:iy) 
a? - y        (a;*  +  y*)(a;  +  y)(.r  -  y) 

X 


19. 


rr?  -r?     n  —  m 
c*  +  d^  ^  c  +  ci 

_      (m  -h  n)  (m  —  n)  c  +  <? 

(c  +  ci)  (c*  —  cc?  +  rf*)  m  —  n 

_  771  +  71 

~  ~  c«  -  erf  +  d^ 


20    «'  -  ^«  +  3  ^^  o»  -  9a  +  20  ^,  a»  -  7a 
'  a«-5a  +  4     a«-10a  +  2l      o2_5^ 

(a-3)(a-l)     (a-5)(a-4)     a(a-7) 
(a_4)(a-l)     (a-7)(a-3)     a(a-5) 
=  1. 

5«_75  4.6     6»  +  106  +  24  .   6' +  66 
'   6^  +  36-4     6«-146+48  *  6»-86« 
(6  -  6)(6  -  1)     (6  +  6)(6  +  4)     ^(6-8) 
(5  +  4)(6_l)     (6_8)(6-6)     6(6  +  6) 

=  6. 

22.       ^-y'     X  ^^  ~  ^-y'  X  ^"^ 

jc*  — 3a:y  +  2y*       x^ -\- xy       {x  —  yf 
^{x  +  y)(x-  y)  ^  y{x-2y)  ^      x{x-y) 
{x-2y){x-y)      x{x-\-y)      {x-y)(x-y) 

y 

x-y 
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o»-6'  "*"        3  a-b 

_a»-3o«6  +  3ay-y  3  o«-t-o6 

a»-6»  2ab-2b*      a-h 

_(a-b)(a- b)(a -b)  3  aja-i-  b) 

(a  +  6)(a-6)  26(a-6)       a- 6 

^3a 
26 

a»-(6-c)»     c»-(a-6)» 

(o -I-  6  +  c)(o  +  6 -  c)(c  -o  4-  b)ie  +  o  —  6) 
(a  —  6  +  <;)(a  +  6  -  c)(c  -  a  -  6)(r  +  a  +  6) 

^  c  — g  -t-  6 
c  — a  —  6 


(a;  -by -a*     x^-{a-  A)« 

(g  —  g  +  &)(x  —  g  —  6)(x  +  6  —  a)(x  —  6  -t-  a) 
(a;  —  6  +  g)(a;  —  6  —  g)  (a:  +  g  —  6)(«  —  g  +  6) 

_  ag  — g  -f-  b 
x-\-  g  —  6 


•   (a  +  c)«-(6  +  d)»  *  (g_6)«-(d-c)« 

(g  -f  6  -t-  c  +  <^)(g  +  &  -  c  -  d)(a  -  6  +  d  -  c)(g  ~  6  -  rf  -f  <0 
(g  +  c  +  6  +  d){a  +  c  -  6  —  d)(g  -  c  +  d  -  6)(g  -  c  -  d  +  6) 
=  1. 

gy^  g*  -  2xy  4-  y*  -  2*  ^^  a;  +  y  -  z 
35*  +  2a:y +  y*  — 2*     a;  — y  +  2 

_  (g  -  y)*  -  g*  V  g  +  y  -  2 
(x  +  y)"  —  2*     »  —  y  +  2 
(a;-,V  +  2)(a;-y--2)(a;  +  y~z) 
(a;  +  y  +  2)(a;  +  y  -  2)(a;  -  y  +  f) 

x+y  -{-z 
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3  a;     X—  1 
2  3 


Exercise  55. 
4. 


|(--M)-|-2J 

Multiply  both  terms  by  6, 

_        9a;  +  2a:~2 
13a? +13 -2a: -15 

llar-2 


llar-2 


=  1 


x~a 


X  i-a 
x  —  a 


x^-\^ax~x^  +  bx-{^cx~bc 
X  -ha 

ax  ^  bx  -\-  ex  —  be 


a;—  1  + 


2. 


x-G 


3 


ar— 2  + 

x-6 

Multiply  both  terms  by  x  —  6, 

_ a?'- 7a?  4-12 
a;«-8a;  +  15 

_(a?-4)(ar-3) 
"(ar-6)(x-3) 

_x  —  4 
X  —  b 


K    \^     a/ya;     a  J 


1- 


0?  — a 


a;  +  a 


_  V     oa;    /\     ax    ) 
2a 

a-\-x 

_(a''~x'Ka^  +  x^Ka-hx) 
2a^3^ 


3. 


3 


2ar-  1 


a:  +  l 


.-  +  - 


1 

2 


Multiply  both  terras  of  sec- 
ond fraction  by  2, 

3  4x-2 

x-\-l     2a:2  +  a;  - 1 

3  2(2:c-l) 

a;  +  l      (2a;-l)(ar+l) 

3  2  1 

x  +  1     a;  +  l      a;  +  l 


6.     ^-.V      a:2-v« 
a;  y 


.ry+y*      x^-\-xy 
x-\-y  —  x 

g''  -  y ' 

a:y(a;  +  y) 
--      y      ..a?y(a;-|-y) 


X 


(a;  +  y)(x-y)5 
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^il+^Zli  10. 

M     g  —  1      a?  +  1 

g  -H  1      .T  —  1 

x—l      g+ 1 

(g  +  iy    (g~iy 

a:»-l        3^-1 

(j»  +  2g-l-l)-h(j'~2g-fl) 
(r»  +  2x  +  l)-(g*-2x+l) 

^2a:»  +  2_a»  +  l 
4i  2g 


X 


=  1- 


ar  + 1 

.r  -f  1  —  g 
g+1 

1 


g  +  1 


11. 


X 

1 

g-^  1 

g  +  1 

g+1  — g 

g+  1 
1 

=  g  +  l 

1 

% 

1  ,           ^ 

1  1 

1  +g  1  - 

2g« 
—  g 

1 

1  1     ^ 

^  'i+y^ 

l-x 

1 

1  +  g* 

i+g» 

1  +  g 


9.   1  + 


1  +  ^  +  ,— :.  12. 

i  —  X 


=  1  + 


g(l-g) 


(%?_2Vn?  +  2) 
\g     g        l\x     a        J 

{l+g)(l-g)  +  2g»  /a«-2ag  +  g'\/a«  +  2ag  +  g«\ 

=  1  4.  g(^  -^)  V  ax         )\         ax  I 

'        "  (a^-x^la^-x'\ 

\    ax     )\a^     I 


l+g» 

1  +  a^  +  g  — g* 

1  +  g»  (g  -  x){a  -  g)(a  +  g)(a  +  x) 

1  4-3;  ~  (g  +  g)(g  - g)(g  +  g)(g - g) 

l+g»"  =1. 
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13.  ^-y*    g-i-yl(g-y)'    g-yj 

»-y 

g'-y^    g  +  y|    g-y    x-y\ 

x-y 

x^-y^     x  +  y\x-y] 
x-y 

+  y^  .  _2^ 


a;« 


a?  —  y^     a^-y 
x-y 

3?  +  2a:y  +  y' 


g^-y' 


x-y 
_  (a?  +  y)(a;-f  y)  ^  ^^ x  +  y 


(x-y)(a;  +  y)     x-y     x^-2xy-\-y^ 

(.T»-y«)(2(B'~2a:y) 
xy 


x^y 

^  (g  ^ry){x^ y)2a?(a;  - y)(a;  +  y) 
4(a;-y)(a;-y)a;y 

=.  (^  +  y)'. 

2y 

ah  ac 


j^g    g*  -h(a  +  6)a;  +  ab     a*  +  (a  +  c)a?  4-  ac 

b  —  c 

x^  +(b  -\-  c)a?  +  be 

(abx  +  abc)  —  (acx  -h  abc) 
__     {x  -\-  a)(x  +  b)(x  +  c) 
(6-c)  " 

{x-^b){x-{-c) 

_     <m;(6  -  c)(ag  -h  b){x  +  c)      _    oa? 


(x -\- a)(x -\- b){x -\- e){b  —  c)     x  +  a 
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16.  -1-  +  1        ^ 


1  +  - 

X 


1  «  +  ! 


^  .1-  ^ 


x+ 1  x+  1 

a!»-t-g 
a;  +  1 

x. 


a  +  6^_6_  i  +  i+l 

,«        6         04-6  19    Q^     QC     ^ 

a     6  ab 


(a  +  6)«  -f  6*  Multiply  the  termg  of  the  nu- 

^  , .     .  ,v  merator  by  ahc,  and  factor 

^(''  +  '^U  the  denominator. 


a  +  b 
ah 


6(a  +  6)        a +  6 


2m-3  +  i 

18 2 

2m -1 

m 

2m'-3m  +  l 

m 

2?n-l 

m 

(2m-l)(m-l) 
"         2m -1 
=  m  —  1. 


e-\-h-\^a 


ahc 


ab 


Ka-\-bY  +  b^a  ^c+ft+g^^  ab 

(a  +  *)*  "^    abe        (a+6+c)(a-6-c) 
(o«  +  2a6  +  26«)a  i 

(a  +  ^f  ^  c(a-b-c) 


20. 


1 1     ^ 

-,' 

X 

3 

~1  i^^^- 

X) 

^  '  1-z 

h3 

3 

~7-4aj 

4-x 

^3(4-a:) 

7-4a; 
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EXERCISE    56. 

1    g*-9g'-H7a»  +  9a;-8  g    a'  4-  ^  -  c»  +  2a& 

*  ar*  +  7r»-9a:»-7a;  +  8  '   a«-6«-c»  +  26c 

__ix-S)(3^-x*^x  +  l)  __  16  -f  i  -  1  +  4 

(a;  +  8)  (a:»  -  a:*  -  a:  +  1)  16-^-1  +  1 

_a;-8  ^19^ 

a;  +  8"  15i 


Multiply  both  terms  by  4, 


3.   3a'  +  ?^-^ 
c        b^ 


=3x4x4+2xl|iXi-l 

=r  48  +  2-4  =  46. 


4. 


(x'-iy      2ar'-4a:  +  2      1-ar* 

_        2  ^         I       1 

(x^-iy      2(aj-l)»     a^-1 
L.C.D.  =  2(a;i-l)^ 

4  =  first  numerator, 
—a:*  —  2a;  —  1  =  second  numerator, 
2  a;' —2  =  third  numerator. 

a^  —  2a;  +  1  =  sum  of  numerators. 

a;»-2a;  +  l  1 


.'.  Sum  of  fractions  = 


2(a;2-2a;  +  l)(a:  +  l)«     2(a;  +  1)? 


'■  iTTi^'-^yiTh-'-^) 


X  X 


\X  +  1  x  +  \)      \x-l  x-1) 

_f    x^     ,  a;  +  l 1    \  .  f   ^        x'-x ]__\ 

\a;  +  l      x-^1      a;  +  ly      ^a?-l      x-l      x-l) 


_  x(x  +  1)  ^^  a;  -  1 
a;  +  1       x  —  l 


X. 
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6    /a?  — aV    lx-'2a-\-b\ 
\x~bj      \x-^a~2b) 


^«±^_a\'     /«±^-2a+&^ 


\a-\-b-2b)      Va  +  6  +  2a  -  467 
fb-aV    fSb-Sa\ 

7     /    a  +  ^  a-b  26*   \a-& 

■    V2(a-6)     2(a  +  b)     a* -by  26 

L.C.D.  of  fractions  in  brackets  =  2  (a*  —  6*). 

a'  +  2a6  +    6*  =  first  numerator, 
—  a'  +  2a6  —    6*  =  second  numerator, 
46^  =  third  numerator. 

4  a6  +  4  ^  =  sum  of  numerators ; 

or,         4  6  (a  +  6)  =  sum  of  numerators. 

.•.  Sum  of  fractions  in  brackets  =  —- ^^ — -^  =  ^^^» 

2(a*-6*)     a-b 

_26_^a-6     . 
a-b       26 

8.  (^"^y^   ^-y'\  ,  f^+y.  ^-y) 

_  /a;*-h2a:»yHy*     g*-2a»y«-hy*\      (a?-\-2xy+y^     x'-2xy+y^\ 

4a;*y'        4xy 
oj*  — y*     JC*— y* 

_  4a:*y'      a^—y* 
a:y 
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•■@-')fe-')^(?-0(^T^-') 

^ (^-y'\ (  y  \  .  (^-y'\ I     -y'    \ 

V  y'   IV-y)    \   y*    /U  +  ^^  +  yV 
_^-y\   y    I  ^-y^x      ~^* 

y2         a;-y         y*         »*  +  jry+y« 

y        y 

=  2. 
10    /fl'-afe\/q'  +  a^  +  ft'\  ,  /    2a»        .W.  2ab       \ 

a      ,  a  —  6 

+ 


a  +  b     a  +  6 

2a-b 
0  +  6 


a  —  X     ^      a'  —  .r* 


1+^^-^     1  + 


11  a  -t-  a;  o'  -h  a' 

a-j-x    »       a'  +  jc* 

Multiply  both  terms  of  first  fraction  by  a  +  x,  and  both  terms  of 
the  second  by  a'  +  x*, 

_a-}-  X  -{■  a  —  x     a*  +  a^  +  a*  —  X* 
a-fx  —  a  +  x  '  a'  +  x'  —  a'  +  x* 

=3  2a  ^  2x^  ^  X 

X     ar 
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Ill 


13. 


1- 


2xy 


1  + 


2xy 

g'  +  i^ 


id. 

X 


(a^  +  y«)(x+y)«     (x-y)» 
=  1. 


14. 


g  -h  2a     x  —  2a        4a& 
26-»     26  +  a;     4ft«-a« 
oft     .  o_        a6 
a  +  6 


a  + A 


+  2a 


-2a 


iab 


2b- 


ab 


26  + 


^i:^ 


a  +  6  '  a  +  6 

3o6  +  2a'       2a«  +  a5  iab(a+by 


aft +  26*      3a6  +  26»     6«(3a»  +  8a6+ 46«) 
a(36  +  2a)     *a(2a-|-5)  4aA(a-t-6y 


6(a  +  26)      6(3a  +  26)     6»(3a  +  26){a  +  26) 

L.C.D.»  6»(3o  +  26)(a  +  26). 
6a»6  +  13a'6*  +  6a6'  =  first  numerator, 

—  2  0^6  —   5  a'6'  —  2  a6'  =  second  numerator, 

—  4a'6  —    8  a'6'  —  4  06*  =  third  numerator. 

sum  of  numeratora. 


16. 


0 
Sum  of  fractions  =»  0. 

X  +  y  -  1 

x-y +  1 

a  +  1 
a6  +  l 

a6  +  a     ■• 

a6  +  l 

a  +  1 
06+1 

a6  +  a     1 
a6  +  l 

2a 

06  +  1 
2 

a6.+  l 

—  a. 
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16.  i +  .  .       ^ +  1 


a(a  —  b){a  —  c)     b{b  —  c){b  —  a)     c{c  —  a){c—b) 

1  1^1 


a(a  —  b){a  —  c)     b{b  —  c){a  —  b)     c(a^c){b~c) 

L.  C.  D.  =  dbc  (a  —  b){a  —  c)  (6  —  c). 

6'c  —  6c*  =  first  numerator, 

—  a^c  +  ac^  =  second  numerator, 
+  d^b  —  a5*  =  third  numerator. 

6*c  —  b(?  —  a^c  -\-a<^  +  a^b  —  db^  =  sum  of  numerators, 

b^c  —  b(?  —  a^c  -\-  ae^  -\-  a^b  —  a6' 


.  •.  Sum  of  fractions  = 


abc{b^c  —  b(?  —  a'c  +  a(?  +  a'^J  —  a6') 
abc  » 


I  w  3  abc  d 


a-l . 6-1 . c-1 

-l      _ 1-  — ^_— 


6c  +  ca  —  a6  1  j.  1  _  1 

a     b      c       ■ 

Multiply  both  terms  of  the  second  fraction  by  abe, 

3  dbc       _  abc  —  6c  4-  dbc  —  ac-\-  abc  —  ab 

bc+  ca  —  ab 

_  3  a6c  —  6c  —  oc  —  a6 
6c  +  ca  —  ab 

6c  +  ac  —  ah 


be 

+  ca  — 
Sabc 

ab 

be 

+  ca  — 

ab 

be 

+  ae  + 

ab 

18.   —^ , X 


1        1  m^-^n? 

n      771 


n  m  —  n     {m  ■{- n){w?  —  mn -^  n?) 


—  m. 


teachers'  edition.  113 


u  ' 


19.  2_L±ifi+^L+^^i«!\ 
1 l_\  2be      I 

a     6  +  c 

_(&  +  c-t-o)(26c-f  y-fc»-a») 

(6  +  c-a)26c 

_(6  +  c-i-o)((6-t-cy-o«} 
(6  +  c  — a)26c  • 

_(6  +  c-ha)(6  -f-  c  "t-  a)(6  +c  — a) 
(6  +  c--a)26c 

26c 

20.  3a-[6+{2a-(6-c)}]  +  l  +  -2^ 

=  3a-[6  +  2a~6  +  c]+J+^^^^ 

2c  +  1 

=  3a-6-2a  +  6-c+l  +  ^^^ 

'       2c  +  l 

.  1  .  2(?-\ 


2(2c+l) 
2c-l 


=  a. 


1  1  X  V 


21    g-g    fl-y    (tt-g)*    (q-y)* 
^1.  J 


{a-y){a-xf     {a-x){a-yy 

(a-g)(a-y)«-(g-y)(a-a;)«-fa(a  -yf-y(a-xf 

{a-xf(a-yf 


x-y 


(a-xf(a-yf 


_a{2a^x-y){x-y)^(a-xy{a-yy 

{a-xf(a-yy  x-y 

-a(2a-x-y). 
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i 23.   (^-y')(2^-2xy) 


22. 


i-,.£±i  ^+y 


3  —  X 
1 


'6-x 

3 

4 


(a  +  y)(a?~y)(a;~y)2x 
4(a;-y)(a;-y)(x+y) 


X  + ay 

2 


4a;  +  3  — X 

4 
3(x  +  l)' 


L.  C.  D.  Ist  expression  =  c'+i'.         L.  C.  D.  2d  expression = c*— 6*. 

c»-2  c*6+2  cft'-fts  =  Ipt  num.  c»+2  c6+   i«  =  Ist  num. 

-(? j^  ^  2d  num.  c*         +    6'  =  2d  num. 

— 2c^6+2c6*       =sumofnum8.    2c*+2c64-26'  =  8umofnum8. 

or,        --  2  c6  (c  —  6)  =  sum  of  nums.  or,  2(<?+c64-6')  =  sum  of  nums. 

-2ch{c-h)  {c  +  h)(c-h) 

(c  +  h)((?  -  c6  +  6»)  ^  2(c*  4-  c6  +  6») 
-c6(c-5)« 
c*  +  c26«  +  6* 


25. y +       ^       +     ^+y 

(a;-y)(a;-2)     (y_aj)(y-2)     (2-a:)(2-y) 
_  y  »  a;  +  y 


(a;-y)(aj-z)     (x-y){y-z)     {x-z){y-z) 

L.C.D.  =  (a;-y)(a;-z)(y-z). 

y*         —yz—  first  numerator, 
—  a?'         +  a?2         =  second  numerator, 
s^  —  y* =  third  numerator. 

ar2  —  y2  «=  sum  of  numerators ; 

or,  2(a;  —  y)  =■  sum  of  numerators. 

.'.  Sum  of  fractions  =  -. ^ ^i v '-  -. A ?• 

(^  -y)iy- 2) («  -  2)     {x-  z)(y  -  z) 
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26.  1 + I 1- 

a(a  —  6)(a  —  c)     b{b  —  a)(b  —  c)     abc 

1  1  1 


a{a  —  h){a  —  c)     h{a  —  h)  (b  —  c)     abe 
L.C.D.  =  abc{a  -  b){b  ^  e){a  -  c). 

—  h(?  +  i'c  =  first  numerator, 

—  a^c  -k-  cu^  =  second  numerator, 

—  b(?  —  a^b  4-  oft'  —  h^e  -h  a^c  —  ac*  =»  third  numerator. 

—  a'b  +  abi^  =  sum  of  numerators. 

.%  Sum  of  fractions ab{a-b) 

(Wc{a  —  o)  (6  —  c)(a  ~  c) 

^ 1 

c{b  —  c){a  —  c) 


27.  i±ix  ^-^ 


^ 6_  (x-J){a;-2) 

x-1 

a;*-3g-t-2         x^-x  -  6 

X  +  1  a^  —  l 

X 


a:»  -  a;  -  0       (a;-l)(x-2) 
x-1 

(a;~l)(x-2)(x-l)  (x-3)(x-h2) 

{x  +  l)(x-  3)(x  +  2)  ^  (x  +  l)(x-  l)(x-  l)(x-  2) 

1 


(X  +  ly^ 

Exercise 

57. 

1.  5x      ^  +  ^  =  71. 
2 

2.x     3-----17 
3          3 

Multiply  by  2 ;  then 

Multiply  by  3  ;  then 

10x-x-2  =  142, 
Ox  =144, 
x  =  16. 

3x-3  +  x=17, 
4x  =  20, 
x  =  5. 
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3    5-2x^^^_6x-±  5    ^        5x-^^^^_l-2x 

4  2  6  5 

Multiply  by  4 ;  then  Multiply  by  30  ;  then 

5-2^  +  8  =  4x-12x  +  16,  60x-25x  +  20 

6a: -3.  =210-6  + 12a;. 

ar  =  i.  23a;  =184, 

a;  =  8. 

^   5a;     5x^9     3  — a  g    a;-t-2_14     3  + 5a; 

2        4       4         2'  *      2         9.4 

Multiply  by  4  ;  then  Multiply  by  36  ;  then 

10a;-5a;  =  9-6  +  2x,  18x  +  36  =  56- 27- 46a;. 

3x  =  3,  63x  =  -7, 

X  =  1.  X  =  —  J. 

«    5x4-3      3  -  4g     X  _  31      9  -  5x 

8  3  2      2  6 

Multipfy  by  24  ;  then 

15x  +  9  -  24  +  32x  +  12x  =  372  -  36  +  20x, 
39x  =  351, 
x  =  9. 

Q    lOx±A-^-zl:^lO(x-l).    10.   7x  +  5_5x-6^8-5x/ 
3  2  ^         ^  6  4  12 

Multiply  by  6  ;  then  Multiply  by  12 ;  then 

20x  +  6-18x  +  21         .  14x4-10-15x  +  18  =  8-5a;, 

=  60x-   60,  4x  =  -20, 

58x  =  87,  x=-5. 


x=lj. 


11    a?  +  4     g— 4^2     3x— 1 


9.   5x-7_2x-f7^3^_^^  '3  5  "^16 

Multiply  by  15  ;  then 


2  3 


Multiply  by  6 ;  then  5x  +  20  -  3x  +  12 
15x-21-4x-14  =  18x-84,  =30+3x-l, 

7x  =  49,  _a;  =  -3, 

X  =  7.  X  =  3. 


^    3x  +  5__2x  +  7^^Q_3x^Q 

7  3  5 

Multiply  by  105  ;  then 

45x  +  75  -  70x-  245  +  1050  -  63x  =  0, 
-88x  =  -880, 
x=10. 
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13.    |(3ar-4)+i(5x+3)  =  43-60;.  14.    J(27~2x)  =  j-^(7a:-54). 

Mtdtiply  by  21 ;  then  Maltiply  by  10 ;  then 

Px-  12+  35j:  +  21  135  -  lOx  =  45  -  7a:  +  54, 

=  903 -105a?,  -3a:  =  -3G. 

149  a;  =  894,  a;- 12. 

a;  =-6. 


16.  5a;-{8a;-3[16-6x-(4- 5a-)]}«6, 
5a;  -  {8x  -  3  [16  ~  6a;  -  4  +  5x]}  -  6, 
5a; -  {8x  -  48  +  18x  +  12  -  15x}  -  6. 
5x  -  8x  +  48  -  18x  -  12  +  15x  -  6, 
-  6x  =  -  30, 
x  =  5. 


,^    5x-3     9-x     5x  .  19,       .V 
16. ^  —  +  —  (x  —  4). 

7  3         2       (5  ^         ' 

Multiply  by  42  ;  then 

30x  -  18  -  126  +  14x  =  105x  -f  133x  -  532. 
- 194  X  =--388, 

x  =  2. 


«y    2x  +  7     9x-8     x-11  jg    8x-15     llx-1^7x  \-2 

7  11  2    *  *        3  7  13" 

Multiply  by  154  ;  then  Multii)ly  by  273  ;  then 

44x  +  154  -  126x+  112  728x  -  1305  -  429x  +  39 
=  77x-847,  =147x  +  42. 

-  159x  =  -  1113,  152x  =  1308, 

X  =  7.  X  =  9. 


19    7a?  +  9     3x  -h  1  _  9x  -  13  .  249  -  9x 

•       8  7  4  14      * 

Multiply  by  56  ;  then 

49x-|-63-24x-8  =  126x-182-990-f36x, 
-137x=-1233, 
x  =  9. 
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£XERCISE   58. 


1  9g-f  20^4(a;-3)     x 

36  6aj-4      4 

Multiply  by  36  ;  then 

5x— 4 
144(x-3)     go_ 

5a;  — 4 

144  a: -432=  100  a; -80. 
44  a;  =  352, 

a;  =  8. 

2  9(2a;-3)  ^  lla;-l  _9a;-hll 


14 


3a;  +  l 


Multiply  by  14  ;  then 


3a;  +  l 


=  18a; +  22, 
154a;-14_^g 
3a;  +  l 

Divide  by  7, 

22a;-2_y 

3a; +  1 

22a;-2  =  21a;  +  7, 
a;  =  9. 


a 


4. 


lOx  +  17     12x+2^5a;-4 
18  13a;- 16        9 

Multiply  by  18  ;  then 

216X  +  36 


lOx  +  17- 


=  10x-8, 

216  X  -h  36 
13X-16 


13X-16 


=  25. 


325x-400  =  216x  +  36, 
109x  =  436. 
x  =  4. 


6x+13      3x4-5  ^2x 
15         5x-25       5 

Multiply  by  15  ;  then 


6x  +  13- 


45X-I-75 
5x-25 


=  6x, 


45X  +  75 


5x 


=  13, 


25 

45x  +  75  =  65x-325. 
-  20x  =  -  400, 
x  =  20. 


5. 


l«^-22^2x  +  i±li^  =  4A- 


101- 64  X 


39 -6x  24  ^*  24 

Reduce  the  mixed  number  to  an  improper  fraction, 

1  +  16x^53 
12 


18X-22 


+  2x  + 


101- 64  X 


24 


3(13 -2x)  24 

Multiply  by  24  ;  then 

^^lo^Z^^^  +  48x  +  1  +  16x  =  106-  101  4-  64x. 
to  —  2x 

144X-176     . 

13-2x 

144x-176  =  52-8x, 
152  x=  228. 
x=lj. 
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a    6-5x       7-2a:«       l+3x     lOx-U  .     1 


16         14(a?-l)         21 
Multiply  by  210 ;  then 
105  -  SOx" 


30 


105 


84-70X 


x-i 
105  -  301* 


10+30a?-70aj  +  77+2, 


=  30x  +  5, 


x-1 

- 105  +  30x*  =  30x«  -  25x  -  5, 
25x=100, 
x  =  4. 


7. 


9x+6    8£-7_36x+15    41. 
14       6X+2"'      56         56* 
Multiply  by  56  ;  then 

3x  +  l 
=  36x  +  15  +  41, 

224g-196_3Q 

3x-f  1 
224x-196  =  108x  +  36, 
116x=232, 
x=.2. 


9    ^g-i- 1      2x-4  ^2x~l 
is"      7x-16"      5 
Multiply  by  15 ;  then 


6x  +  l- 

7x-16 

30x-60^     ^ 

7x-16  " 

-30x  +  60  =  -2ftx  +  64. 
-2x  =  4. 
x  =  -2. 


8. 


6x+7     2x-2^2x-|-l 

15         7x-6"'      5 
Multiply  by  15 ;  then 
30x  -  30 


6x  +  7 


7x-6 
30x  -  30         . 


=  6x  +  3, 


7x-6 

-30x  +  30  =  -28x  +  24, 
-2x  =  ~6, 
x=3. 


10.  T5ri__^-'> 


_x 
35         6x-10l"'5 
Multiply  by  3.") ;  then 


7^_6-35x-115^7^ 

6X-101 

Transpose,  and  clear  of  frac- 
tions, 

-  35x  +  175  =  36x  -  606, 
-71x  =  -781. 
x-11. 


1.  ox  +  ic  =  6x  +  ac, 
ax  —  bx  =  ac  —  be, 
x(a— 6)  =  c(a  — i), 

x  —  c. 


Exercise  59. 


2.  2a  — cj;  =  3c— 56x, 
56x  — cx=  3c—  2a, 
x(56-c)=3c-2a, 

3c-2a 


X  — 


bh-c 
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3. 


+  6a;  —  c  =  6*x  +  ca;  —  d, 
—  h^x-vhx  —  cx^c  —  d, 
x{a?-h^  +  h-c)  =  e-d, 

c~d 


X  — 


.      d'-b'-^h 


4.   —  a(?  +  hH  +  ahcx  =  ahc  +  cmx  —  ac^x  +  6»c  —  wmj, 
a6ca?  —  cmx  +  ac*a;  =  ahc  +  6*c  —  mc  +  ac*  —  6'c, 
x{abc  —  cm  +  ac*)  =  a6c  —  mc-\-  a<?^ 
aj  =  l. 


5.   (a  +  0?  +  6)(a  +  6  -  a;)  =  (a  +  .t)(6  -  a;)  -  o6, 

-  a:*  +  a*  +  2a6  +  6'  =  a6  -f  6,T  -  aa;  -  ar»  -  a6, 
ax  — hx  =  —  (]?— 2ah  —  h^, 


aai  —  hx=  —  a?-~  2ah  —  6', 
oa;  -  6a;  =  -(a^  +  2a6  +  6«), 

a  —  6 


6.    (a*  +  a;)«  =  a;2  +  4a2+a*, 
a*  +  2a^x  +  x^  =  x^  +  4a^-\-a\ 
2a^x  =  ia^, 
a;  =  2. 


7.    (a2-a;Xa2+a:)  =  (a*+2aa;-a;2), 
a*  — a;2  =  a*-f-  2aa;  — ar^ 


Q    a(b^x+3^)  aa^ 

«'•   — ^^-; ^  =  aca;  +  ^=^. 

oa;  6 

Divide  by  a  ;  then 

hx  b 

Multiply  by  hx, 

h^x-irx^^  hcx^  +  a?, 
6*a;  =  hc3?, 
h 


8. 


ax  —  h            X  ■\-  ac 
-\-  a  = . 


c  c 

Multiply  by  c ;  then 

<ix  —  h  +  ac  =  x+ac. 

ax  —  x  =  b, 
x{a-l)  =  6, 


10. 


ax 


3  a  — 6a; 


1 
2 


x  = 


a-l 


Multiply  by  2, 

2ax  —  3a  +  6a;  =  l, 

2ax  +  bx  =  Sa  +  l, 
x(2a  +  6)  =  3a  +  l, 

x  =  ^^±l. 
2a +  6 
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11.   6  a 


4aa:  —  26 


=»rc. 


18a-4ax  +  26^3ar, 

-3a:-4ax  =  -18a-26, 
x(3+4a)  =  2(9a  +  6), 

3+4a 


12. 


g*— g     a—x  _  2x_a 

a:*  —  o  —  aa;  +  x*  =  2x^  —  aJ, 
—  ox  =  —  o6  +  a, 

x  =  6-l. 


13.    - 


ab  —  x^     4x  —  ac 


c         bx  ex 

3  6x  —  abc  +  ex*  =  4  6x  —  abc, 
ex'  =  bx, 

b 


x  = 


M  ^  1        CLX        X 

14.   am  —  6  — —  H — 

6       m 


a5m'  — 6*»i— amx  +  6x=  0, 
bx  —  amx  =  hha  —  ohm?, 

b*m  —  abm^ 


x  = 


15. 


6  —  am 


Sox  —  26  _ax  —  a  _ax     2 

36  2b    ~  b      3* 

6  ax-4  6-3  ax4-3  a  =  6  ax— 4^  6, 
-3ax=-3a, 
x=l. 


16. 


a6+x     6'— X     X— 6 


ab   X 
6«"' 


6«         a*6        a» 

a*6  +  a»x  -  6*  +  6x 

.  6«j.  _  i»  _  o«6  4  a»x. 
—  6*x  +  6x  *r  —  a'6  — rt'6, 
6x(6-l)  =  2aV>, 

2a» 


6-1 


17.  ax -*'+L. «(''-!). 
.r  X 

ox*  —  6x  —  1  —  ax*  -  a, 
—  6x=-  -  a  4  1, 

a-1 

6 


X  - 


18. 


19. 


ox*  .  ax      >. 

-      -  +  a  f  —      0. 

6  -ex  c 

acx^  +  a6e  -  cu^x  {  abx  -  ac3? 

Divide  by  a, 

ex*  \  be  —  <?x  -\  6x  —  ex*  =  0, 
6x  —  e*x  =  —  6e, 

6c 

X 

c*-6 


ab      J         ,1 

—  -  6c  +  (/  +  -• 
.r  X 

a6  =  6cx  4-  <ix  +  1 , 

—  6ex  —  f/x  =-  -  a6  f  1, 

a6-l 
X  = 

6e  +  d 


2Q    q{il±_^) 
dx 

ad*  ^■  ax* 

aedor 


X  -= 


.  ax 
ae  +   -  • 

a 
acctr  +  ax*, 
a(l\ 
d 
c 
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£X£RCISE   60. 


x-3 


+ 


1 


4(a?-l)  6(x-l) 
Clear  of  fractions, 
9x-27  =  6aj-30  +  4ar 

x  =  7. 


-4. 


4. 


x-1 


2{x-S)    S(x-2)    (x-2)(x-S} 

Clear  of  fractions, 

3aj-6-2a;-f  6  =  6x-6, 
-5a;  =  -6, 
x^H. 


2. 


x  -t- 


X 


_(x-2)(x-\-4) 
x  —  1  x-\-  1 


Clear  of  fractions, 

aj*— x+.a*+aj  =  0*4- »*— lOx+8, 
10aj  =  8, 


6    1     2(2a;-}-3)_    6 5g-hl 

9(7-a;)      7-x    4(7-x)' 

Clear  of  fractions, 

252 -36a; -16a; -24 

=  216 -45a; -9, 
-7a;  =  -21, 
x=3. 


3. 


7     _6x+l      3(l+2a:«) 
a;  —  1       a:+l  a;*— 1 

Clear  of  fractions, 

7a;+7  =  6  a;«+a;-6  a;-l-3-6  a;2, 
12a;  =-11, 


6. 


17        ^_  5(21  + 2a:)      ^^ 

a;  +  3  3x  +  9 

Clear  of  fractions, 

51 -12a:  ^36 

=  106+ 10a: -30a;- 90, 
8a:  =  0, 
a:  =  a 


7. 


a;-7_2a;-15  1 

a; +  7      2a;-6      2(a;  +  7) 

Clear  of  fractions, 

2a:*  -20a;  +  42  =  2a:*  -  a;  - 105 
-18x  =  -144, 
a;  =  8. 


-a; +  3. 


8. 


«  +  4    ^.,      3a;  +  8 
+  it  = 


3a;  +  5        "      2a:  +  3 
Clear  of  fractions, 

12aS»  +  66a;  +  72  +  36a?  +  114a;  +  90  +  6a:*  +  19a;  +  15 

=  54a;«  + 134a; +  240, 
-35  a;  =  63, 
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9. 


10. 


132a;  +  l     8x  +  5 


62. 


3x+l        x-1 
Clear  of  fractions, 

132a»-131jr-l+24a:«+23x+6 
=  156a:«-104x-52. 

-4« 56, 

«=14. 


11. 


+ 


1 


6 


2a;-3     x-2     3aj  +  2 
Clear  of  fractions, 

6  x"  -  8  X  -  8  +  6  JB*  -  5  X  -  6 
=  12x«-42x  +  36, 
29x  =  50, 

X = m. 


12. 


3x-l     4x-2 


1 
6 


2x-l     3x-2 
Clear  of  fractions, 

54x«-54x+12~48x«+48x-12 
=  6x"-7x+2. 
x»2. 

3        x  +  1        x« 


x-1 
or. 


x-1      l-x«'  . 
3         x  +  l^  -X* 
X  —  1       X  —  1       x*—  1 

Clear  of  fractions, 

3x  +  3-x"-2x-l--x*, 

X--2. 


13. 


X— 4     X— 5     X— 7     X— 8 


X— 5     X— 6     X— 8     X— 9 

Then 

(x-4)(x-6)     (x-5)(x-6)_(x-7)(x-9)     (x-8)(x-8) 
(x-5)(x-6)     (x-6)(x-6)     (x-8)(x-9)      (x-8)(x-9)' 

-1  -1 

(x-5)(x-6)     (x-8)(x-9)' 

Clear  of  fractions, 

-x«  +  17x-72  =  -x»+  llx-30. 
6x  =  42, 

x  =  7. 


14.   (x 

x» 


a)(x  — 6)  =  (x 

ox  —  6x  +  oft  = 

ax  +  bx' 


a-b)\ 

X*  -  2ax  -  26x  +  a*  +  2a6  +  IP, 

a*-\-ab-\-  6*, 

a+  h 


15.   (a  -  b){x -  c) -(6  -  c)(x  -a)-{c-  a)(x  -  6)  =  0, 

ax  —  6x  —  oc  +  6c  —  6x  -h  ex  4-  a6  —  ac  —  ex  +  ax  -f  6c  —  aft  =  0, 
ax  —  6x  —  6x  +  ex  —  ex  +  ax  =  ac  —  6c  —  a6  4-  ac  —  6c  +  a6, 

2ax-26x  =  2ac-26c, 
2x(a-6)  =  2c(a-6), 


c. 
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16.  ^'-^+^  +  ^^^^^  =  2^.        17.   -A_+     7  37 


aj-1  a;  +  l  x  +  2     a;  +  3     aj*  +  5a;  +  6 

Clear  of  fractions,  Clear  of  fractions, 

a:»  +  1  +  ar»  -  1  =  2ar»-  2a:,  4x  +  12  +  7»  +  14  =  37, 

2a;  =  0,  11a;  =11, 

X  =  0.  x=l. 

18.   (a:+l)'=-.T[6-(l-a:)]-2, 
(x-f  l)2==a?(6-l+x)-2. 
a:*  +  2a;+l  =  6a:  —  a;  +  a:'-2, 

■^  o  X  =^  —  o,  • 

a:=l. 

19.   25-ia:^lGx  +  4.V^_23_^g 

a  +  l  3x4-2        x  +  1 

Reduce  the  complex  to  simple  fractions, 

75-x    .    80x+  21        23     ,  f. 
4-  -   „ —  = +  5. 


20. 


3(x+l)     5(3x  +  2)     x  +  1 

Clear  of  fractions, 

1115x  -  15x2  +  750  +  240x«  +  303x  +  63 

=  1035x  +  690  +  225x2  +  375x  +  150, 
■    8x  =  27, 
x  =  3f. 

3abc  ,      a'ft*      ,  (2a-{-b)b^x      „       .  bx 

-f-   -|-  -i ^ =r  OCX   +  • 

a  +  6     {a-\-bf        a{a+  bf  a 

Clear  of  fractions, 

3  a*6c+6  a»62c+3  a^b\-{^a^b^+2  d^b'^x+S  ab^x+b*x 

=  3  a*cx+9  a^ftcx  f  9  a^b^cx+Sabr^cx^a^bx-]-^  a^^x-\-Sab^x-\-b*x, 
3  a*cx  +  9  a^bcx  4-  9  d^b^cx  +  3  aU^cx  4-  o^bx  4-  d^h^x 

=  3  a*6c  4-  6  a^ft  V  4-  3  a^ft^c  4-  a%'^, 
ax  (3  a^c  f  9  a^Ac  +  9  ab^c  4-  3  6^^  4-  d^b  4-  a^>2) 

=  a^b  (3  a«c  4-  (Sabc  4-  3  ft'^c  4-  db\ 
x{3c(a4-i)'4-a6(a4-6)}  =  a6{3c(a4-S)2+a6}. 


x  = 


a4-6 


21.^+^ 29^_^.  22.  5-xf?-gVg-^M4-5a:) 

x-8     2x-16    24     3x-24  V2    «/     2  4 

Clear  of  fractions,  5_^4.2  =  ?-  ^a^— 4+5x 

96  +  36-29x4-232=16,  2         ~2  4        " 

—  29x  =  —  348,  Clear  of  fractions, 

^  °  ^^'  20-14  x+8  =  2x-3a:4-4-6x. 

_8x  =  -24, 
x  =  3. 
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23.  1— J_  =  -J-Li. 
5     x-l  3 

Multiply  both  tenns  of  right  member  by  l—x\  then 

1 3  6-x 

5     x-l     3{l-a?)' 

1         3     _    x-6 
5     x-l      3(a;-l)* 

Clear  of  fractions, 

3x-3-45  =  5a:-30, 

-2a;=18, 
a;  =-9. 


24.     ^~i    +    ^^t    =^l.f 1 5. 

i(x-i)^j(x  +  i)     ^i5ji_n 

Reduce  the  complex  to  simple  fractions, 

2.T-3      2a;-5^.^  j^ 

3x-3      5j:  +  5  inar'-ir/ 

Clear  of  fractions, 

10ic»-6x-15  +  6x«-21fl;  +  15  =  15x»-15  +  a:>. 
-2r>j:=^-15, 


Exercise  61. 

1.  Find  the  number  whose  third  and  fourth  parts  added  to- 
gether make  14. 

Let  X  =  the  number. 

Then  -  •=  one-third  of  the  number, 

3 

/  and  -  =  one- fourth  of  the  number, 

4 

and  -  +  -  =  sum  of  the  two  parts. 

3     4  * 

But  14  =  sum  of  the^two  parts. 

...?  +  ?  =  14.     Whence,  x  =  24. 
3     4 
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2.  Fiud  the  number  whose  third  part  exceeds  its  fourth  part 

by  14. 

Let  X  —  the  number. 

Then  -  =  one-third  of  the  number, 

3 

and  7  =  one-fourth  of  the  number, 

4 

/MM 

and  =  the  excess. 

3     4 

But  14  =»  the  excess. 

X       X 


. ..  ±  _  ±  =  14.     Whence,  x  =  168. 
3     4 


3.  The  half,  fourth,  and  fifth  of  a  certain  number  are  together 
equal  to  76 ;  find  the  number. 

Let  X  =  the  number. 

Then  -  =  one-half  of  the  number, 

2 

and  -  =  one -fourth  of  the  number, 

4 

-  =  one-fifth  of  the  number, 
5 

-  +  -  +  -  =  sum  of  the  parts. 
2     4     5  ^ 

But  76  =  sum  of  the  parts. 

...£  +  £+?=  76.     Whence,  x  =  80. 
2     4     5 


4.  Find  the  number  whose  double  exceeds  its  half  by  12. 

Let  X  —  the  n  umber. 

Then  -  =  one-half  the  number, 

2 

and  2x  »  double  the  number, 

2x  —  -  =  the  excess. 
2 

But  1 2  =s  the  excess. 

.'.2x--  =-  12.     Whence,  x  =-  8. 
2 
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5.  Divide  60  into  two  such  parts  that  a  seventti  of  one  i>art 
may  be  equal  to  an  eigtitti  of  ttie  ottier. 

Let  X  =  ono  part, 

and  GO  —  x^ihe  other  part. 

Then  ^  =  one-seyenth  of  one  part, 

7 

and  — ^^  =  one-eighth  of  the  other  part. 

o 
60-aj     X 

Whence,  a?  =  28, 

and  60-a:=32. 


6.  Divide  50  into  two  such  parts  that  a  fourth  of  one  part 
increased  by  llve-sixtlis  of  the  other  part  may  l)e  equal  to  40. 

Let  X  -■=  the  smaller  part. 

Then      »*)0  —  x  =  the  larger  part, 

7  +  {(50— «)  ="  }  of  one  part  increased  by  {  of  the  other. 
4 

Bnt  40  =  }  of  one  part  increased  by  {  of  the  other. 

.•.f  + 4(50 -a;)- 40. 
4 

Whence,         x  =  2f , 

and  50  -  X  =  47f 


7.  Divide  100  into  two  such  parts  that  a  fourth  of  one  part 
diminished  by  a  third  of  the  other  part  may  be  equal  to  11. 

Let  X  =  one  part. 

Then    100  -  a;  =  the  other. 

».     100 X 

—  =  J  of  one  part  diminished  by  J  of  the  other. 

But  11  =  ^  of  one  part  diminished  by  }  of  the  other. 

X     100  — a     -,, 

4  3 

Whence,         a: =76, 
and  100- X- 24. 
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8.  The  sum  of  the  fourth,  fifth,  and  sixth  parts  of  a  certain 

number  exceeds  the  half  of  the  number  by  112.     What  is  tlie 

number  ? 

Let  X  =»  the  number. 

Then  -  =  one-half  of  the  number, 

2 

-  =  one-fourth  of  the  number, 
4 

-  =  one-fifth  of  the  number, 
6 

-  =  one-sixth  of  the  number. 
6 


Whence,         a;  =  960. 


9.  The  sum  of  two  numbers  is  57G0,  and  their  difference  is 
equal  to  one-third  of  the  greater.    What  are  the  numbers  ? 

Let  X  =  the  greater  number. 

Then  5760  —  a;  «=  the  smaller  number. 

a; -(5760- a?)  =  I 

'       .-.  3a; -17,280  + 3a;  =  a;. 

W4ience,        x  =  3456, 
and        5760  -  a;  =  2304. 

10.  Divide  45  into  two  such  parts  that  the  first  part  diyided 
by  2  shall  be  equal  to  the  second  part  multiplied  by  2. 

Let  X  —  first  number. 

Then      45  —  a;  =  second  number, 

-  =>  first  divided  by  2, 

90  —  2  a;  =  second  multiplied  by  2. 

Then  -  =  90 -2a;. 

2 

.-.  a;=180-4a;. 

Whence,  x  =  36, 

and  45  —  a;  =  9. 
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11.  Find  a  number  sach  that  the  sam  of  its  fifth  and  its 
seventh  parts  shall  exceed  the  difference  of  its  fourth  and  its 
seventh  parts  by  99. 

Let  X  =  the  number. 

Then  -  =  one-fifth  of  the  number, 

5 

-  «=  one- fourth  of  the  number, 
4 

-  =  one-seventh  of  the  number, 

-  +  -  =  sum  of  i  and  i  of  the  number, 
5     7 

Aft  ^ 

=  difference  between  J  and  I  of  the  number. 

4     7 

(f"^f)~(l~7)^*'^®  excess  of  the  sum  of  its  fourth  and 
^  /      \         /  seventh  parts  over  tlie  difference  of  its 

fourth  and  seventh  parts. 
But  99  =  this  excess. 


Whence,     x  «  420. 


12.  In  a  mixture  of  wine  and  water,  the  wine  was  25  gallons 

more  than  half  of  the  mixture,  and  the  water  5  gallons  less  than 

one-third  of  the  mixture.     How  many  gallons  were  there  of 

each? 

Let  X  =  number  of  gallons  in  mixture. 

Then     -  -f  25  =  number  of  gallons  of  wine, 

-  —  5  =  number  of  gallons  of  water, 

--f25-f-  —  5»  number  of  gallons  in  mixture. 
2  3  ^ 

.•.^-f25  +  ^-5  =  a?. 
2  3 

Whence,        x  =  120, 

and  2  +  25  =  85,   ^-5-35. 

2  3 
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13.  In  a  certain  weight  of  gunpowder  the  saltpetre  was  6 
pounds  more  than  half  of  the  weight,  the  sulphur  5  pounds  less 
than  the  third,  and  the  charcoal  3  pounds  less  than  the  fourth  of 
the  weight.    How  many  pounds  were  there  of  each? 

Let  X  =  number  of  pounds  in  mixture. 

Then   -  +  6  =  number  of  pounds  of  saltpetre, 

E  _  5  =  number  of  pounds  of  sulphur, 

and  I  —  3  =  number  of  pounds  of  charcoal. 

4  . 

...£^.0+£_-5+^-3-a:. 
.      2  3  4 

-   Whence,  a:  =  24,   ^+6  =  18,    f - 5  =  3,   ^-3  =  3. 

A  (5  4 

14.  Divide  46  into  two  parts  such  that  if  one  part  be  divided 
by  7,  and  the  otlier  by  3,  the  sum  of  the  quotients  shall  be  10. 

Let  X  =  first  part. 

Then  46  —  a;  =  second  part,  «> 

and  Hi  +  46-^  ^  ^^ 
3         7 
Whence,     x  =  18,     and  46  -  a;  =  28. 

15.  A  house  and  garden  cost  $850,  and  Hve  times  the  price  of 
the  house  is  equal  to  twelve  times  the  price  of  the  garden. 
What  is  the  price  of  each? 

Let  X  =  number  of  dollars  the  house  cost, 

and      850  —x  =  number  of  dollars  the  garden  cost. 
Then        5a;  =  five  times  cost  of  house, 
10,200— 12  a;  =  twelve  times  cost  of  garden. 

.-.  5 a;  =10,200 -12  a;. 
Whence,     x  =  600,     and  850  -  a;  =  250. 

16.  A  man  leaves  the  half  of  his  property  to  his  wife,  a  sixth 
to  each  of  his  two  children,  a  twelfth  to  his  brother,  and  the 
remainder,  amounting  to  $600,  to  his  sister.  What  waa  the 
amount  of  his  property? 
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Let 

X  =  number  of  dollars  the  property  amounted  to. 

Then 

-  =  number  of  dollars  left  to  wife, 
2 

-  =  number  of  dollars  left  to  each  child, 
6 

—  =  number  of  dollars  left  to  brother. 
12 

X       X 

S  +  7  + 
2     6 

But 

X 

6 

+  —  +  600  =  number  of  dollars  in  all. 
12                          • 

X  =  number  of  dollars  in  all. 

X       X 

•••  ^  +  ^  + 

2     6 
Whence 

X 

6 
5, 

-f  ^^  +  600  -  X. 

x=720O. 

17.  The  sam  of  two  numbers  Is  a  and  their  difference  is  b ; 
find  the  numbers. 

Let  X  =  the  smaller  number. 

Then     x  +  b  =  the  larger  number, 

2x  +  6  =  the  sum  of  the  numbers. 
But  a  =  the  sum  of  the  numbers. 

.'.  2x  -\-b  =  a. 

Whence,     x  =  ^^^^—,   and  x  +  6  =  — — 


18.  Find  two  numbers  of  which  the  sum  is  70,  such  that  the 
first  divided  by  the  second  gives  2  as  a  quotient  and  1  as  a 
remainder. 

Let  X  =  first  number, 

and        70  —  X  =  second  number. 

Then  ^^:ii-  =  2. 
70-x 

Whence,     x  =  47,     and  70  -  x  =  23. 

19.  Find  two  numbers  of  which  the  diflerence  is  25,  such  that 
the  second  divided  by  the  first  gives  4  as  a  quotient  and  4  as  a 
remainder. 

Let  X  =  smaller  number. 

Then  x  +  25  =  larger  number, 

X  -f  25      .      4 

=  4  +  - 

X  X 

Whence,     x  =  7,     and  x  +  25  =  32. 
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20.  Divide  the  number  208  into  two  parts  such  that  the  sum 
of  the  fourth  of  the  greater  and  the  third  of  the  smaller  is  less 
by  4  thau  four  times  the  difference  of  the  two  parts. 

Let  X  =  the  greater  part. 

Then    208  —  x  =  the  smaller  part, 

_  _j_ II__  =  gum  of  J  the  greater  and  J  the  smaller, 

X  —  (208  —  x)  =  difference  of  the  parts. 
.N|  +  ^5y^  +  4  =  4(aj-208+a:). 

Whence,         a;  =112,        and  208 -a;  =  96. 

21.  Find  four  consecutive  numbers  whose  sum  is  82. 

Let  x  =  first  number. 

Then        a;  +  1  =  second  number, 
x+2=--  third  number, 
a:  +  3  =  fourth  number. 
Then        a;  +  a;  +  l  +  a;+2  +  a;  +  3  =  sum  of  the  numbers. 
But  82  =  sum  of  the  numbers. 

.-.  a;  +  a;  +  1  +aj -f  2 +  a;-f  3  =  82. 
Whence,  a;=19,  a;  +  l  =  20,  a?  +  2  =  21,  a;  +  3  =  22. 

22.  A  is  72  years  old,  and  B's  age  is  two-thirds  of  A*s.  How 
long  is  it  since  A  was  five  times  as  old  as  B? 

Let  x  =  number  of  years  since  A's  age  was  five  times 

that  of  B. 
f  of  72  =  48  =  B's  age  at  present, 
72  —  a?  =  A's  age  x  years  since, 
48  —  a;  =  B's  age  x  years  since. 
Then      72  -  a;  =  5  (48  -  a;). 
Whence,         x  =  42. 

23.  A  mother  is  70  years  old,  her  daughter  is  half  that  age. 

How  long  is  it  since  the  mother  was  three  and  one-third  times  as 

old  as  the  daughter? 

Let  X  —  number  of  years  since. 

Then      70  —  a?  =  mother's  age  x  years  since, 
35  —  a;  =  daughter's  age  x  years  since. 
.-.  70-a;  =  3i(35-a;). 
Whence,         x  =  20.- 

24.  A  father  is  three  times  as  old  as  the  son ;  four  years  ago 
the  father  was  four  times  as  old  as  the  son  then  was.  What  is 
the  age  of  each? 
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Let  X  =  nnmber  of  years  in  Bon'a  age. 

Then  3  a;  =  number  of  years  in  fathers  age, 

a:  —  4  =  number  of  years  in  son's  age  4  years  since, 
3x  —  4  =  number  of  years  in  father's  age  4  years  since. 
.-.  3x-4  =  4a:-16.    Whence,  a:  =  12,  and  3x-3r>. 

/^5.  A  is  twice  as  old  as  6,  and  seven  years  nf;o  their  nnitod 
ages  amounted  to  as  many  years  as  now  represent  tlie  age  of  A. 
Find  the  ages  of  A  and  B. 

Let  X  =  numiier  of  years  in  B's  ago. 

Then  2x  -^  number  of  years  in  A's  age, 

a;  —  7  =  number  of  years  in  B'a  age  7  years  since, 
2x  —  7  =  number  of  years  in  A'h  ag<*  7  years  since. 
.-.  ar-  7  +  2a:  -  7  =  2a;.     Whence,  x  =--  14,  anil  2j-   ■  2H. 

26.  The  sum  of  the  ages  of  a  father  and  son  is  half  what  it 
will  be  in  25  years;  the  difference  Is  one-tliird  wliat  the  sum  will 
be  in  20  years.    What  is  the  age  of  each? 

Let  X  =  number  of  years  in  father's  age. 

Then      50  —  a;  =  number  of  years  in  son's  ago, 
X  —  (50  —  x)  =  difference  of  their  ag«?. 

5^^  (x-f  20)^(50 -a.) +20  ^  jiff,,,„,,  ,,f  ^i^.j,  ^^^ 

.^  ^ _ 5Q  x4j0+_50-xjJ0, 

3 

Whence,  x  =  40,  and  50  —  x  =  10. 

27.  A  can  do  a  piece  of  worlc  in  5  days,  B  in  6  days,  and  C  In 
7\  days ;  in  what  time  will  they  do  it,  all  working  togetiicr? 

Let  X  =  number  of  days  required  for  A,  B,  and  C, 

together. 

Then  -  =  part  all  can  do  in  one  day. 

But  -  =  part  A  can  do  in  one  day, 

-  =  part  B  can  do  in  one  day, 
6 

2 

—  =  part  C  can  do  in  one  day. 

112 
Then-H 1 =  what  all  can  do  in  one  day. 

5     6     15  ^ 

But  -  =  what  all  can  do  in  one  day. 

X 

.-.  l  +  i  +  A  =  l.     Whence,  x  =  2. 
5     6      15      X 
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28.  A  can  do  a  piece  of  work  in  2J  days,  B  in  3J  days,  and  C 
in  3f  days;  in  what  time  will  they  do  it,  all  working  together? 

Let  X  —  number  of  days  required  for  A,  B,  and  C, 

together. 

Then  -  =  part  they  can  do  in  one  day. 

X 

Now  —  =  part  A  can  do  in  one  day, 

—  =  part  B  can  do  in  one  day, 

—  =  part  C  can  do  in  one  day. 

Then  —  H +  —  =  part  all  can  do  in  one  day. 

But  -  =  part  all  can  do  in  one  day. 

X 


X     2i     ^     3| 


Whence,  x=\-^^. 

29.  Two  men  who  can  separately  do  a  piece  of  work  in  16 
days  and  16  days,  can,  with  the  help  of  another,  do  it  in  6  days. 
IIow  long  would  it  take  the  third  man  to  do  it  alone? 

Let  X  -=  number  of  days  required  for  third  man. 

-^ H =  part  all  can  do  in  one  day. 

X     15      16 

But  -  =  part  all  can  do  in  one  day. 

.  •.  i  +  -i-  +  —  ^  1.      Whence,  x  =  26f . 
X     15      16      6  ^ 

30.  A  can  do  half  as  much  work  as  B,  B  can  do  half  as  much 
as  C,  and  together  they  can  complete  a  piece  of  work  in  24  days. 
In  what  time  can  each  alone  complete  the  work? 

Let  X  =  number  of  days  C  works. 

Then  2x  =  number  of  days  B  works, 

4  a;  =  number  of  days  A  works. 

Then  ~  +  —  +  —  =  part  all  can  do  in  one  day. 

X     2x     A.X 

But  —  =  part  all  cap  do  in  one  day. 

.-.  1  +  JL  +  —  =  ^.     Whence,  »=  42,  2x  =  84,  and  4a?  =  168. 
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31.  A  (Iocs  f  of  a  piece  of  work  in  10  days,  wlicn  B  comes  to 
help  him,  and  they  finish  the  work  in  3  days  more.  How  long 
wonld  it  have  taken  B  aione  to  do  the  whole  work? 

Let  X  »  number  of  days  reqaired  for  B. 

Then  _  =  part  B  can  do  in  one  day, 

X 

—  =  part  A  can  do  in  one  day, 

A 

-  =  part  left  to  be  finished, 
9     ^ 

-  of  -\n  —  =»  part  both  can  do  in  one  day. 
3      9      27     *^  ^ 

But h  -  =  part  both  can  do  in  one  day. 

18     X 

.  ±  +  l  =  A. 

*  *  18     X     27 
Whence,         x  =  lOf . 


32.  A  and  B  together  can  reap  a  field  in  12  hours,  A  and  C  in 
16  hours,  and  A  by  himself  in  20  hours.  In  what  time  can  B  and  C 
together  reap  it?    In  what  time  can  A,  B,  and  C  together  reap  it? 

—  =  part  A  and  B  can  do  together  in  one  hour, 

and  —  =  part  A  can  do  in  one  hour. 

20     ^ 

.*. or  —  =  part.B  can  do  in  one  hour, 

12     20      30     ^ 


—  =  part  A  and  C  can  do  together  in  one  hour. 

,•• or  —  =  part  C  can  do  in  one  hour. 

16     20      80     *^ 

Let  -  =  part  A,  B,  and  C  can  do  together  in  one  hour. 

Then  Ll  +  l  +  l. 

X     20     30      80 

Whence,         x  =  lOJf 


I 
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33.  A  and  6  together  can  do  a  piece  of  work  in  12  days,  A  and 
C  in  15  days,  6  and  C  in  20  days.  In  what  time  can  they  do  it, 
all  working  together? 

Let  X  =  number  of  days  required  working  togetlier. 

—  =  part  A  and  B  do  in  one  day, 

—  —  part  A  and  C  do  in  one  day, 
15 

—  =  part  B  and  C  do  in  one  day. 

Then  1- 1-  —  =  part  all  do  in  two  ^ays. 

12      15      20     '  ^ 

2 
But  -  =  part  all  do  in  two  days. 

X 

2      1  ^  1  _^  1 
X      12      15     20 


WliPnce,         X  =  10. 


34.  A  tank  can  be  filled  by  two  pipes  in  24  minntcs  and  30 
minutes  respectively,  and  emptied  by  a  third  in  20  minutes.  In 
what  time  will  it  be  filled  if  all  three  are  running  together? 

Let  X  =  number  of  minutes  required  for  all  running 

together, 
1 
-  =  part  filled  by  all  in  one  minute, 

X 

—  =  part  filled  by  first  in  one  minute, 
24     *  "^ 

—  =  part  filled  by  second  in  one  minute, 

—  =  part  emptied  by  third  in  one  minute, 

1 =  part  filled  by  all  in  one  minute. 

24     30     20     ^  ^ 

But  -  =  part  filled  by  all  in  one  minute. 

"  X     24     30     20 
Whence,         x  *=  40. 
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35.  A  tank  can  be  filled  in  15  minutes  by  two  pipes,  A  and  B, 
rannlng  together.  After  A  has  been  running  by  itself  for  5  min- 
utes, B  is  also  turned  on,  and  the  tank  is  filled  in  13  minutes 
more.    In  what  time  may  it  be  filled  by  each  pipe  separately? 

Let  X  =  number  of  minutes  required  for  A. 

Then  _  =  part  filled  by  A  in  one  minute. 

X 

18 
and  —  =  part  filled  by  A  in  eighteen  minut^R, 

X 

=  part  fille<l  by  B  in  one  minute, 

15     X 

13      13 

=  part  filled  by  B  in  thirteen  minutefl. 

15      X 


.   18     13 
"  X      15 

X 

Whence, 

x  =  37i 

36.  A  cistern  could  be  fille<l  by  two  pipes  in  G  liours  and  8 
hours  respectively, -and  could  be  emptied  by  a  tlilrd  in  12  hours. 
In  what  time  would  the  cistern  be  filled  if  the  pipes  were  all  run- 
ning together? 

Let  X  =  number  of  hours  required  for  all  running 

together, 
1 

-  =  part  all  can  fill  in  one  hour, 

-  =  part  filled  by  first  pipe  in  one  hour, 
6 

-=  part  filled  by  second  pipe  in  one  hour, 
o 

—  =part  emptied  by  third  pipe  in  one  hour, 
i  ^ 

Then- -f- -    —  =  part  filled  by  all  in  one  hour. 

But  -  =  part  filled  by  all  in  one  hour. 

.  l  =  i  +  l_J. 
'  '  X     6     8      12 

Whence,         a;  =  4|. 
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37.  A  tank  can  be  filled  by  three  pipes  in  1  hour  and  20  min- 
utes, 3  hours  and  20  minutes,  and  5  hours,  respectively.  In 
what  time  will  the  tank  be  filled  when  all  three  pipes  are  running 
together? 

Let  X  =  number  of  minutes  required  for  all  to  fill  it, 

—  =  part  first  will  fill  in  one  minute, 
80     ^ 

—  =  part  second  will  fill  in  one  minute, 
200     ^ 

—  =  part  third  will  fill  in  one  minute, 
300     ^ 

-  =  part  all  will  fill  in  one  minute. 

X 


X     80     200     300 
Whence,         a:  =  48. 

38.  If  three  pipes  can  fill  a  cistern  in  a,  &,  and  c  minutes, 
respectively,  in  what  time  will  it  be  filled  by  all  three  running 
together? 


'»' 


Let  X  =  number  of  minutes  required  for  all. 

Then  -  =  part  first  fills  in  one  minute, 

a     ^ 

-  =  part  second  fills  in  one  minute, 

0 

-  =  part  third  fills  in  one  minute, 
c 

-  +  -  +  -  =  part  all  fill  in  one  minute. 
a     b     c 

But  -  =  part  all  fill  in  one  minute. 

30 

.  .  —  =  —  -r  —  -\ 

X     a      0      c 

Whence,         x  =         ^^^ 


ab  ■}-  ac  -{•  be 


39.  The  capacity  of  a  cistern  is  755}  gallons.  The  cistern 
has  three  pipes,  of  which  the  first  lets  in  12  gallons  in  3 J  min- 
utes, the  second  15J-  gallons  in  2h  minutes,  the  third  17  gallons 
in  3  minutes.  In  what  time  will  the  cistern  be  filled  by  the  three 
pipes  running  together? 
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Let  X  =  number  of  minutes  required  for  all. 

Then   — -i  =  number  of  gallons  let  in  per  minute  by  all, 

12 

—  «  number  of  gallons  let  in  per  minute  by  first, 

3» 

— ^  ="  number  of  gallons  let  in  per  minute  by  second, 

17 

-—  =»  number  of  gallons  let  in  per  minute  by  third, 

o 

12     15^     77 

— -  +  -~  +  -;7  =  number  of  gallons  let  in  per  minute  by  all. 

But       — 1  =  number  of  gallons  let  in  per  minute  by  all. 

...7ii  =  12     15i     17. 
X        3i      2}       3 
Whence,     a: =48}. 


40.  A  sets  out  and  travels  at  the  rate  of  7  miles  in  5  hours. 
Eight  hours  afterwards,  B  sets  out  from  the  same  place,  aud 
travels  in  the  same  direction  at  the  rate  of  5  miie.s  in  3  hours. 
In  how  many  hours  will  B  overtake  A  ? 

Let  X  =  number  of  hours  A  is  travelling. 

Then    x  —  8  =  number  of  hours  B  is  travelling, 

II  =  number  of  miles  per  hour  A  is  travelling, 
If  =  number  of  miles  per  hour  B  is  travelling, 
l|ar  =  number  of  miles  A  travels, 
1§  (a;  —  8)  =  number  of  miles  B  travels. 

.-.  l|a:=U(a:-8). 
Wlience,     x=50,  a;-8  =  42. 


41.  A  person  wallcs  to  the  top  of  n  mountain  at  the  rate  of  2  J 
miles  an  hour,  and  down  the  same  way  at  the  rate  of  3 J  miles  an 
hour,  and  is  out  5  hours.  How  far  is  it  to  the  top  of  the  moun- 
tain? 

Let  X  =  number  of  hours  required  to  go  up, 

and  5  —  X  =  number  of  hours  required  to  go  down. 

Then      2Jx  =  distance  up  the  mountain, 
and  Z\  (5  —  x)  =  distance  down  the  mountain. 

.-.  2§x  =  3}(5-x). 
Whence,     x  ==  3,     and  2\x  =  1. 
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42.  A  person  has  a  hours  at  his  disposal.     How  far  may  he 
ride  in  a  coach  which  travels  b  miles  an  hour,  so  as  to  return 
home  in  time,  walking  back  at  the  rate  of  c  nyles  an  hour? 
Let  X  =  number  of  miles  he  may  go. 

Then  -  =  number  of  hours  he  is  riding, 

0 

X 

and .  -  =  number  of  hours  he  is  walking. 

c 

X        X 

.-.--+-  =  a. 
b     c 


Whence,     x=  ^^^ 


6  +  c 

43.  The  distance  l)etween  London  and  Edinburgh  is  300  miles. 
One  traveller  starts  from  Edinburgh  and  travels  at  the  rate  of  10 
miles  an  hour ;  another  starts  at  the  same  time  from  London, 
and  travels  at  the  rate  of  8  miles  an  hour.  How  far  from  Lon- 
don will  they  meet? 

Let  x  =  number  of  hours  both  travel. 

Then       10a;  =  number  of  miles  first  travels, 
and  Sx  =  number  of  miles  second  travels. 

lOx  +  8  a;  =  number  of  miles  both  travel. 
.-.  18  a;  =  360. 
Whence,     x  =  20,  and  8  a;  =  160. 

44.  Two  persons  set  out  from  the  same  place  in  opposite 
directions.  The  rate  of  one  of  them  per  hour  is  a  mile  less  than 
double  that  of  the  other,  and  in  4  hours  they  are  32  miles  apart 
Determine  their  rates. 

Let  x  =  rate  of  second  in  miles. 

Then  2a;  —  1  =  rate  of  first  in  miles, 
and        3  a;  —  1  =  number  of  miles  apart  in  one  hour. 
12  a;  —  4  =  number  of  milea  apart  in  four  hours. 
.-.  12a;-4  =  32. 
Whence,     a;  =  3,  and  2.t  —  1  =  5. 

45.  In  going  a  certain  distance,  a  train  travelling  35  miles  an 
hour  takes  2  hours  less  thau  one  travelling  25  miles  an  hour. 
Determine  the  distance. 

Let  X  =  number  of  miles. 

Then         —  =  number  of  hours  first  was  travelling, 
35  ^ 

and  — ;:  =  number  of  hours  second  was  travelling. 

. ..  A  +  2  =  -^.     Whence,  x  =  175. 
35  2o 
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46.  At  what  time  are  the  hands  of  a  watch  together : 

I.    Between  3  and  4? 

II.    Between  6  and  7? 

III.    Between  9  and  10? 

I.   Let  CH  and  CM  denote  the  poeitions  of  the  hoar  and  rainnte 
hands  at  3  o'clock,  and  CB  the  position  of  hoth  hands  when  together. 
Then  arc  HB  =  t^  of  arc  MHB, 
Then    x  =  number  of  minute-Bpaces  in 

arc  MB, 
Then  —  =  number  of  minute-spaces  in 
12         arc  HB, 
and  15  =  number  of  minute-spaces  in 

arc  MH. 
Now  arc  MB  =  arc  MH  f  arc  HB. 


That  is, 
Whence, 


15  +  -^. 
12 

16A. 


II.   Let  CM  and  CH  denote  the  positions  of  hour  and  minute 
hands  at  6  o'clock,  CB  the  position  of  hoth  when  together. 
Then  arc  HB  =  ^  of  arc  MHB. 
Let       a;  — number  of  minute-spaces  in 

arc  MHB. 
Then  —  =>  number  of  minute-spaces  in 
12        arc  HB, 
and  30  =»  number  of  minute-spaces  in 

arc  MH. 
Now  arc  MHB  =  arc  MH  +  arc  HB. 


That  is, 
Whence, 


X 


^•^f2- 


x  =  Z2^. 


III.   Let  BC  and  BA  denote  the  positions  of  the  hour  and  minute 

hands  at  9  o'clock,  and  BD  the  position  of  both  hands  when  together. 

Then  CD  =  ^  of  arc  AECD. 

Let       x  =  number  of  minute-spaces  in 

arc  AECD. 


Then  —  =  number  of  minute-spaces  in 
12         arc  CD, 
and  45  »  number  of  minute-spaces  in 

arc  AEC. 
Now  arc  AECD  =  arc  AEC  +  arc  CD. 

That  is,  X  =  45  +  :^. 

Whence,  x  =  49^. 


12 
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47.  At  what  time  are  the  hands  of  a  watch  at  right  angles : 

I.    Between  3  and  4? 

II.    Between  4  and  6? 

III.    Between  7  and  8? 

I.   Let  CB  and  CD  denote  the  positions  of  the  hour  and  minute 
hands  when  at  right  angles. 

Let       X  =  number  of  minute-spaces  in 
arc  MHBD. 

X 


Then  —  =  number  of  minute-spaces  in 
12         arc  HB, 
15  =  number  of  minute-spaces  in 

arc  MH, 
15  =  number  of  minute-spaces  in 
arc  BD. 
Now  arc  MHBD  =  arcs  MH+HB+BD. 


That  is, 
Whence, 


a;  =  16  4-  -±.  +  15. 


a;  =  32A-. 


12 


II.  Let  CE  and  DE  denote  the  positions  of  the  hour  and  minute 

hands  when  at  right  angles. 

Let       X  =  number  of  minute-spaces  in 

arc  ABCD. 
Then  —  =  number  of  minute-spaces  in 
12        arc  BG, 
and  20  =  number  of  minute-spaces  in 

arc  AB, 
also         15  =  number  of  minute-spaces  in 

arc  CD. 
Now  arc  ABCD  =  arcs  BC+AB-\-CD, 


That  is. 
Whence, 


X 


x  =  20  -h  ^  4-  15. 
X  =  38f\^. 


Let       X  =  number  of  minute-spaces  in 

arc  AB. 
Then  —  =  number  of  minute-spaces  in 
12         arc  CD, 
and  20  =  number  of  minute-spaces  in 

arc  ABC, 
also         15  ==  number  of  minute-spaces  in 

arc  BCD. 
Now  arc  AB  =  arcs  CD-vAC-  BD. 

X 


That  is,       X 
Whence,      x  =  &j\- 


^4-20-15. 
12 
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III.  Let  BO  And  DO  denote  the  poeitions  of  the  hour  and 
hands  when  at  right  angles. 

Let      X  =  number  of  minute-spaces  in 

arc  MHBD. 
Then  -^  =  namber  of  minute-spaces  in 
12         arc  HE, 
and         35  =  number  of  minute-spaces  in 

arc  MAH^ 
also         15  =  number  of  minute-spaces  in 

arc  BD. 
Now  arc  MHBD  =  arcs  MAH+HB+BD 

That  is,  a?  =  35  +  —  +  15. 

12 
Whence,  x  =■  54^. 

Let       X  =  number  of  minute-spaces  in 

arc  MB. 
Then  -^  =  number  of  minute-spaces  in 
12         arcJTO, 
and  35  =  number  of  minute-spaces  in 

arc  MBH, 
also  15  »  number  of  minute-spaces  in 

arc  BIID. 
Now  arc  MB 

=  arcs  HBM  ^HD-  BHD. 

That  is,     a;  =  35  -f-  ^-  -  15. 

12 
Whence,  x  =  2\^^. 


minate 


48.  At  what  time  are  the  hands  of  a  watch  opposite  to  each 

other : 

I.    Between  1  and  2? 

II.     Between  4  and  5? 

III.    Between  8  and  9? 


I.   Let  CB  and  OD  dendle  the  positions  of  the  hour  and 
hands  when  opposite. 

Let      05  =  number  of  minute-spaces  in 

arc  MHBD. 
Then  ~  =  number  of  minute-spaces  in 
12         arc^^. 
and  5  =  number  of  mhiute-spaces  in 

arc  MHy 
also         30  =  number  of  minute-spaces  in 

arc  BAD. 
Now  arc  MHBD 

=  arcs  MH^  HB  +  BAD. 


minute 


That  is, 

Whence,      x  =*  38^1^. 


X 


aj  =  5-H^  +  30. 
12 
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II.  Let  CB  and  CD  denote  the  positions  of  the  hour  and  minute 
hands  when  opposite. 

Let  -    X  =  number  of  minute-spaces  in 

arc  MHBD. 
Then  —  =  number  of  minute-spaces  in 
12         arc  HB, 
and  20  =  number  of  minute  spaces  in 

arc  MH, 
also  30  =  number  of  minute-spaces  in 

arc  BAD. 
Now  arc  MHBD 

=  arcs  MH  -\^  HB  +  BAD. 

That  is,        a;  =  20  4-  -|  -h  30. 

Whence,      x  —  54-j^. 

III.  Let  CB  and  CD  denote  the  positions  of  the  hour  and  minute 
hands  when  opposite. 

Let       x  =  number  of  minute-spaces  in 

arc  MD. 
Then  -^  =  number  of  minute-spaces  in 
12         arc  HB, 
Vp     and  40  =  number  of  minute-spaces  in 

arc  MDH, 
also         30  =  number  of  minute-spaces  in 

arc  DHB. 
Now  arc  MD  =  arcs  MDH+HB-DHB. 

That  is.        a;  =  40  4-  ^  -  30. 

Whence,      a?  =  lOJf . 

49.  It  is  between  2  and  3  o'clock ;  but  a  person  looking  at  his 

watch,  and  mistaking  the  hour-hand  for  the  minute-hand,  fancies 

that  the  time  of  day  is  55  minutes  earlier  than  it  really  is.  What 

is  the  true  time? 

Let  CB  and  CD  denote  the  positions  of  the  hour  and  minute  hands 
and  CE  the  1  o'clock  point. 

Let       a;  =  number  of  minute-spaces  in 

<^  Then  -^ 

12         arc  HB, 

10  =  number  of  minute-spaces  in 

arc  MEDH, 
5  «  number  of  minute-spaces  in 
arc  DHB. 
Now  arc  MED 

=  arcs  MEDH  +HB-  DHB, 

That  is,  a:  =  10 -h~- 5. 

.•.  x=b^. 


Then  ~  =  number  of  minute-spaces  in 


TEACH  iSRS'   EDITION.  145 


60.  A  hare  takes  6  leaps  to  a  dog*s  5,  and  7  of  the  dog's  leaps 
are  equivaleiit  to  9  of  the  hare's.  The  hare  has  a  start  of  50  of 
her  own  leaps.    How  many  leaps  will  the  hare  take  before  she  is 

caught? 

Let  6fl; »  number  of  leaps  taken  by  the  hare. 

Then       5a;  =  number  of  leaps  taken  by  the  dog. 

Also  let     a  =>  number  of  feet  in  one  leap  of  the  hare. 

9a 
Then       —  =  number  of  feet  in  one  leap  of  the  dog. 

^*\5a:=:(60  +  6x)o, 


(t)- 


45  ax     tin     .  o 
=  50a  +  oax, 

7 
45  oj  =  350a  +  42  ox. 
Divide  by  a,  3  a;  =  350. 

Whence,  a;- 116?. 

6x=700. 


51.  A  greyhound  makes  4  leaps  while  a  hare  makes  5 ;  but  3 
of  the  greyhound's  leaps  are  equivalent  to  4  of  the  hare's.  The 
hare  has  a  start  of  60  of  the  greyhound's  leaps.  Uow  many  leaps 
does  each  take  before  the  hare  is  caught? 

Let  5  a;  =  number  of  leaps  taken  by  the  hare. 

Then        4aj  =  number  of  leaps  taken  by  the  greyhound. 
Also  let  3a  =  number  of  feet  in  one  leap  of  the  hare. 
Then       4a  =  number  of  feet  in  one  leap  of  the  greyhound. 

15  ax  —  number  of  feet  passed  over  by  hare. 

16  ax  =»  number  of  feet  passed  over  by  greyhound. 
240  a  =>  number  of  feet  start  the  hare  has. 

.-.  16aa;=  15aa;  +  240a, 

aa;  =  240a. 

.-.  a;  =  240, 

5x  =  1200, 

4  a: »  960. 
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52.  A  greyhound  makes  two  leaps  while  a  hare  makes  3 ;  bnt 
1  leap  of  the  greyhound  is  equivalent  to  2  of  the  hare's.  The 
hare  has  a  start  of  80  of  her  own  leaps.  How  many  leaps  will 
the  hare  take  before  she  is  caught? 

Let  2x  =  number  of  leapis  taken  by  the  greyhound. 

Then        'Sx  =  number  of  leaps  taken  by  the  hare. 
Also  let      a  =  number  of  feet  in  one  leap  of  the  hare. 
Then        2a  =  number  of  feet  in  one  leap  of  the  greyhound. 
That  is,  2xx2a  =  whole  distance. 

But  (80  4-  3x)  a  =  whole  distance. 

•.•.  (80  +  3a;)a  =  4aa;. 
Divide  by  a,    80 +  3  a;  =  4  a:.    Whence,  a;  =  80,  and  3  a?  =  240. 

53.  A  rectangle  whose  length  is  5  feet  more  than  its  breadth 
would  have  its  area  increased  by  22  feet  if  its  length  and  breadth 
were  each  made  a  foot  more.    Find  Its  dimensions. 

Let  X  =  number  of  feet  in  breadth. 

Then    a:  +  5  =  number  of  feet  in  length. 
a;(a;  +  5)  =  number  of  square  feet  in  area, 

a;  +  1  =  number  of  feet  in  breadth  + 1, 

a;  +  6  =  number  of  feet  in  length  + 1. 

.-.  (a;  +  l){x  4;  6)  -  x(x  +  5)  =  22. 
Whence,  a;  =  8,  and  a;  +  6  =  13. 

54.  A  rectangle  has  its  length  and  breadth  respectively  6  feet 
longer  and  3  feet  shorter  than  the  side  of  the  equivalent  square. 
Find  its  area. 

Let  0?  —  3  =  number  of  feet  in  breadth, 

and  a?  +  5  =  number  of  feet  in  length. 

Then  (a;— 3)  (a? +  5)  =  number  of  feet  in  area. 
But  ar  =  number  of  feet  in  area. 

.-.  a;*  =  a;*  +  2a;  -  15.     Whence,  x  =  VJ,  and  x^  =  56J. 

55.  The  length  of  a  i*ectangle  is  an  inch  less  than  donble  its 
breadth ;  and  when  a  strip  3  inches  wide  is  cut  off  all  round, 
the  area  is  diminished  by  210  inches.  Find  the  size  of  the  rect- 
angle at  first. 

Let  X  =  number  of  inches  in  breadth. 

Then  2aj—  1  =  number  of  inches  in  length, 

and  6a;+12a;  — 6— 36  =  number  of  inches  in  area  cut  off. 
But  210  =  number  of  inches  in  area  cut  off. 

.-.  6aj+  12a;-6-36  =  210.     Whence,  x  =  14,  and  2a;-  1  =  27. 
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56.  The  length  of  a  floor  exceeds  the  breadth  by  4  feet;  \t 
each  dimension  were  increased  bj  1  foot,  the  area  of  the  room 
would  be  increased  by  27  square  feet.    Find  its  dimensions. 

Let  X  =  number  of  feet  in  breailth. 

Then  a;  +  4  »  number  of  feet  in  length, 

and  «*  +  4aj  =  number  of  feet  in  area, 

x  +  1  =»  number  of  feet  in  breadth  +  1  foot, 
x  +  5  =  number  of  feet  in  lengtli  +  1  foot, 
a:"  +  6a?  +  5  =  number  of  feet  in  area  after  addition. 
But  «*  +  4x  +  27  =  number  of  feet  in  area  after  addition. 

.-.  a:"  +  6a;  +  5  =  «'  +  4aj  +  27.    Whence,  a; -•  11,  and  x  + 4^- 15. 

57.  A  mass  of  tin  and  lead  weighing  180  pounds  loses  21 
pounds  when  weighed  in  water;  and  it  is  known  that  37  pounds 
of  tin  lose  5  pounds,  and  23  pounds  of  lead  lose  2  pounds,  when 
weighed  in  water.    How  many  pounds  of  tin  and  of  lead  in  the 

mass? 

Let  X  »  number  of  pounds  of  tin. 

Then        180  —  x  «=  number  of  pounds  of  lead, 

—  «=  number  of  pounds  x  pounds  of  tin  lose  in 
2  ^^  water, 

—  (180  — a?)  =  number  of  pounds  180  — a;  pounds  of  lead 
23  lose  in  water. 

But  21  ==  number  of  pounds  tin  and  lead  lose  in  water. 

...:5^  +  A(l80-ar)  =  21. 
37      23^  ^ 

Whence,  x  =  111,  and  180  -  ar  -  GO. 

58.  If  19  pounds  of  gold  lose  1  pound,  and  10  pounds  of  sliver 
lose  1  pound,  when  weighed  in  water,  find  the  amount  of  cacli 
in  a  mass  of  gold  and  silver  weighing  lOG  pounds  in  air  and  99 
pounds  in  water. 

Let  X  —  number  of  pounds  of  gold. 

Then        106  —  x  =  number  of  pounds  of  silver, 

—  =  number  of  pounds  the  gold  loses  in  water, 

106  —  X 

=  number  of  pounds  the  silver  loses  in  water. 

10  ^ 

1 =  number  of  pounds  both  lose  in  water. 

19  10  ^ 

But  7  =  number  of  pounds  both  lose  in  water. 

.    X    .  106 -a;,,, 

••i9^'"ior"^- 

Whence,  x  =  76,  and  106  -  x  =  30. 
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59.  Fifteen  sovereigns  siioiild  weigli  77  pennyweights ;  but  a 
parcel  of  light  sovereigns,  having  been  weighed  and  counted, 
was  found  to  contain  9  more  tlian  was  supposed  fromjthe  weight; 
and  it  appeared  that  21  of  these  ( oius  weighed  the  same  as  20 
true  sovereigns.     How  many  were  there  altogether? 

Let  X  =  number  in  parcel, 

77 

—  =  number  pennyweights  a  good  sovereign  weighs, 

15 
a:  —  9  =  number  good  sovereigns  that  weigh  same  as  bad, 

'  \^~  ^ )  -=  number  pennyweights  the  good  coins  weigh, 

—  X  -T  or  —  =  number  pennyweights  a  bad  coin  weighs. 
Ai.       lo         o 

44x'  _77(.c-9) 
9  15 

Whence,     a; -189. 

60.  There  are  two  silver  cups,  and  one  cover  for  both.  The 
first  weighs  12  ounces,  and  with  the  cover  weighs  twice  as  much 
as  the  other  without  it;  but  the  second  with  the  cover  weighs 
one-third  more  than  the  first  without  it.     Find  the  weight  of  the 

cover. 

Let  X  =  weight  of  cover  in  ounces, 

12  +  a;  =  weight  of  first  cover  and  cup  in  ounces, 
2(1G  —  x)  =  double  the  weight  of  the  second  cup  in  ounces. 

But     12  4-  a;  =  double  the  weight  of  the  second  cup  in  ounces. 
.-.  12  +  a;  =  2(16-a:). 

Whence,     x  =  6J. 

61.  A  man  wishes  to  enclose  a  circular  piece  of  ground  with 
palisades,  and  finds  that  if  he  sets  them  a  foot  apart  he  will  have 
too  few  by  160 ;  but  if  he  sets  them  a  yard  apart  he  will  have  too 
many  by  70.     What  is  the  circuit  of  the  piece  of  ground? 

Let  X  =  number  of  feet  in  circuit  of  field. 

Then  X— 150  =  number  of  palisades  he  had. 
But    -  +  70  =  number  of  palisades  he  had. 

.-.  a;- 150  =  - +  70. 
3 

Whence,     x  =  330. 
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62.  A  horse  was  sold  at  a  loss  for  $200;  but  if  it  had  been 
sold  for  $250,  the  gain  would  have  been  three-fourths  of  the  loss 
when  sold  for  $  200.    Find  the  value  of  the  horse. 

Let  X  =  number  of  dollars  the  horse  is  worth. 

Then     250— x  =  number  of  dollars  made  if  sold  for  $250, 
1-200  =  number  of  dollars  lost  if  sold  for  $200. 
.-.  250-a:=i(a:-200). 
Whence,        x  =  228f 


63.  A  and  B  shoot  by  turns  at  a  target.  A  puts  7  bullets  out 
of  12,  and  B  9  out  of  12,  into  the  centre.  Between  them  they 
put  in  32  bullets.    How  many  shots  did  each  fire? 

Let  X  =  number  of  shots  each  fired, 

7x 

■—  =  number  of  centres  made  by  A, 

—  =  number  of  centres  made  by  B. 
12  ^ 

But  3^=  number  of  centres  ma<le  by  both. 

••12  "^12"^^- 
Whence,         x=24. 


64.  A  boy  buys  a  number  of  apples  at  the  rate  of  5  for  2  pence. 
He  sells  half  of  them  at  2  a  penny  and  the  rest  at  3  a  penny,  and 
clears  a  penny  by  the  transaction.     How  many  does  he  buy? 

Let  X  =  number  bought. 

Then  — -  =  number  of  pence  paid, 

o 

and      -  X  -  or  -  =  selling  price  of  one-half. 

But  -  X  -  or  -  =  selling  price  of  the  other  half. 
2     3      6 


■■(1*1)- 


I-'- 

Whence,       aj  =  60. 
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65.  A  person  bought  a  piece  of  land  for  $6750,  of  which  iie 
kept  I  for  himself.  At  the  cost  of  $  250  he  made  a  road  which 
took  ^^  of  the  remainder,  and  then  sold  the  rest  at  12}  cents  a 
square  yard  more  than  double  the  price  it  cost  him,  thus  clearing 
his  outlay  and  $500  besides.  How  much  land  did  he  buy,  and 
what  was  the  cost-price  per  yard? 

Let  X  =  number  of  yards. 

4  1* 

Then  —  =  number  of  yards  kept, 

5a; 

—  =  number  of  yards  used  for  road, 

90 

X 


-  =  number  of  yards  sold. 


.-.  6750  +  i  X -=  7500. 
8     2 

Whence,         x  =  12,000, 
and  $6750.00 -5- X  =  $0.56}. 


66.  A  boy  who  runs  at  the  rate  of  12  yards  per  second  starts 
20  yards  behind  another  whose  rate  is  10}  yards  per  second. 
How  soon  will  the  first  boy  be  10  yards  ahead  of  the  second? 

Let  X  =  number  of  seconds  they  are  running. 

Then  12  a;  =  number  of  yards  first  boy  runs, 

21  r 

and  =  number  of  yards  second  boy  runs. 


12;c-^10  +  — "^  =  20, 

12a;-20_±21^^20, 
2 

24  a; -20 -21  a;  =  40, 

3x  =  G0, 

a;  =  20. 


67.  A  merchant  adds  yearly  to  his  capital  one-third  of  it,  but 
takes  from  it,  at  the  end  of  each  year,  $5000  for  expenses.  At 
the  end  of  the  third  year,  after  deducting  the  last  $5000,  he  has 
twice  his  original  capital.     How  much  had  he  at  first? 
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Let  X  «  nnmber  of  dollars  be  had  at  firat. 

—  -  5000  =  number  of  dollai 
^  the  first  year, 


43» 

Then     -— -  —  5000  =>  number  of  dollars  he  had  at  the  end  of 


or  -^ — --J =  number  of  dollars  he  had  at  the  end  of 

3  the  first  year, 

jl/4j;-15.000\  _  g^jQQ  _  number  of  dollars  he  had  at  the  end  of 
^\  ^         /  the  second  year, 

or       — ^^^~~R — ' ~  number  of  dollars  he  had  at  the  end  of 

^       .  the  second  year, 

4/16a;-105.000\  _.  ^qqq^  number  of  dollars  he  had  at  the  end  of 
3  \  ^  /  the  third  year, 

or        64  a; -555,000  ^  number  of  dollars  he  had  at  the  end  of 
27  the  third  year. 

But  2x  =  number  of  dollars  he  had  at  the  end  of 

the  third  year. 
64  a;- 555,000  _o 

27 
Whence,  x  =  55,500. 


68.  A  shepherd  lost  a  nnmber  of  sheep  equal  to  one-fourth  of 
his  flock  and  one-fourth  of  a  sheep ;  then,  he  lost  a  number  equal 
to  one-third  of  what  he  had  left  and  one-third  of  a  sheep ;  finally, 
he  lost  a  number  equal  to  one-half  of  what  now  remained  and 
one-half  a  sheep,  after  which  he  bad  but  25  sheep  left.  How 
many  had  he  at  first? 

Let  X  =  number  of  sheep  he  had  at  first. 

n      -I 

Then  — - —  =  number  of  sheep  he  had  left  after  first  loss, 
4 

^^    — ^  =  number  of  sheep  he  lost  the  second  time, 

-I 

—  number  of  sheep  he  had  left  after  second  loss, 

3!  4-  1 

=  number  of  sheep  he  lost  the  third  time, 
4 

^"^    =  number  of  sheep  he  had  left  after  third  loss. 
4 

But  25  =  number  of  sheep  he  had  left  after  third  loss. 

.-.^^=25. 
4 

Whence,     x  =  103. 
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69.  A  trader  maintained  himself  for  three  years  at  an  expense 
of  $250  a  year;  and  each  year  increased  that  part  of  his  stock 
which  was  not  so  expended  by  one-third  of  it.  At  the  end  of 
the  third  year  his  original  stock  was  doubled.  YHiat  was  his 
original  stock? 

Let  X  »  number  of  dollars  in  stock  at  first. 

Then      ^(a:-250) 

or  '  -JLz. =  number  of  dollars  in  stock  at  the  end  of 

^  '  first  year, 

4Mx-1000_^\ 

or  — ^~  —  =  number  of  dollars  in  stock  at  the  end  of 

^  second  year, 

-  [  — ^-^ 250  j  =  number  of  dollars  in  stock  at  the  end  of 

3  \         ^  /  third  year. 

But  2x  =  number  of  dollars  in  stock  at  the  end  of 

third  year. 

^.  |/16^-7000^25o)  =  2a:. 
Whence,  x  =  3700. 


70.  A  cask  contains  12  gallons  of  wine  and  18  gallons  of 
water ;  another  cask  contains  9  gallons  of  wine  and  3  gallons 
of  water.  How  many  gallons  must  be  drawn  firom  each  cask  to 
produce  a  mixture  containing  7  gallons  of  wine  and  7  gallons  of 
water? 

Let  X  =  number  of  gallons  drawn  from  1st  cask, 

14  —  x  =  number  of  gallons  drawn  from  2d  cask, 

2 

-  =  proportion  of  wine  to  water  in  Ist  cask, 

5 

3 

-  =  proportion  of  wine  to  water  in  2d  caak. 

...  ^  +  |(14-»)  =  7. 

Whence,  x  =  10, 

and  14  —jc  ==  4. 
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71.  The  members  of  a  dab  subscribe  each  as  many  doUars  as 
there  are  members.  If  there  had  been  12  more  members,  tho 
subscription  from  each  woald  have  been  $  10  less,  to  amount  to 
the  same  sum.    How  many  members  were  there? 

Let  X  =  number  of  members  of  the  club. 

Then  x  =  number  of  dollars  each  subscribed, 

a;  +  12  =  number  of  members  4-12, 
and        X  —  10  >^  number  of  dollars  each  would  have  subscribed 

in  second  case. 
But  x^  =  number  of  dollars  all  subscribed. 

.-.  (ar  +  12)(a;-10)  =  a:*. 
Whence,  x  =  60. 

72.  A  number  of  troops  being  formed  into  a  solid  square,  it 
was  found  there  were  60  men  over ;  but  when  formed  in  a  col- 
umn with  5  men  more  in  (Vont  than  before  and  throe  men  less  in 
depth,  there  was  lacking  one  man  to  complete  it.  Find  the 
number  of  troops. 

Let  X  =  number  of  men  on  one  side. 

Then  ac*  +  60  =  number  of  men  in  the  square, 
re  +  5  =  number  of  men  on  a  side  +  5, 
x  —  3  =  number  of  men  on  a  side  —  3, 
and  (a;  +  5)  (a;  —  3)  —  1  =  number  of  men  in  the  square. 

.-.  (a;  +  5)(a;~3)-l  =  a:*  +  60. 
Whence.  a:  =  38, 

and  a:»  +  60  =  1504. 

73.  An  officer  can  form  the  men  of  his  regiment  into  a  hollow 
square  12  deep.  The  number  of  men  in  the  rci^iment  is  1296. 
Find  the  number  of  men  in  the  front  of  the  hollow  square. 

Let  X  —  number  of  men  in  front. 

Then      12a:  =  number  of  men  in  twelve  lines, 
and  24 X  =  number  of  men  in  twelve  lines  front  and  rear. 

12  {x  —  24)  =  number  of  men  on  a  side, 
12  (x  —  24)  X  2  =  number  of  men  on  both  sides. 
Then  24x  +  12  (a?  —  24)  x  2  =  whole  number  of  men. 
But  1296  =  whole  number  of  men. 

.-.  24x  +  12(a:  -  24)x  2  =  1296. 
Whence,  x  =  39. 


154  ALGEBRA. 


74.  A  person  starts  from  P  and  walks  towards  Q  at  the  liito 
of  3  miles  an  hour ;  20  minutes  later  another  person  starts  from 
Q  and  walks  towards  P  at  the  rate  of  four  miles  an  hour.  The 
distance  from  P  to  Q  is  20  miles.  How  far  from  P  will  they 
meet? 

Let  X  =  number  of  miles  first  travels. 

Then  20  -  a;  =  number  of  miles  second  travels, 


20 


4 


-  =  number  of  hours  first  travels, 
3 

—  —  number  of  hours  second  travels. 


?  =  20-a;     1     Whence,  a;  =  9k 
3         4  3  -7 


75.  A  person  engaged  to  work  a  days  on  these  conditions : 
for  each  day  he  worked  he  was  to  receive  b  ceqts,  and  for  each 
day  he  was  idle  he  was  to  forfeit  c  cents.     At  the  end  of  a  days 

he  received  d  cents.     How  many  days  was  he  idle? 

< 

Let  X  =  number  of  days  he  was  idle. 

Then    a  —  x  =  number  of  days  he  worked, 
and  ex  =  number  of  cents  he  forfeited, 

b(a  —  x)  =  number  of  cents  he  received, 
(ab  —  bx)  —  ex  =  whole  amount. 
But  d  =  whole  amount. 

.  •.  {ab  —  bx)  —  ex  =  d. 

Whence,     x  =  — -^ — 

76.  A  banker  has  two  kinds  of  coins :  it  takes  a  pieces  of  the 
first  to  make  a  dollar,  and  b  pieces  of  the  second  to  make  a  dol- 
lar. A  person  wishes  to  obtain  c  pieces  for  a  dollar.  How  many 
pieces  of  each  kind  must  the  banker  give  him? 

Let  X  =  number  of  pieces  of  first  kind. 

Then    c  —  x  =  number  of  pieces  of  second  kind, 

-  =  the  part  of  a  dollar  in  one  piece  of  first, 
a 

-  =  the  part  of  a  dollar  in  one  piece  of  second. 
b 


•       • 


a        b 

Whence,     x  =  «iL-;£2,   and  c - »  =  *Ii:3«). 

b  —  a  b  —  a 
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Exercise  G2. 


1. 


2. 


3. 


2a?  +  3y  =  7      (1) 
4a;-5y  =  3      (2) 


Multiply  (1)  by  2. 


(2)  is 
Subtract, 


4x+Gy  =  14 
4a;  — 5y=    3 


0) 

(2) 


lly=ll 
.-.  y  =  1 

Sabstitnte  value  of  y  in  (2), 

4a;-5  =  3. 

a:-2y  =  4 
2x—    y  =  5 

Multiply  (1)  by  2, 

2»-4y  =  8 
(2)  is  2g-    y  =  5 

Subtract,  -3y  =  3 

.-.  y  =  -  I. 

Substitute  value  of  y  in  (2), 

a:  +  2  =  4. 


7x  +  2y-30    (1) 
-3a:+    y^    2     (2) 

(l)i8  7x  +  2y  =  30 

(2)  by  2.    -  6a; -f2y=    4 

Subtract,    13ar  =20 

•  •  X  ^  ^. 

Substitute  value  of  x  in  (1), 

14  +  2y  =  30. 
2y=16. 
.-.  y  =  8. 

3x-5y  =  51     (1) 
2x  +  7y  =  3      (2) 

Multiply  (1)  by  2,  and  (2)  by  3, 

6x-10y=102 
6x  +  21y=«     9 

Subtract,         -31y=    93 

.•.  y  =  -3. 

Substitute  value  of  y  in  (1), 

3x  +  15  =  51, 
3x  =  36. 

•       T  —   !*> 


5.  r>x  +  4y-r>8     (1) 
3x  +  7y  =  G7    (2) 

Mult  iply  (1)  by  3,  and  (2)  by  6, 

ir)x+12y-    174 
15x-h35yr,    335 

Subtract,         -2:Jy-  -KJl 

.-.  y  "  7. 

Substitute  value  of  y  in  (1), 

r)x  +  28  =  58. 
.%  X  -=  0. 

6.  3x  +  2y-39    (I) 
3y-2x-13     (2) 

Multiply  (1)  by  3,  and  (2)  by  2, 

9x  +  r)y™117 
-4x-f()y^^    26 

Subtract.    13  x  »    91 

•  .'.  X  ^  7. 

Substitute  value  of  x  in  (1), 

21  +  2y  -  39,  2y  =  18. 
.-.  y  =  9. 

7.  3x-4y--5  (1) 
4x-5y-l       (2) 

Multiply  (1)  by  4  and  (2)  by  3, 

12x~iny--.-20 
12x-ir)v^       3 

Subtract,  -  y  =  -  23 

.%y==23. 

Substitute  value  of  y  in  (1), 

3x-92  =  -5,  3x  =  87. 

8.  llx  +  3y  =  100  (1) 

4x-7y=     4  (2) 

Multiply  (1)  by  4  and  (2)  by  11, 

44x  +  12y  =  400 
44x  — 77y  =  44 

Subtract,  .  89y  «  356 

.-.  y  =  4. 

Substitute  value  of  y  in  (1), 

llx  +  12  =  100,  llx  =  88. 

.  •.  X  ="  8. 
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9. 


X  +  49y 
49a;  +      y 


693(1) 
357(2) 


Add,       50a;  +  50y  =  1050(3) 

Divide  by  50,  a;  +  y  =  21     (4) 

Subtract  (4)  from  (1), 

48y  =  672. 
.*.  y  =  14. 

Subtract  (4)  from  (2), 

48  a;  =  336. 
.'.a;  =7. 


12.  2a;-7y=   8      (1) 

-9x  +  4y=19       (2) 

Multiply  (1)  by  4  and  (2)  by  7, 

8a;-28y=    32     (3) 
-63a;  +  28.v=133  -  (4) 

Add, -55a;  =165 

•  •  a;  ^—  ^~  o. 
Substitute  value  of  x  in  (2), 

27  +  4y=19. 
4y  =  -8. 


10.  17a;  +    3y=    57  (1) 

-3a;  +  16y=    23  (2) 

Multiply  (1)  by  3  and  (2)  by  1 7, 

51a;  +      91/ =  171 
-51a;  +  272.v  =  391 

Add,  281  y  =  562 

.•.  y  =  2. 

Substitute  value  of  y  in  (2), 

3a; +  32  =  23, 
-3a;  =  -9. 
•  •  a;  ^^  o. 


13.  69y-17a;=103     (1) 

14x-13y  =  -41   (2) 

Multiply  (1)  by  14,  and  (2) 
by  17, 

-238  a;  +  966  y=  1442(3) 
238a;-221y  =  -697(4) 

Add  745y=    745 

.*.  y  =  l. 

Substitute  value  of  y  in  (2), 

14a; -13  =  -41, 
14a;  =  -28. 
•  *•  a;  =  —  ^. 


11.  12a;  +    7y  =  176  (1) 

3y-19a;  =  3       (2) 

Multiply  (1)  by  3  and  (2) by  7, 

36a;  +  21y  =  528  (3) 
-133a;  +  21y=    21 

Subt.,    169  a;  =507 

•  •  a;  ^^^  o. 

Substitute  value  of  a;  in  (2), 

3y-57  =  3, 
3y  =  60. 
.-.  y  =  20. 


14.  17a;  +  30y  =  59      (1) 

19x+28y  =  77      (2) 

Multiply  (1)  by  14,  and  (2) 
by  15, 

238a;  +  420y=     826(3) 
285a;  +  420.v=  1155(4) 

-47  a;  =-329 

•  •  a;  =^  I . 

Substitute  value  of  x  in  (2), 

133  +  28y=77, 
28y  =  -56. 
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EXEKCISK    63. 


1.  3ar-4y  =  2  (1) 

7x-dy^1  (2) 

Transpose  —  4y  in  (1), 

3x=2  +  4y. 
Divide  by  coefficient  of  x, 

3 
Substitute  value  of  x  in  (2), 

Simplify, 

14+28y  -27y  =  21. 
.-.  y  =  7. 
Substitute  value  of  y  in  (1), 

3a; -28  =  2, 
3a; -30. 
.-.  x=10. 


3.  3x  +  2y-32        (1) 

20x~3y-l  (2) 

Transpose  2y  in  (1), 

3x  ~  32  -  3y. 
Divide  by  coefficient  of  x, 

32- 2y 


X  •--■ 


3 


Substitute  value  of  x  in  (2), 


010-  40y 
3 

-3y  = 

=  1. 

Simplify, 

niO-40y- 

-Oy. 

-3. 

— 

49y- 

-      (537. 

'-'!/- 

-  13. 

Substitute  va 

lU(i  of 

y  in 

(1). 

3x4  20  = 

=  32. 

.'.  x  = 

-2. 

2.  7x-5y  =  24        (1) 

4x-3y=ll         (2) 

Transpose  5y  in  (1), 

7x  =  24  +  5y. 
Divide  by  coefficient  of  x, 

7 
Substitute  vaAue  of  x  in  (2), 

Simplify, 

96  +  20y-21y  =  77, 

_  y  =  - 19. 
.-.  y  =  19. 

Substitute  value  of  y  in  (1), 

7X-95-24, 
7x=119. 
.-.  x  =  17. 


4.  nx-7y  =  -37        (1) 

8x+9y- 41         (2) 

Transpose  7y  in  (1), 

llx  =  37+7y. 
Divide  by  coefficient  of  x, 

U 

Substitute  value  of  x  in  (2), 

Simplify, 

296  +  5Gy +  99y  =  451, 
155y-155. 

•••  2/  =  1- 
Substitute  value  of  y  in  (2), 

8x  +  9  =  41. 
.'.  x  =  4. 
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6.  1x+   5y  =  60        (1) 

13a;-lly=10        (2) 

Transpose  5y  in  (1), 

7a;  =  60-5y. 

Divide  by  coefficient  of  x, 

60  -  5y 
x  =  — ^. 

Substitute  value  of  x  in  (2), 


=  10. 


13/60-5^Vlly^ 

Simplify, 
780-65y-77y  =  70, 
780-142y  =  70, 
142y  =  710. 
.-.  y  =  5. 

Substitute  value  of  y  in  (1), 
7x  +  25  =  60, 
7a:  =  35. 
.'.  x  =  d. 


7.  10a;+    9y  =  290       (1) 

12a;-lly=130       (2) 

Transpose  9y  in  (1), 

10a:  =  290-9y. 

Divide  by  coefficient  of  x, 

290  -  9y 
X  = ^• 

10 
Substitute  value  of  x  in  (2), 

^^^^10^'^)-^^^==^^^- 

Simplify, 
3480  ~108y-110y  =  1300, 
218y  =  2180. 
.-.  y  =  10. 

Substitute  value  of  y  in  (1), 
'10a;  +  90  =  290, 
10a;  =  200. 
.-.  a;  =20. 


6.  6a;-7y  =  42        (1) 

7a; -6y  =  75         (2) 

Transpose  7y  in  (1), 

6a;  =  42  +  7y. 

Divide  by  coefficient  of  x, 

^     42  +  7y 

X  = ^• 

6 

Substitute  value  of  x  in  (2), 

Simplify, 

294  +  49y-36y  =  450, 
13y  =  156. 
.-.  y=12. 

Substitute  value  of  y  in  (1), 
6a; -84  =  42. 
.-.  a;  =  21. 


8.  3a;-4y  =  18        (1) 

3a;  +  2y  =  0  (2) 

Transpose  4y  in  (1), 

3x=^18  +  4y. 

Divide  by  coefficient  of  ar, 

18  +  4v 
x  = ■ — ^' 

3 

Substitute  value  of  x  in  (2), 

Simplify, 

54  +  12y  +  6y  =  0, 

18y  =  -54. 
.-.  y  =  -3. 

Substitute  value  of  y  in  (2), 
3a;- 6  =  0. 
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0.                   9x-5y  =  52 
8y-3x=8 

(1) 
(2) 

11.              9y-7*=13        (1) 
15x  -  7y  =  9         (2) 

Transpose  5y  in  (I), 

9x  =  52  +  5y. 

Transpose  —  7x  in  (1), 

9y  =  13  +  7*. 

Divide  by  coefficient  of 

a;, 

-5y. 

1 

Divide  by  coefficient  of  y, 
^          9 

Substitute  value  of  x  in 

(2). 

Substitute  value  of  y  in  (2), 

8y     3(52±5^)-8. 

15*     7r3  +  7x\     9 

Simplify, 

72y-156-15y  =  72, 
57y  =  228. 

Simplify, 

135»-91-49x  =  81, 
86x  =  172. 

•••  y  =  4. 

.-.  x  =  2. 

Substitute  value  of  y  in 

(1). 

Substitute  value  of  x  in  (1), 

9x-20=52, 

9y  -  14  =  13. 

9x  =  72. 

.•.y-3. 

.'.  x  =  8. 

10.                 5»-3y  =  4 
12y-7x  =  10 

(1) 
(2) 

12.               5x-2y  =  51         (1) 
19x-3y=180      (2) 

Transpose  —  3y  in  (1), 
5x  =  4  + 

3y- 

Transpose  2y  in  (1), 

5x-=51  +  2y. 

Divide  by  coefficient  of 

X, 

Divide  by  coefficient  of  x, 

^"      5 

u. 

^     51+2y 

Substitute  value  of  x  in 

(2), 

Substitute  value  of  x  in  (2), 

12  y     7(i^)  =  10. 

iyA2L+22(\     3y_i8o. 

Simplify, 

60y-28-21y  =  50, 
.    39y.  =  78. 
.•.y  =  2. 

Simplify, 

969  +  38y-15y  =  900, 

23y  =  -  69. 

.•.y  =  -3. 

Substitute  value  of  y  in 

(1), 

Substitute  value  of  y  in  (1), 

5x--6  =  4, 

5x  +  6  =  51, 

5x=10. 

5x  =  45. 

.-.  x  =  2. 

.%  x  =  9. 
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13.  4a;  +    9y=106      (1) 

8a;  +  17y  =  198      (2) 

Transpose  9y  in  (1), 

4a;  =  106-9y. 

Divide  by  coeflficient  of  x, 

106-9y 

4 
Substitute  value  of  x  in  (2), 

Simplify, 

212-18y  +  17y  =  198. 
.-.  y  =  14. 

Substitute  value  of  y  in  (1), 

4x  +  126  =  106, 
4x=-20. 
.*.  x=  —  5. 


14.  8x  +  3y=3  (1) 

12x  +  9y  =  3  (2) 

Transpose  By  in  (1), 

8x  =  3-3y. 

Divide  by  coefficient  of  x, 

3-3y 

8 
Substitute  value  of  x  in  (2), 

12(5-:^U9y  =  3. 

Simplify, 

9-9y +  18y  =  6, 
9y  =  -3. 

Substitute  value  of  y  in  (1), 

8x-l  =  3, 

8x  =  4. 

.*.  X  =  J. 


Exercise  64. 


1.  X  +  15y  =  53 

3x+      y  =  27 

Transpose  15  y  in  (1)  and  y 

in  (2), 

x  =  53-15y(3) 

3x  =  27-y      (4) 
Divide  (4)  by  3, 

(5) 


(1)      2. 

(2) 


"^  3 


Equate  values  of  x, 

53-15y  =  ^^     (6) 

Reduce, 

159-45y  =  27-y, 
44y  =  132. 
.-.  y  =  3. 

Substitute  value  ©f  y  in  (2), 

3x  +  3  =  27, 
3x  =  24. 
,'.  x  =  8.  • 


4x+    9y  =  51  (1) 

8x-13y  =  9  (2) 

Transpose  9y  in  (1),  and  — 13y 
m  (2), 

4x  =  51-9y  (3) 
8x  =  9  +  13y   (4) 

Divide  (3)  by  4  and  (4)  by  8, 

51 -9y   .^. 
x  = -^  (5) 

4 

Equate  values  of  x, 

51-9y^9  +  13y   .^. 
4  8         ^  ^ 

Reduce, 

102-18y  =  9  +  13y. 

•••  y  =  3. 

Substitute  value  of  y  in  (1), 
4x  +  27  =  51. 
,'.  x  =  6. 
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3.  4x  +  3y  =  48  (1) 

5y_3x=22  (2) 

Transpose  3y  in  (1)  and  5y 
in  (2),      4a.  =  48_3y     (3) 
3x  =  5y-22     (4) 
Divide  (3)  by  4  and  (4)  by  3, 
^     48  -  3y 

4 
5v-22 

Jf    SB     — * • 

3 
Equate  values  of  x, 

48 -3v     5.V  -  22 
4^3' 
Reduce, 

144-9y  =  20y-88, 
-  29y  =  -  232. 
.-.  y  =  8. 

Substitute  value  of  y  in  (1), 

4a;  +  24  =  48, 
4a;  =  24. 
.'.  oj  — 6. 


(2) 


6.        6x-   7y  =  33 
llx+12y  =  100 

Transpose  —  7y  in  (1)  and  12y 

in  (2).      5x-33  +  7y     (3) 
llx-100~12y(4) 

Divide  (3)  by  5  and  (4)  by  11. 

^     33  +  7y 

6 
100- 12y 

*  11 

Equate  values  of  x, 

33-h7y     100 -12y 

5       '        11 
Reduce, 

363  +  77y  =  500  -  60y, 
147y  =  147. 
.\  y=l. 

Substitute  value  of  y  in  (1), 

6x-7  =  33, 
5x  =  40. 
,-.  x«=8. 


2x  +  3y=-43  (1) 

lOx-    y  =  7  (2) 

Transpose  3y  in  (1)  and  y  in 

(2).  2x  =  43-3y     (3) 

10x  =  7+y         (4) 
Divide  (3)  by  2  and  (4)  by  10, 
^    ,43-3y 

10 
Equate  values  of  x, 

43-3y_74-y. 
2  10 

Reduce, 

215-15y  =  7+y, 
-  16y  =  -  208. 
.:  y  — 13. 

Substitute  value  of  y  in  (1), 

2x  +  39  =  43. 
.*.  X  — 2. 


6.  6x  +  7y-43  (1) 

llx  +  9y  =  69  (2) 

Transpose  9y  in  (2)  and  7y 

*^W'      5x  =  43-7y     (3) 
llx  =  69-9y     (4) 

Divide  (3)  by  5  and  (4)  by  11, 

^     43-7y 

X  =  "  I 

5 
69  -  9y 

11 

Equate  values  of  x, 

43  -  7y  _  61-_9y 
5  11 

Reduce, 

473_77y-345-45y, 
-  32y  =  -  128. 
.-.  y  =  4. 

Substitute  value  of  y  in  (1), 

5x  +  28  =  43. 
.'.  x=«3. 
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7.  8aj-21y  =  33  (1) 

6x  +  35y  =  177  (2) 

Transpose  21  y  in  (1)  and  35  y 

^°(^)'       8a:  =  33  +  21y   (3) 
6a:=177-35y  (4) 

Divide  (3)  by  8,  and  (4)  by  6, 

33  +  21?/ 

^^^77-35y. 

6 
Equate  values  of  a?, 

33  +  21.v_177-35y 
8  6 

Reduce, 

99  +  63y=708-140y, 
203y  =  609. 
.-.  y  =  3. 

Substitute  value  of  y  in  (1), 

8a; -63  =  33, 

8a;  =  96. 

.-.  a;  =12. 


9.       21y  +  20a;=165  (1) 

77y-30a;  =  295  *         (2) 

Transpose  20  a;  in  (1)  and  30  a; 

^^(^)'21y  =  165-20a;(3) 
77y  =  295  +  30a;(4) 

Divide  (3)  by  21  and  (4)  by  77, 

165  -  20a; 


y 


21 
295  +  30  a; 

77 


Equate  values  of  x, 

165  -  20a;  ^  295  +  30a; 

21  77 

Reduce, 

1815 -220  a;  =  885  + 90  a;, 
-  310a;  =  -  930. 
•  •  a;  ^^^  fj. 

Substitute  value  of  x  in  (1), 

21y  +  60  =  165, 
21y  =  105. 
.-.  y  =  5. 


8.  3y-7a;  =  4  (1) 

2y  +  5a;  =  22  (2) 

Transpose  7  a;  in  (1)  and  5  a; 


in  (2), 


3y  =  4.+  7a;       (3) 


2y  =  22-5a;     (4) 
Divide  (3)  by  3  and  (4)  by  2, 

4+2f? 

22 -5a; 

y 2— 

Equate  values  of  y, 

4  +  7a;  ^22 -5a; 

3  2 

Reduce, 

8+  14a;  =  66 -15a;, 
29  a;  =  58. 

Substitute  value  of  a;  in  (1), 
3y-14  =  4. 


10.     lla;-10y  =  14  (1) 

5a;  +  .7y  =  41  (2) 

Transpose  — lOy  in  (1)  and  7y 

in(2),  iia-^ioy  +  u  (3) 

5a;  =  41-7y     (4) 

Divide  (3)  by  11  and  (4)  by  5, 

lOy  +  14 

41  -  7y 
^  =  -5      • 
Equate  values  of  a;, 
lOy  +  14  _  41  -  7y 

11  5 

Reduce, 

50y  +  70  =  451  -  77  y. 
127y  =  381. 
.•.y  =  3. 

Substitute  value  of  y  in  (1), 

11a; -30  =14. 


•  * 


4, 
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11. 


7y-3x=139  (1) 

2x  +  5y  =  91  (2) 

Transpose  7y  in  (1)  and  5y 

*°(^)'     3a;=7y-139  (3) 
2a:  =  91-5y     (4) 

Divide  (3)  by  3  and  (4)  by  2, 

^     7y  - 139 

3 

2 
Equate  values  of  x, 

7y  -  139  ^  91  -  by 

3^2* 

Reduce, 

14  y  -  278  =  273  -  15y, 
29y  =  551. 
.-.  y=19. 

Substitute  value  of  y  in  (4), 

2x  =  9l-95. 
2x  =  -4. 

•  *•    X  ^  M. 


s 


12.     17x  +  12y  =  59 
19x-4y   =153 

Transpose  12y  in  (1)  and  4y 

^^(^)'  17x  =  59-12y   (3) 
19x=153  +  4y  (4) 

Divide  (3)  by  17  and  (4)  by  19, 

59  -  12y 

"^-l7      ' 

19 
Equate  values  of  x, 

153  +  4y_59-12y 

19       "*       17      * 

Reduce, 

2601 +  68y  =  1121 -228y, 
296y  =  - 1480. 
...  y  =  -5. 

Substitute  value  of  y  in  (1), 

17x-60  =  59. 
.'.  x  =  7. 


18.     24  x+    7y  =  27  (1) 

8x-33y  =  115  (2) 

Transpose  7y  in  (1)  and  33 y 

*^(^^'  24x-27-7y  (3) 
8x  =  115  +  33y  (4) 

Divide  (3)  by  24  and  (4)  by  8, 

.   27 --7y 

x  =  — *i 

8 
Equate  values  of  x, 

27  -  7y^  115-t-33y 

2i  8 

Reduce, 

27  -  7y  =  345  +  99y, 
-106y  =  318. 
.-.  y  =  -3. 

Substitute  value  of  y  in  (3), 

24x^27  +  21, 
24  X  -  48. 
.-.  x  =  2. 


14.  x  =  3y-19     (1) 

y  =  3x-23     (2) 

Transpose  3  x  and  y  in  (2), 

3x  =  23+y        (3) 

Divide  (3)  by  3, 

3 
Equate  values  of  x, 

3y-19  =  2i±i?. 
^  3 

Reduce, 

9y-57  =  23+y. 
8y  =  80. 
.-.  y  =  10. 

Substitute  value  of  y  in  (1), 

X  =  30  -  19. 
.•.x=ll. 
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Exercise  65. 


1.  x(y  +  7)  =  v{x-hl)n) 

2a:  +  20  =  3y  +  l    (2) 

Simplify  (1). 

xy-\-*7x  =  an/-\-y. 

Transpose  and  combine, 

7x-y  =  0  (3) 

Transpose  and  combine  (2), 

2a?-3y  =  -19       (4) 

Multiply  (3)  by  3, 

21x-3y=       0 

(4)  is         2a;-3y  =  -19 

Subt.,     19  X  =19 

.*.  0?  =  1. 

Substitute  value  of  x  in  (3), 

7-y  =  0. 
•.-.  y=7. 


2.       2a;-SLzJ!-4  =  0 
5 


a) 

(2) 


Simplify  (1), 

10a;-y  +  3-20  =  0. 
Transpose  and  combine, 

10x-y  =  17  (3) 

Simplify  (2), 

9y  +  a!-2-27  =  0. 
Transpose  and  combine, 

a;  +  9y  =  29  (4) 

Multiply  (3)  by  9, 

90a:-9y  =  153 

(4)  is  a;-H9.v==    29 

Add,       91a:  =182 

Substitute  value  of  x  in  (4), 
2  +  9y  =  29. 

•••  y=-3. 


3.  — ^  =  -^—         (1) 

;5-|.3  17  —  2 

5(a;  +  3)  =  3(y-2)+2(2) 

Simplify  (1), 

2y-4  =  3a;  +  9. 

Transpose  and  combine, 

2y-3a;=13  (3) 

Simplify  (2), 

5a?  +  15  =  3y-6  +  2. 

Transpose  and  combine, 

5a:-3y=-19  (4) 

Multiply  (3)  by  3  and  (4)  by  2, 
6y-   9a;  =     39 
-6y +  10ar=-38 
Add,  x  =  l. 

Substitute  value  of  x  in  (3), 
2y  -  3  =  13. 
.-.  y  =  8. 


4.  ^-^-^^0  (1) 

|  +  2L=J,3  (2) 

Simplify  (1), 

2x-8-y-2  =  0, 

2x-y  =  10  (3) 

Simplify  (2), 

2x  +  3y-6  =  36, 

2x  +  3y  =  42  (4) 

Subtract  (4)  from  (3), 
2x-    y=      10 
2a4-3y=     42 

-4y  =  -32 
.-.  y  =  8. 

Substitute  value  of  y  in  (3), 

2x-8=10. 
.  •.  X  -=  9. 
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(x  +  l)(y  +  2)-(a?  +  2)(y  +  l)=-l  m 

3(x+3)-4(y  +  4)»-8  (2) 

Simplify,  (1),      xy-\-y-k-2x  +  2-xy-2y-x-2^-l. 

Combine,  x  -  y  =  - 1  (3) 

Simplify  (2),  3x  -I-  9  -  4y  -  IG  -  -  8. 

Transpose  and  unite,  3x  -  4y  -=  - 1  (4) 

Multiply  (3)  by  3,  3x-3y^  -3 

Subtract,  -  y  =     2 

.•.y=-2. 

Substitute  value  of  y  in  (3),  x  4-  2  =  -  1. 

.*.  X  =  —  3. 

6.  a?-2     10-x_y-10  ^j^ 

5  3  4 


Simplify  (1), 
Transpose  and  combine, 
Simplify  (2), 
Transpose  and  combine, 

Multiply  (3)  by  3, 
Multiply  (4)  by  8, 

Add, 

Substitute  value  of  y  in  (3), 


Simplify  (1), 
Transpose  and  combine. 
Simplify  (2). 
Transpose  and  combine, 

Multiply  (3)  by  15, 
Multiply  (4)  by  4, 

Subtract, 

Substitute  value  of  y  in  (3), 


2y  +  4     2x  +  y_x-i-13 

(2) 

3              8              4 

>x  -  24  -  200  +  200-  -  15y  -  150 

32x-  15y  =  74 

(3) 

16y -1-32  -Ox  -3y  =  Gx  f  78. 

-12x  f  13y=4(> 

(4) 

96x-    45y  =  222 

-96X-H  104y  =  3r,8 

51)  y  =  51)0 

.-.  y  =  10. 

32x-150  =  74. 

32x  =  224. 

.-.  x  =  7. 

,y     x+1     y  +  2     2(x-y) 

(1) 

'       3           4             5 

^     ' 

^-3     J^-2y     X 
4            3^ 

(2) 

20x  +  20 -  15y  -  30  =  24x  -  24y. 

-4x-f  9y  =  10 

(3) 

3x -  9  -  4y  -f- 12  =  24y  -  12x. 
15x-28y  =  -3 

(4) 

G0x-135y  =  -150 

60x-112y  =  -   12 

-23y  =  -138 

.-.  y  =  6. 

-4x  +  54=»10, 

-4x  =  -44. 

.%  x  =  11. 

166 


ALGEBRA. 


3implify  (1), 
Transpose  and  combine, 
Simplify  (2), 

Transpose  and  combine, 
Subtract  (3)  from  (4), 


Substitute  value  of  x  in  (4), 


8. 

3a;-- 2y  5a;  — 3y 
5  3 

2x-3y  4a; -3y 

3  2 

9a;-6y  +  25a;-15y 

19a;- 21y 

4a;-6y-f  12a;-9y 

16x-21y 
19a;-21.v 


=  a;  +  l 

=  y  +  l 

15a;  +  15. 
15 
61/ +  6. 

6 
15 


-3a; 

48-21y 
-21y 

•••3/ 


9. 


Simplify  (1). 


2a;  -  y  +  3      a;  -  2y  4-  3 

3  4 

3a;-  4y +  3      4a;-  2y-9 

4  3 

8a;- 4y  +  12-3a;-|-6y-9 
Transpose  and  combine,  5  a;  -h  2y 

Simplify  (2),  9a;  -  12y  +  9  +  16a;  -  8y  -  36 

Transpose  and  combine,  25  a;  —  20  y 

Divide  (4)  by  5,  5a;  —  4y 

(3)  is  5a;  +  2y 

Subtract, 

Substitute  value  of  y  in  (3), 


=  -9 
=  3. 

=  6, 
=  -42. 
=  2. 


=  4 


=  4 


48. 
45 
48. 
75 

15 
45 


10. 


Simplify  (1), 
Simplify  (2), 

Multiply  (3)  by  3, 
(4)  is 

Subtract, 

Substitute  value  of  y  in  (3), 


-44y 
•  *•  v 

18a; +  152 
18x 


1  = 


418 
-9}. 

53, 

-99. 

-5}. 


(l) 

(2) 

(3) 
(4) 


(1) 

(2) 

(3) 
(4) 


-6y  =  - 30 

.-.  y  =  5. 

5x  +  10  =  45, 

5a;  =  35. 

.'.a;  =  7. 

l}a;=ljy  +  4^j 

(1) 

4}a;-iy-21A 

(2) 

18a;-16y  =  53 

(3) 

54a;-   4y  =  -259 

(4) 

54a;-48y=      159 

54a;-   4y  =  -259 
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«  +  2y  +  3        4«-5y+6    ' 
3  19         /2\ 


ex-5y  +  4     3x  +  2y+l 

Simplify  (1).  55a;  -  59y « -  87  (3) 

Simplify  (2).  -105a;  +  101y  =  73     '  (4) 

Transpose  59 y  in  (3)  and  101  y  in  (4),  and  divide  by  55  and  105 


respectively, 

55 
:,«*101y-73, 
105 

Equate  values  of  x, 

59j^-87_101y-73 
55                105 

Simplify, 

1239y  -  1827  =lllly- 803, 
128y=-1024. 

.-.  y  =  8. 

Substitute  value  of  y 

in  (3). 

55x-472  =  -87. 
55x  =  385. 

.*.  x-7. 

12.  ^±Ji  =  15  (1) 

y-x     8  ^' 

9a;-?2^±ii  =  100  (2) 

Simplify  (1),  8x  +  8y  =  15y  -  15a;. 

Transpose  and  combine,  23x  —  7y  =  0                    (3) 

Simplify  (2),  63  x  -  3  y  -  44  =  700. 

Transpose  and  combine,  63x  —  3y  =  744                (4) 

Multiply  (3)  by  3,  09  x  -  21  y  =     0 

Multiply  (4)  by  7,  441x-21v=^     5208 

Subtract,  -  372  x  =  -  6208 

.'.  x=»  14. 

*  Substitute  value  of  X  in  (3),  322-7y  =  0, 

-  7y  -  -  322. 
.'.  y  =  46. 
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Simplify  (1), 
Transpose  and  combine, 
Simplify  (2), 
Transpose  and  combine, 

Multiply  (3)  by  9, 
Multiply  (4)  by -11, 

Subtract, 

Substitute  value  of  y  in  (4), 


13. 

3a:  — 5y  ,  o 

"2       -^^ 
g_x^y 

4 

15ir-25y+30 

11a:- 27y 

96-3a:  +  6y 

-9a:  +  2y 

99a:-243y 
99x-   22y 


2x+y 
5 

2     3 
4a;  +  2y. 
-30 
6x  +  4y. 
-96 

-   270 
1056 


(2) 
(3) 


-221y 
-9a;  +  12 


-1326 
6. 

-96. 
12. 


14    4g-3y-7_3a;     2y     5 
5 


10      15    -6 


(1) 


Simplify  (1), 
Transpose  and  combine, 
Simplify  (2).  20y 

Transpose  and  combine, 

Multiply  (4)  by  2, 

(3)  is 

Add  (3)  and  (5), 

Substitute  value  of  x  in  (3), 


3        2      20 

24x-18y-42 

15a:— 14y 

20+'30x-9y-60 

24a;  +  7y 

48a:  +  14y 
15a: -14y 


ir^l^^(2) 


9a:-4y-25. 
17  (3) 

4y  — 4x  +  10a:  +  6. 
86  (4) 

172  (5) 

17 


16. 


Simplify  (1), 
Transpose  and  combine, 
Simplify  (2). 

Transpose  and  combine, 

Subtract, 

Substitute  value  of  y  in  (4)^ 


63  a:  =189 

45-14y  =  17. 
.-.  y  =  2. 

a:  — 4^y-h2 
5  10 

5  +  2^^  =  3 

6  4 

2x-8  =  y +  2. 
2x-y  =  10 
2a:  +  3y-6=36. 

2a;  +  3y  =  42 
2a:-'  y  =  10 


4y-32 
.  •.  y  -  8. 
2a:  +  24  =  42. 
•  *•  a:  ^  y. 


(1) 

(2) 

(3) 

(4) 
(3) 
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16.  ?£±12af  =  9  (1) 

l--3x     11 -3y  zQv 
'    7      "       5      ^''^ 
Simplify  (1)  and  (2). 

3x-»-12y  =  99  (3) 

15x-21y--72      (4) 

Divide  (3)  by  3  and  (4)  by  15, 

^^99-12y. 

3 

^_-72^21y 

15 
Equate  values  of  x, 

99-12y_^-72  +  21v. 

3        "^         15       ' 
Simplify, 

495-r)0y--72  f  21y, 
-Sly  ^  -507. 
.-.  y  =  7. 

Substitute  value  of  y  in  (3), 
3x  +  84  =  99. 
.'.  x  =  6. 


17.    5x-J(5y  +  2)  =  32  (1) 

3y  +  J(^  +  2)  =  9  (2) 

Simplify  (1)  and  (2), 

20x-5y=»130         (3) 
X  4-  9y  =  25  (4) 

Multiply  (4)  by  20, 

20x  +  180y  =  500         (5) 
20x-     5y=»130        (3) 

Subtract,     185  y  =  370 
.-.  y  =  2. 

Substitute  value  of  y  in  (3), 
20X-10-130. 
.'.  x  =  7. 


18.         3x-0.25y-28  (1) 

0.12x  +  0.7y-2.54       (2) 

Multiply  (1)  by  0.04, 

0.12x  -  0.01  y- 1.12       (3) 
0.12X+    0.7y     2M       (2) 

Subtract,    -  0.71  y --- 1.42 

.-.  y  -  2. 

Substitute  value  of  y  in  (1), 

3x-0.5  =  28. 
.-.  x-95. 


19.  7(x-l)»3(y  +  8)(l) 

4x4-2     5y  +  9    ,ox 
-9-='      2~    ^^> 

Simplify  (1)  and  (2), 

7a;-7  =  3y  +  24, 

7x-3y  =  31  (3) 

8x  +  4  =  45y  f  81, 

8x-45y  =  77  (4) 

Multiply  (3)  by  8  and  (4)  by  7, 

5fix-    24y  =  248 
50x-315y  =  539 

Subtract,     291y  =  -291 
.-.  y=^-l. 

Substitute  value  of  y  in  (3), 
7X  +  3-31. 
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20.    7a?  +  i(2y+4)=16  (1) 

3y-J(x  +  2)-8  (2) 

Simplify  (1), 

35a;  +  2y  +  4  =  80. 

Transpose  and  combine, 

35a;  +  2y  =  76  (3) 

Simplify  (2), 

12y-a!-2  =  32. 

Transpose  and  combine, 

12y  -  X  =  34  (4) 

Multiply  (4)  by  35, 

-  35  a: +  420y  =  1190 
35a;  +     2y=     76      (3) 

422y  =  1266 

•••  y  =  3. 

Substitute  value  of  y  in  (3), 

35x  +  6  =  76, 
35a;  =  70. 
•  •  a;  ^^  A. 


21.    5£ll£i^+3«-4y-2     (1) 

J.t5 

5a;  +  6y_3a;-2y^2y-2     (2) 
6  4 

Simplify  (1), 
5a;  -  6y  +  39  a;  =  52y-26. 

Transpose  and  combine, 

44a;-58y  =  -26      (3) 

Simplify  (2), 
10a;+12y-9a;+6y  =  24y-24. 

Transpose  and  combine, 

a;_6y  =  -24       (4) 

Multiply  (4)  by  44, 

44  a; -264y  =  - 1056 
44a;-   58.v  =  -     26  (3) 

206y  =  1030 

.-.  y  =  5. 

Substitute  value  of  y  in  (4), 
a;-30  =  -24. 
.  ♦.  X-  6. 


Simplify  (1), 
Simplify  (2), 
Transpose  and  combine  (1), 

Transpose  and  combine  (2), 
Divide  (1)  by  2, 


22. 

5a;-3  3a;-19 
2  2 

2a;+.v  9a;  — 7 
2  8 

15a;-9-9a;  +  57 

16a;  +  8y-18a;  +  14 
4a;+6y 


3 


(1) 


2a5+   y 
2a;  +  3y 


3Cv  +  3)     4a;4-5v    .^. 
4  16        \  ^ 

24 -6y  + 2a;. 
12y-H36-4a;-5y. 
-  24  (3) 

22  (4) 

-12 


Substitute  value  of  y  in  (4), 


2y  = 
.-.  y  = 

2a;-17  = 
2a;  = 


-34 

-17. 

22. 
39. 
19J. 
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23. 

3y-Hl»^^^y(^-^^y)  +  31~4«    (1) 
x  —  v  +  A 

(x  +  7)(y-2)  +  3-22y-(y-l)(x  +  l)  (2) 

Simplify  (1),  3xy-3t/»+l2y  +  llx-Uy  +  U 

-4a^-ay-3y«  +  31x-31y  +  124-4a^  +  4xy-16a;  (3) 

Transpose  and  comoine,     32y  —  4x  =»  80  (4) 

Divide  by  4,  8  y  -  x  =  20  (5) 

Simplify  (2),   ay  +  7y~2x~14  +  3  =  2xy-a!y-y  +  x-|-l  (6) 

Transpose  and  combine,       By  —  3x  =  12 
Subtract  (5),  Sy-    x  =  20 

-2x  =  -8 
.*.  x  =  4. 
Substitute  value  of  x  in  (5),    8y  —  4  »  20, 

8y  -  24. 
.-.  y  =  3. 

24. 

6x+^     3x-f_5y^2,       3x_f4     ... 
4  4x  —  G  *"    *  2 

^1L±1  +  9A-3y  =  4  +  1J^        (2) 
10  2y  -  8  5  ^  ' 

Multiply  (l)by4,  6x  +  9-f  ^^  ^  ^^^  =13  +  6x  +  8. 

2x  —  3 

Transpose  and  combine,  -~t — U  =  12. 

2x  —  3 

Divide  both  sides  by  (2),  3x  +  5y  ^  q 

Multiply  by  2x  -  3,  3x  +  5y  =-  12x - 18. 

Transpose  and  combine,  — 9x  +  5y  =  — 18  (3) 

Multiply  (2)  by  10  8 y  +  7  +  ^^^"^^^  =  40  +  8y  - 18. 

y-4^ 

Transpose  and  combine,  — ^—   '^y  ^  15 

y-4 

Divide  both  sides  by  15,  ^  —  U  =  1. 

y  —  4 

Multiply  by  y  —  4,  2x--y  =  y  — 4. 

Transpose  and  combine,  2a;  —  2y  =  —  4. 

Divide  by  2,  a;  -  y  =  -  2  (4) 

Multiply  (3)  by  1  and  (4)  by  9,  _  9x  +  5y  =  -  18 

9x-9.v  =  -18 

Add,  _4y  =  -36 

.  •.  y  =  9. 
Substitute  value  of  y  in  (4),  a;  —  9  =  —  2. 
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25.  x-^2^^^  =  20-^^^^    (1) 
2S-X  2  ^  ^ 

Multiply  (1)  by  2,  2a;  -  -^^=^  =  40  -  59  +  2a;. 

23  — X 

A  It  J  __   2  nt 

Transpose  and  combine,  -^ =  19. 

Multiply  by  23  -  a?,  ,  4y  -  2a;  =  437  -  19a?. 

Transpose  and  combine,  43/  +  17a;  =  437  (3) 

Multiply  both  sides  of  (2)  by  3,         3y  +  ^^"^  =  90 -  73  +  3y. 

a;—  18 

Transpose  and  combine,  ^  ~    =17. 

Multiply  by  a; -  18,  3y-9  =  17a;-306. 

Transpose  and  combine,  3y  —  17a;  =  —  297  (4) 

Add  (3),  '      4.v  +  17a;=     437 

7y  =140 

.-.  y  =  20. 

Substitute  value  of  y  in  (3),  80-f  17a;  =  437, 

17  a;  =  357. 
•  •  a;  =  ^i.. 


Exercise  66. 


1.                      X  -\-y  =  a  (1)          2.                ax  -\-hy  =  c         (1) 

x-y  =  b  (2)                            px  +  qy  =  r         (2) 

A  A  A               Z                 17  Multiply  (1)  by  p  and  (2)  by  a, 

Ada,                Za;        =  a  -\-  0  .7                     /o\ 

'  apa;  +  bpy  =  cp       (3) 

_a  +  b  gpa;  +  agy  =  ar       (4) 

•'•  ^        ^  Sabt.,     y  (6p  —  aj)  =  cp  -  ar. 

Subtract  (2)  from  (1),  . '.  y  =  f  ~"^- 

2y  =  a  -  5.  Multiply  (1)  by  q  and  (2)  by  b, 

a-b  aqx^bqy  =  cq 

.',y=—- —  opa;  +  oqy  =  or 

Subt.,     {aq  —  bp)  x  =cq  —  6r 

aq  —  bp 
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3.  mx  +  ny 

px  +  qy 
Multiply  (1)  by  p 
mpx  +  npy 
mpx  •\-'fn<jy 


=  a  (1) 

-ft  (2) 

and  (2)  by  m, 
=  ap  (3) 

=  m6         (4) 


Sub. ,  {np — mq) y  --^ap  —  mb 

op  —  mb 

•••  y  =  -—     • 

np  —  mq 
and  (2)  byn, 
aq 
nb 


Multiply  (1)  by  q 

mqx  +  nqy 

npx  -f  nqy 

Sub.,  (mq  —  np) x  =  aq—nb 

.   ^  _  gg  -  n6 
viq—np 


Multiply  (1)  by  m', 
Multiply  (2)  by  m, 
Subtract, 


Multiply  (1)  by  n', 
Multiply  (2)  by  n, 
Add, 


4.  ox  +  &y  =  e  (1) 

oa;  +  cy  ==  rf  (2) 

Subt.,      (6— c)y=  e  — d 

e-d 

Multiply  (1)  by  c  and  (2)  by  6, 
acx  -f  bey  «=  c« 
a6x  +  bey  =  6c? 
Subt.,  (oc — ab) x  -~  ce-bd 
.  <-     ee  —  bd 
a(c~6) 


Multiply  (1)  by  rf, 
Multiply  (2)  b^  a, 
Subtract, 


Multiply  (1)  by/ 
Multiply  (2)  by  i, 
Subtract, 


5.       mx  ^ny  " 

m'x  +  n'y  — 
mm^x  —  m!ny  = 
tnm^j;  4-  m  n^y  =  mr' 


r 
ntSr 


{mfn  +  m  n')y 

•••y 

mn'x  —  nn'y 
m^nx  +  nn^y 


mr  —  mv 

WIT*  —  TTl'r 

,  ■  ■■   ■  ii» 

m'n  +  w  n' 
n'r 


(mn'  +  m'n)x 

»     m     X 

6.  cu;  +  ^ 

adxH-6(i|y 
ckfa  +  afy 


=  n'r  +  n/ 
n^r  +  nr' 
mn'  +  m'n 


c 

<? 

cd 


bdy  —  afy  =  cd  —  oc* 
c(d~  ac) 


Jdoj  -f  bfy 


bd  —  af 

b(*   ' 


(of—  bd)x 


»  »  X  ~~- 


cf-hc* 
af-hd 


(1) 
(2) 
(3) 
(4) 


(1) 
(2) 
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25.  x-^^l^^==20-^^^:^    (1) 

23-x  2  ^  ^ 

Multiply  (1)  by  2,  2x-  '^r— ^  =  40  -  59  +  2 a;. 

Transpose  and  combine,  — ^ =  19. 

Multiply  by  23  -  a;,  ,  4y  -  2 a;  =  437  -  19 a;. 

Transpose  and  combine,  4y  +  17a;  =  437  (3) 

Multiply  both  sides  of  (2)  by  3,         3y  +  ^^^^  =  90  -  73  +  3y. 

X  —  18 

Transpose  and  combine.  5^=17. 

X  — 18 

Multiply  by  a;  -  18,  Sy  -  9  =  17a;  -  306. 

Transpose  and  combine,  3y  —  17a;  =  —  297  (4) 

Add  (3),  ■      4.v  +  17a;=     437 

7y  =140 

.-.  y  =  20. 

Substitute  value  of  y  in  (3),  80-+  17a;  =  437, 

17a;  =  357. 


Exercise  66. 


1.  x-\-y  =  a  (1)  2.  ax  +  hy  =  c         {1) 

x-y  =  h  (2)  px  +  qy  =  r         (2) 

-  — ;  Multiply  (1)  by  p  and  (2)  by  a. 

Add.  2a;        =a  +  6  apx  +  hpy  =  cp       (3) 

_a  +  5  gpa;  +  ggy  =  ar       (4) 

,'.  X  =  — ^  Subt.,     y{hp  —  aq)  =  cp~  ar. 

CD  —  ar 
Subtract  (2)  from  (1),  .'.  y  =  ^_^  ' 

2y  =  a  —  6.  Multiply  (1)  by  q  and  (2)  by  6, 

a-h  aqx  +  hqy  =  cq 

.*.  y= — — -  bpx  +  ogy  =  or 

Subt.,     (aq  —  &p)  a;  =cj  —  br 

agr— op 
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3.                 mx  -^ny  =  a 

(1) 

4.            ax  +  by  =>  e 

(1) 

px  +  qy-'b 

(2) 

ax  -k-  cy==  d 

(2) 

Multiply  (1)  by  p  and  (2)  by  m, 

Subt.,      (6— c)y=  e  — rf 

1                                        mpx  +  npy  =  ap 

(3) 

e-d 
•••"-6-0 

1                                          mpx  -f  mqy  =  mb 

(4) 

J                               Sub.,  (nj)—m5)y  =  op - 

-mb 

Multiply  (1)  by  c  and  (2)  by  6. 

.  ,/     ^P- 

-mb 

aci  -f  bey  «=  c« 

1                                ^  ^p- 

oix  +  bey  =  6c? 

1                               Multiply  (1 )  by  9  and  (2)  by  n, 

Subt.,  {ae—ab)x--ce-bd 

wi^'x  +  njy  =  aq 

.   -     ce  —  bd 

npx  +  nqy  =  rib 

a(c-6) 

Sub.,  {mq  —  n/))  j;  =  aq 

-ni 

•   •   JC  =  — ■ — 

-n6 

mq- 

-np 

i 

5.       ma;  —  ny  —  r 

(1) 

m'x  +  n'y  =  r' 

(2) 

Multiply  (1)  by  m', 

mm'x  —  m'ny  =  mW 

(3) 

Multiply  (2)  by  m, 
Subtract, 

mm'x  +  m  n^y  =  mi' 

(4) 

{rnfn  +  m  n')y  =  mr'  —  m'r 

.   ^.      ^""^  ~  wi'r 

m'n  +  m  n' 

*                               Multiply  (1)  by  n', 

mn'x  —  nn'y  =>  nh 

Multiply  (2)  by  n, 

m'nx  +  nn'y  =  n/ 

Add, 

1 

(mn'  +  m'n)x  =  n'r  +  ni' 

,   -      w'r  +  nr* 
...  x= — — . 

mnr  +  m'n 

6 

aa;  +  6y  =  c 

0) 

dB+yj^  =  c» 

(2) 

Multiply  (1)  by  rf. 

orfx  -f  6rfy  =  cd 

Multiply  (2)  b^  a, 

adx  4-  q^y  =  cu^ 

Subtract, 

bdy  —  afy  =^ed  —  a(^ 
c{d-acl 
^      bd-aj 

Multiply  (1)  by/ 

o/«  -^^y^cf 

Multiply  (2)  by  i, 

bdx  +  bfy  =  b(^   ' 

Subtract, 

(af-bd)x='Cf^bc^ 

r.x-'M=:Mi. 
af-bd 
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13.       ax^hy-^-'^J^        (1) 

{a-h)x  =  {a-^h)y  (2) 

Simplify  (1),  2  oa?  -  2  fty  =  a«  +  6*  (3) 

Simplify  (2),  <ix  —  bx  —  ay  —  hy  =  0  (4) 

In  (3).  ,  =  ^±1^26,. 

In  (4).  x  =  22L!^. 

Equate  values  of ;.,  ^Z±l^  ^  «^J:^. 

^  *  2a  a-b 

Simplify, 

a'  +  a¥  +  2063/  -a^b-Ifl-2b^y  =  2ah/  +  2a2>y. 

Transpose  and  combine,     2a^y  +  26*y-  =  a'  —  a^6  +  aJ'^  —  6*, 

a  — 6 


,-.  y  = 


9 


Substitute  value  of  y  in  (1),  ax  =  ^^^^  +  ^^tE., 


ax  = 


»  »  X  ^^ 


2 
a^  +  ab 

■-»        ■!■■■■     ■■       • 

2 
a  +  6 


Simplify  (2), 
Add  (1)  and  (3), 


14. 

ax  +  by  =  <:? 

(1) 

b  +  y     a+  a; 

(2) 

ax  _  ^  =  —  a'  +  6* 

(3) 

oaj  +  fty  =  c^ 

CM!  —  6y  =  —  a'  4-  6* 

2aa;  =  c»  -  a«  +  6* 


2a 
Subtract  (3)  from  (1),  ax  +  by  =  c^ 

ax^by  =  —  a^-^b^ 


26y  =  e2  +  a2-6* 
...  y  =  - 


26 
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15. 


y.-  =  -2 


+  ^-=2a  (1) 


a  +  6     a  —  b 

x~y  _  x-^y 


(2) 


2ab      a»  +  6» 

Clear  (1)  of  fractions,     oa?  —  6x  +  ay  +  6y  =  2  a'  —  2  aft'  (3) 

Clear  (2)  of  fractions,  a*x-^IPx — c^y  —  b*y  —  2 abx  4-  2 afty  (4) 

20*—  2aft*-aa;  +  bx 


In  (3).  y 

In  (4).  y 

Hence, 


a  +  b 
g'x  —  2a6a?  -i-  b^x 
a'  +  2a6  +  6« 
2a'  —  2a6'  —  ax-^bx     a*x  —  2aftx  +  i'x 


a +  6  o«  +  2a5  +  6» 

2a*  -  2a»6»  -  a*x  +  2a'6  -  2ab^  +  6*x  =  a*x  -  2a6x  +  6'x. 

Transpose  and  combine,         2  a*x  —  2  aftx  =  2  a*  -  2  a'6'  +  2  a'6  -  2  aft*. 

Divide  by  2a,  ax  —  6x  -=  a'  —  aft*  -i  a'ft  -  ft* 

a'  -  aft*  4  a»ft  -  ft* 

a  —  ft 

or,  x=»a*  +  2aft  +  ft*. 
Substitute  value  of  x  in  (3), 

a'  +  2a*ft  +  aft* -a*ft-  2aft* -ft'  ^ay  +  by^^  2a'  -  2aft*. 

Transpose  and  combine,  ay  -^-by  =  a^  —  a^b  —  abl*  +  ft'. 

a*  -  a*ft  -  oft*  +  ft' 
...  y  ^ , 

a  +  6 
or.  y  =  a*-2aft +  ft*. 


16. 


bx  —  bc  =  ay  —  ac 
x  —  y=^a  —  b 

(1) 
(2) 

Transpose  (1), 
Multiply  (2)  by  a, 

bx  —  ay  =  (b  —  a)c 
ckx  —  ay=^(a  —  b)a 

(3) 

Subtract, 

(ft  — a)x=»  c(b  —  a)  +a(ft  —  a) 
.'.  X  =  c  +  a. 

Multiply  (2)  by  6. 

ftx  —  ay  =  (ft  —  a)  c 
bx  —  by  =  (a  —  ft)ft 

(1) 
(4) 

Subtract, 

(ft  —  a)y  «  c(ft  -  a)+  ft(ft  -  a) 

.'.  y  =  c  +  ft. 
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13. 


8_5^y  =  «+Jf  (2) 

4  2      3 

Simplify  (I),  15a: -  25 y  +  30  =  4a;  +  2y. 

Transpose  and  combine,  11  a?  —  27y  =  —  30  (3) 

Simplify  (2),  96  -  3aj  +  6y  =  6a;  +  4y. 

Transpose  and  combine,  —  9a;  +  2y  =  —  96  (4) 

Multiply  (3)  by .9,  99a;-243y  =  -   270 

Multiply  (4)  by  - 11,  99a;-   22.v=^      1056 

Subtract,  -  221  y  =  -  1326 

Substitute  value  of  y  in  (4),  —  9  a;  + 1 2  =  —  96. 

.-.a;  =  12. 

14    4a;-3y-7^3a;     2y     5      ,.v 
5  10      15    -6      ^  ^ 

2^:Li  +  ^_3^_l=2^z£  +  £  +  J_/2^ 
3         2      20  15       6      10  ^  ^ 

Simplify  (1),  24a;  -  18y  -  42  =  9a;  -  4y  -  25. 

Transpose  and  combine,  15a;—  14y  =  17  (3) 

Simplify  (2),  20y-20+'30a;-9y-60  =  4y-4a;  +  10a;  +  6. 

Transpose  and  combine,  24a;  +  7y  =  86  (4) 

Multiply  (4)  by  2,  48 a;  +  14y  =  172  (5) 

(3)  is  15x-14y^    17 

Add  (3)  and  (5),  63  a;  =189 

•  *.  a;  =^  o. 

Substitute  value  of  x  in  (3),  45 — 14  y  =  1 7. 

.-.  y  =  2. 

15.  £z:i  =  2LhJ  (1) 

5  10  ^  ^ 

5  +  2^=^-3  (2) 

6  4  ^^ 

Simplify  (1),  2ar-8=y  +  2. 

Transpose  and  combine,  2  a;  —  y  =  10  (3) 

Simplify  (2),  2x  +  3y-6  =  36. 

Transpose  and  combine,  2a;  +  3y  =  42  (4) 

2a;-'  .v  =  10  (3) 

Subtract,  4y-32 

.'.  y-8. 

Substitute  value  of  y  in  (4^  2  a;  +  24  =  42. 

.*.  x  =  9. 
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16. 


(1) 
(2) 


11 

l-3a;     11 -3y 
7      "^       5 
Simplify  (1)  and  (2). 

3a;  +  12y  =  99  (3) 

15ar-21y--72      (4) 

Divide  (3)  by  3  and  (4)  by  15, 

99-12y 


x  = 


-72  +  21y 
15 
Equate  values  of  x, 

99-12y_-72  +  21y. 
3        "         15       ' 
Simplify, 

495-60y  =  -72  +  21y, 
-Sly --567. 
.-.  y  =  7. 

Substitute  value  of  y  in  (3), 
3a.4-84  =  99. 
.*.  a;  =  5. 


17.    5a;-J(5y  +  2)  =  32  (1) 

3y  +  J(^  +  2)  =  9  (2) 

Simplify  (1)  and  (2). 

20x-5y  =  130        (3) 
X  +  9y  =  25  (4) 

Multiply  (4)  by  20, 

20x  +  180y  =  500        (5) 
20a-     5y  =  130        (3) 

Subtract,     185y  =  370 
.•.y  =  2. 

Substitute  value  of  y  in  (3), 
20x-10«130. 
.•.  x=  7. 


18.         3x-0.25y-28 
0.12a; +  0.7y- 2.54 

Multiply  (1)  by  0.04, 

0.12a;-0.01y  =  1.12 
0.12x-f   0.7 y=^  2.r>4 


(I) 
(2) 


(3) 
(2) 


Subtract,    -0.71y  =  -1.42 

.-.  y  =  2. 

Substitute  value  of  y  in  (1), 

3aj_0.5=:28. 
.'.  X  =  9.5. 


19.  7(a;-l)  =  3(y  +  8)(l) 

4x  +  2^5y  +  9    r^y. 
9  2        ^  ^ 

Simplify  (1)  and  (2), 

7x-7=3y  +  24, 
7a;_3y  =  31  (3) 

8x  +  4  =  45y  +  81, 
8a;-45y  =  77  (4) 

Multiply  (3)  by  8  and  (4)  by  7, 

56x-    24y  =  248 
50x-315y  =  539 

Subtract,     291y  =  -291 


••y 


=^-1. 


Substitute  value  of  y  in  (3), 
7x4-3  =  31. 
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20.    7a;  +  t(2y  +  4)=16  (1) 

3y-J(x  +  2)-8  (2) 

Simplify  (1), 

35a;  +  2y  +  4  =  80. 

Transpose  and  combine, 

35a;  +  2y  =  76  (3) 

Simplify  (2), 

123/  -  jc  -  2  =  32. 

Transpose  and  combine, 

12y-a;  =  34  (4) 

Multiply  (4)  by  35, 

-  35a; +  420y  =  1190 
35a;  +      2y=      76      (3) 

422y  =  1266 

.-.  y  =  3. 

Substitute  value  of  y  in  (3), 

35  a; +  6  =  76, 
35a;  =  70. 


•  •  a; 


2. 


21.    5£lli^+3a;  =  4y-2     (1) 
13  y  V  / 

5a; +  6y_  3a;- 2y^2v-2     (2) 
6  4  ^  V  ^ 

Simplify  (1), 
5a;-6y  +  39a;  =  52y-26. 

Transpose  and  combine, 

44a;-58y  =  -26      (3) 

Simplify  (2), 
10a;+12y-9a;+6y  =  24y-24. 

Transpose  and  combine, 

aj-6y  =  -24       (4) 

Multiply  (4)  by  44, 

44  a; -264y  =  - 1056 
44a;-   58.v  =  -     26  (3) 

206y  =  1030 

.-.  y  =  5. 

Substitute  value  of  y  in  (4), 
a;-30--24. 
.  •.  X-  6. 


Simplify  (1), 
Simplify  (2), 
Transpose  and  combine  (1), 

Transpose  and  combine  (2), 
Divide  (1)  by  2, 


22. 

5a; -3  3a; -19 

2  2 

2a;  +  v  9a;  — 7 

2  8 

15a; -9 -9a; +  57 
16a;  +  8y-18a;+14 


(1) 


■4a;  +  6y 

2a;  +    y 
2a;+3y 


4     3y-a; 

3 

3(y  +  3)_4.-i;  +  5y    ^2) 
4  16        \  -^ 

24 -6y  + 2a;. 
12y-|-36-4a;-5y. 
-  24  (3) 

22  (4) 

-12 


Substitute  value  of  y  in  (4), 


2y^ 
.-.  y  = 

2a;-17  = 
2a;  = 


-34 
-17. 

22, 
39. 
19J. 
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23. 

3y  +  ii  =  i£Li2d£±3ii  +  31-4x  (1) 

x-y  +  4 
(«  +  7)(y-2)  +  3-2a^-(y-l)(a;  +  l)  (2) 

Simplify  (1),  3ay-3y*+12y  +  llx-lly  +  44 

-4x»-a!y-3y»  +  31x-31y  +  124-4a:«  +  4ry-16«  (3) 

Transpose  and  combine,     32y  —  4x  =  80  (4) 

Divide  by  4,  8y--x  =  20  (5) 

Simplify(2),   a:y  +  7y-2x-14  +  3==2ajy-jry-y  +  ajt  1  (6) 

Transpose  and  combine,       8y  —  3a;  =  12 
Subtract  (5),  8y-    a;  =  20 

-2x  =  -8 
.'.  x  =  4. 
Substitute  value  of  x  in  (5),    8y  —  4  »  20, 

8y  =  24. 
.-.  y  =  3. 

24. 

6a-f 9  Sx+^y ^ 31  ,   3x4-4     ..v 

4  4x  — 6™               2 

8y  +  7  6x^3y^^     4^^         m 

10  2y  -  8                  5             ^  ' 

Multiply  (l)by 4.  6x  +  9  +  ?.^_±J^  =13  +  6x  +  8. 

2x  —  3 

Transpose  and  combiuQ,  —-^ — *  =  12. 

^  2x-3 

Divide  both  sides  by  (2),  3x_+^  _  g 

•^  ^  ^  2x-3 

Multiply  by  2x  -  3,  3x  +  5y  =-  12x - 18. 

Transpose  and  combine,  — 9x  +  5y  =  — 18  (3) 

Multiply  (2)  by  10  8 y  +  7  +  ^Q^-^^y  =  40  +  8y  -  18. 

Transpose  and  combine,  — x—   oy  ^  ^^ 

y-4 

Divide  both  sides  by  15,  ^~y.  »=  l, 

y-4 

Multiply  by  y  —  4,  2x  — y  =  y  — 4. 

Transpose  and  combine,  2x  —  2y  =  —  4. 

Divide  by  2,  x-y  =  -2  (4) 

Multiply  (3)  by  1  and  (4)  by  9,  -  9 x  +  5y  =  -  18 

9a; -9?/  = -18 

Add,  _4y  =  -36 

.-.  y  =  9. 
Substitute  value  of  y  in  (4),  a;  —  9  =  —  2. 
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25.  a:-2i^^  =  20-5^^I^     (1) 
23-x  2  ^  ^ 

Multiply  (1)  by  2,  2a;  -  -^f-— ^  =  40  -  59  +  2a;. 

/j(j  —  X 

Transpose  and  combine,  -Usz — ^  =19. 

^  23  -  a; 

Multiply  by  23  -  a;,  ^  4y  -  2x  =  437  -  19a;. 

Transpose  and  combine,  4y  +  17a;  =  437  (3) 

Multiply  both  sides  of  (2)  by  3,         3y  +  ^y~^  =  90  -  73  +  3y. 

a;  —  18 

Transpose  and  combine,  ^  ~     =  17. 

a?  — 18 

Multiply  by  a; -  18,  Sy~9  =  17x-  306. 

Transpose  and  combine,  3y  —  17a;  =  —  297  (4) 

Add  (3),  4.v  +  17a;=     437 

1y  =140 

.-.  y  =  20. 

Substitute  value  of  y  in  (3),  80-+  17  a;  =  437, 

17  a;  =  357. 
.-.a;  =  21. 


Exercise  66. 


1.  X  -\-y  =  a  (1)  2.  ax-{-hy  =  c         (1) 

x-y  =  b  (2)  px  +  qy==r         (2) 

Multiply  (1)  by  j3  and  (2)  by  a, 


Add,  2a;        =  a  +  6  ,7  /o\ 

'  apx  +  bpy  =  cp       (3 ) 

•  *•  ®  ~  ~~^  Sabt.,     y  {bp  —  aq)  =  cp~  ar. 

Subtract  (2)  from  (1),  . '.  y  =  f-^^. 

^  ^  ^  '"  Op  —  aq 

2y  =  a-b.  Multiply  (1)  by  q  and  (2)  by  6, 

a-b  aqx  +  bqy  =  cq 

.*.  y== — - —  bpx  +  bqy  =  or 

Subt.,     {aq  —  5p)x  =cgr  —  br 

aq  —  hp 


f 
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3.  mx  -f  ny  =  a  (1) 

px  +  qy  =  b  (2) 

Multiply  (1)  by  p  and  (2)  by  m, 

mpx  +  npy  -=  ap  (3) 

mpx  -f  mgy  =  mb         (4) 

Sub. ,  (np  —  m^)  y  --^ap-  mb 

ap  —  mb 
^      np—mq 
Multiply  (1)  by  q  and  (2)  byn, 
mqx  +  ngry  =»  a^r 

npa?  +  n^  =  nb  

Sub.,  (mq  —  np)x  =  aq  —  vJ) 

aq  —  nb 


x  = 


tnq — np 


Multiply  (1)  by  «•, 
Multiply  (2)  by  m, 
Subtract, 


Multiply  (1)  by  n', 
Multiply  (2)  by  n, 
Add, 


Multiply  (1)  by  rf. 
Multiply  (2)  b^  a. 
Subtract, 


Multiply  (1)  by/, 
Multiply  (2)  by  b, 
Subtract, 


4.  ax  +  by==  e  (I) 

oa?  +  cy  =»  <i  (2) 

Subt.,      (b-c)y=  e  —  d 

t-d 

Multiply  (1)  by  c  and  (2)  by  b, 

acx  +  bey  =  ce 

abx  -f  6cy  =  bd 
Subt.,  (oc — a6)  X  -  -  cc  -  6d 

ce  —  bd 


•  •  X 


a(c-6) 


5.       mx  —  ny 

m'x  +  n'y 
mm'x  —  mfny 
mmh  -f-  m  n'y 


-r 

=  mfr 

-  mr^ 


{mfn  +  m  n')y 

.-.  y 

mn'x  —  nn^y 
m'nx  +  nn'y 


mr'  —  mV 


m'r 


n'r 
nr^ 


{mnf  +  m'n)x 
•  •  X 

6.  ax  +  6y 

dc+Zy 
adx  +  bdy 
adx  -\-  afy 


■-  n'r  +  nr* 
n'r  +  nr' 
mn<  +  m'n 


c 

<? 

cd 


bdy  —  afy  ==cd  —  ac^ 
c{d—  ac) 


y  = 


afx  +  6^ 
bdx  +  bfy 


bd  —  af 

cf 

be'  ■ 


(af-  bd)x  =  cf—b<? 
aJ-U 


0) 
(2) 
(3) 
(4) 


(1) 
(2) 
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7. 


a     0 

h  '  a 


(1)      9. 


(2) 


Simplify  (1),  bx-\-ay  =  ahc     (3) 
Simplify  (2),  ax  +  bcy  =  0        (4) 

Multiply  (3)  by  a  and  (4)  by  6, 

abx  +  a^y  =  a^bc 
dbx  +  h'^qf  =  0 

Subt,        a^y  —  b'^cy  =  a*6c 

(a^  —  b'^c)y  =  a^bCj 

Multiply  (3)  by  be  and  (4)  by  a, 

b^cx  +  a6cy  =  a6V 
a*a;  +  a6cy  =  0 

Subt.,         b^cx  —  a^x  =  ab^c^ 
(b^c-a^)x  =  ab^c\ 


&''c-a«* 


a 


b  -\-y     Sa-\-  X 
ax  -\-  2by  =  d 
Simplify  (1), 

'6a^  +  ax=b^  +  by. 

Transpose  and  combine, 

ax—   by  =  b^  —  3a' 
(2)  is     ax-\-2by  =  d 

Subt.,       -3&y  =  62_3a2. 


(1) 
(2) 


(3) 


y 


d 


3& 


Multiply  (3)  by  2, 

2aa;-2&y  =  262-6a2 
(2)  is     ax-\-2by  =  d 


Add,  Zax 


x  = 


=  2b^-6a^+d 
2b^-Ga'  +  d 


3a 


8. 


X 


2L-  = 


1 


abx  +  cdy  =  2         (1)    iq 
ax-cy  =  ^^'(2)        '    «  +  *     ""^     «  +  ^ 


Simplify  (2). 

abdx  —  bcdy  =  d—b  (3) 

Multiply  (1)  by  &, 

a&^a;  4-  bcdy  =  26       ^4^ 
(3)  is      abdx  —  6c(jy  =  c?  —  6  (5) 

Add,     (a6*  +  aid)  re  =  6  +  c^ 

6  +  d 


X 


m     »     X  — ^ 


1 


or,  x  =  ~ 
ab 

Multiply  (1)  by  d, 

abdx  +  cd*y  =  2d 
(3)  is      abdx  —  bcch/  =  d—b 

Add,     (cd*  +  6c(i)y  =  6  +  d 


^^'y-^- 


«d(6+<i) 


+ 


(1) 
(2) 


+ 


1 1_ 

a-\-b  '  a  —  b     a  —  b 

Add  (1)  and  (2), 

2a;    ^     1 

a  +  6     o  +  6    a  — 6 

Simplify, 

2x(a-&)  =  2a, 
a;(a  —  b)  =  a. 
a 
a  — 6 
Subtract  (1)  from  (2), 

JM L_. 


»     m     X  ~~ 


a— 6     a  —  b     a-\-b 
Simplify, 

2y(a  +  &)  =  26. 
y{a  +  b)  =  b, 
b 
^     a  +  6 
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11. 

a{a  —  x)  ■-=' b(x  ^  y  —  a)  (1) 

a(y-6-x)-%-6)  (2) 

Simplify  (1),  a»  -  ojj  -  6x  \  hj  -  ah,  (3) 

Simplify  (2),                         ay  -  ab~az  ^  hy  -  //*.  (4) 

Transpose  a*  and  hx  in  (3),  ox  +  ^x  ^  a*  \  ah  -by  (5) 

Transpose  ay  ~  o6  in  (1),  ox  —  ay  -  ai  -  by  \-  b^,  (6) 

Divide  (5)  by  (a  +  6)  and  (6)  by  a.       x^^-± '''^_l^, 

a-i  b 

^  ^ay  —  ab  —  bif  -^l^ 

a 

Equate  values  of  x.  t±£t=h  ^  a;/~ah-l»f  +  b\ 

a  +  6  a 

Simplify,  a'  +  a*6  —  aby  =»  a*y  —  a'5  —b^y-{-V^^ 

ah/  -\-aby -bh/^^c^-^  2a*b  -  &». 
.*.  y-»a  +  6. 
Substitute  value  of  y  in  (5),        ax^  bx—a*  ^ab  —  ab  —  6*. 


12. 

^^»a  (1) 

^±J^1  =  b  (2) 

x+y-1 

Simplify  (1),  X— yH-l  =  ax—  ay  —  a. 

Simplify  (2),  X  +  y  +  1  =  6x  +  6y  —  6. 

Trans,  and  combine,  (a — 1)  x — (a  —  1)  y  =  a  + 1  (3) 

(6-l)x  +  (6-l)y  =  6  +  l  (4) 

Multipfy  (3)  by  6  - 1  and  (4)  by  (a- 1), 

(a-l)(6-l)x-(a-l)(6-l)y  =  (a  +  l)(6-l)  (5) 

(a~l)(6-l)x-f(a-l)(6--l)y  =  (a-l)(6  +  l)  (6) 

Add,  2(a- 1)(6-  l)x  =  2(a6- 1) 

aft-1 


X 


{a-l)(6-l) 
Subtract  (5)  from  (6),    2(o- 1)(6 -  l)y  =  2(a-i). 

...y= ^^ 

(a-l)(6_l) 
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13.       aa;  =  6y  +  ^t±^        (1) 

(a-b)x  =  (a-^b)y  (2) 

Simplify  (1),  2aa;-2fty  =  a«  +  6«  (3) 

Simplify  (2),  aa—bx  —  ay  —  by  =  0  (4) 

In  (3).  ^^a'  +  6'  +  26y 

^  '  2a 

In  (4).  z  =  2^±*2. 

a—  o 

Equate  values  of  x,  t±R±^  =  «2LL^. 

^  2a  a-b 

Simplify, 

a'  +  a¥  +  2a6y  -  o«6  -  6*  -  262y  =  2ah/  +  2<%. 

Transpose  and  combine,     2a*y  +  26*y-  =  a'  —  a*6  +  a6*  —  6*, 

a  -6 


.-.  y  = 


9 


Substitute  value  of  y  in  (1),  ax  =  ^^^ — ^  +  2^-ii-, 


•  .  m7  ~~ 


2 
a  +  6 


14. 

ax-^by^c?  (1) 

^  ^        0  (2) 


6  +  y     a4-  a; 

Simplify  (2),  aa;  -  6y  =  -  a«  +  6»  (3) 

Add  (1)  and  (3),  ax  +  by  =  c^ 

QX  —  by='~d?-\-l^ 


2aa;  =  c«  -  a«  +  6* 


2a 
Subtract  (3)  from  (1),  ax-^-by  =  (? 

oaf  —  6y  =  --o'  +  6* 


26y«c2  4-a2-6* 
» •  y — 


26 
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16. 

-\+     ^i-2a  (1) 

Clear  (1)  of  fractioiw,     a:r  —  6x  +  ay  f-  &y  —  20*  —  2a6'  (3) 

Clear  (2)  of  fractiona,  a'x+d'x — a*y  -  6*y  «  2  aZ»x  4  2  aJby  (4) 

T     ,„v                                                                  20*— 2aZ»»  -ax +  &X 
In  (3),  y 


a  +  6 

o*j-  2a6x  +  yx 
a'  +  2a6  +  6« 
2a'  —  2a6'  --  ax  +  hx     a*x  —  2a&x  \  ft'x 


In  (4).  y 

a  +  6  a'  +  2ab  +  6* 

2a*  -  2a'6«  -  a*x  +  2a»6  -  2a6»  +  6*x  -  a*x  -  2a6x  +  6»x. 
Transpose  and  combine,         2a*x  —  2a6x  =  2  a*  -  2a'/>'  +  2a'6  -  2a6*. 
Divide  by  2  a,  ox  —  6x  «  a'  —  a6*  4  tt'6  —  6* 

a»  -  ah^  4  gV^  -  &» 

•  .  X  ^ 

a  —  0 

or,  X  =  a*  +  2a6  +  6*. 
Substitute  value  of  x  in  (3), 

a»  +  2a«6  +  a6»-a»6-2a6»-6»  +  ay  +6y  -  2a'- 2a6«. 

Transpose  and  combine,  at/  ^  by  =  a^  —  a'6  —  ab*  +  6*. 

a»  -  aV>  -  ah*  +  6» 
.-.  y . 

a  f  6 
or,  y  ==a*  —  2ab  +  6*. 


16. 


&x 

-be  = 

=  ay- 

-ac 

(1) 

X 

-y  = 

=  a  — 

b 

(2) 

Transpose  (1), 

6x- 

-ay  = 

.(6- 

-a)c 

Multiply  (2)  by  a, 

ax' 

-ay  = 

=  (a- 

-b)a 

(3) 

Subtract, 

(6- 

a)x  = 

.c(6 

-a)+a(6- 

-a) 

»  .  X  — 

'C  +  a. 

6x- 

-ay  = 

=  (6- 

•a)c 

(1) 

Multiply  (2)  by  6, 

6x- 

-by  = 

=  (a- 

-b)b 

(4) 

Subtract, 

1 

(6- 

a)y  = 
.-.  y  = 

=  c(6 

=  c  + 

-a)  + 
6. 

6(6- 

-a) 
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a{x-a)-\-h(y  —  h)+abc  =  0  (2) 

Simplify  (1),  x  —  cy  =  a  —  bc  (3) 

(2)  is  ax  +  by  =  a'^  +  b^-  abc  (4) 

Multiply  (3)  by  a,  ax  —  acy  =  a^  —  abc 

Subtract,  by  +  acy  =  i'* 

^      6  +  ac 

Multiply  (3)  by  b  and  (4)  by  c,    6a;  —  6cy  =  ab  —  cb^ 

acx  +  bey  =  a^c  +  h^c  —  ab<? 

Add,  bx  +  acj;  =  a6  +  a^c  —  a6c* 

.'.  x  =  a ~ 

ac+b 

18. 

(a  +  6)a;-(a  — 6)2/  =  4a6  (1) 

(a  -  6)0?  4-  (a  +  6)y  =  2a2  -  26«  (2) 

Multiply  (1)  by  (a  -  b\ 

(a^  -  b^)x  -  (a  -  bfy  =  40^6-4  a6»  (3) 

Multiply  (2)  by  {a  +  6), 

(a«-52)a;  +  (a  +  6)2y  =  2a3-2a6H2a«6-26»  (4) 
Subtract  (3)  from  (4),  (2  a^  +  2  6^)  y  =  2  a»  -  2  a^i  +  2  ab^  -  2  b\ 

.*.  y  —  a  —  b. 

Multiply  (1)  by  (a  +  J)  and  (2)  by  {a  -  b\ 

(a  +  bfx  -  (a^  -  6«)y  =  4a26  +  4a&2 

(g  -  bfx  +  (o^  -  5»)y  =  2ag  -  2a^b  -  2o6^  +  2&» 

Add,  (2a2  +  262)a;  =  2a»  +  2a^b  +  2a6«  +  26» 

.*.  a;  =  o  +  6. 


19. 

(a  +  a)(y  +  6)-(a; -  a)(y  -  6)  =  2(a  -  6)« 
(2). 

a;-2/>2a-26  =  0 


Simplify  (1)  and  (2).      ^-y  +  2(a-6)  =  0 

icy  +  6a;  +  ay  +  ao  —  a;y  +  ay  +  6a:  —  a6  =  2(a  —  6)' 


Transpose  and  combine,         2  ay  +  26a!  =  2  a*  —  4  a6  +  26* 

a;  — y  =  26  —  2a 

Divide  (5)  by  2,  ay  +  6a;  =  a*  -  2a6  +  6* 

Multiply  (6)  by  a,  —  oy  +  aa;  =  2 a6  —  2a' 

Add,  (6  +  a)a;  =  6«-a« 

.*.  a;  =  6  —  a. 

Substitute  value  of  x  in  (6),     6  —  a  —  y  =  26  —  2a. 

.*.  y  »=a  — 6. 
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20. 


Simplify  (1), 

Simplify  (2), 

Multiply  (3)  by  a. 
Multiply  (4)  by  6. 

Subtract, 


Multiply  (3)  by  6, 
Multiply  (4)  by  —  o, 

Subtract, 


(a  +  h)ix  -\-y\-  {a-h){x-y) 
(a  -  6)  (x  +  y)  +  (a  +  6)  (a?  -  y ) 


2hx  +  2ay 

2ax  —  ihy 

2abx  +  2a*y 
2abx-2blh/ 


(2a«+26«)y=a"-6» 


y  = 


26*a;  I-  2o6y 
2a*j-t-  2a&y 


2{a«  H-  6«) 


.•.x  =  ^^I^±^. 
2(a«  +  6») 


(1) 

(3) 
(4) 


1.  1  +  ?=10 

X    y 

^  3  ^ 
-  +  -  =  20 
x     y 

Multiply  (1)  by  4, 

_  ^  _  =  40 
X     y 

(2)  is  1  +  ^=20 

X     y 


Exercise  67. 
(1)         2. 


Subtract,  -  -        =  -  10 

X 

or,  lOx  =  5. 


(2) 


(3) 


Subtract,             5  =  20 

y 
•••y=i- 

Multiply  (1)  by  3, 

5  +  5=     30 

*   y 

(4) 

(2)  by  2.       ?  +  !=     40 

(5) 

1       *> 

?  +  f  =  6  (2) 

X     y 

Multiply  (1)  by  3, 

-  +  ^-^3a         (3) 
X     y 

3     4      . 

-  +  -  =  6 
X     y 


(2)  is 
Subtract, 


-  =  3a  —  6 

y 

2 
,-.  y  = 


3a-6 


Multiply  (1)  by  2, 

2     4     „ 
X     y 

(2)i8  ?  +  l  =  6 

X     y 


Subtract,    - 

X 


I  •  X  ^" 


6 -2a. 

1 
6-2a 
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20.    7a;  +  J(2y  +  4)=16  (1) 

3y-i(x  +  2)-8  (2) 

Simplify  (1). 

35a;  +  2y  +  4  =  80. 

Transpose  and  combine, 

35a;  +  2y  =  76  (3) 

Simplify  (2), 

12y-a;-2  =  32. 

Transpose  and  combine, 

12y  -  a?  =  34  (4) 

Multiply  (4)  by  35, 

-35aj  + 420^  =  1190 
35a;  +     2.v==     76      (3) 

422y  =  1266 

.-.  y  =  3. 

Substitute  value  of  y  in  (3), 

35a:  +  6  =  76, 
35a;  =  70. 


21.    ^E^  +  3x^Ay-2     (1) 

5x  +  ey     3a;-2y_o      2     .g) 
6  4  ^  w 

Simplify  (1), 
5a;  -  6y  +  39a;  =  52y-26. 

Transpose  and  combine, 

44a;-58y  =  -26      (3) 

Simplify  (2), 
10a;+12y-9a;+6y  =  24y-24. 

Transpose  and  combine, 

a;_6y  =  -24       (4) 

Multiply  (4)  by  44, 

44  a; -264y  =  - 1056 
44a;-   58y=^-     26  (3) 

206y  =  1030 

.-.  y  =  5. 

Substitute  value  of  y  in  (4), 
a;_30  =  -24. 
.  •.  a;  ^  6. 


22. 

5a;-3      3a;-19 


3 


Simplify  (1), 
Simplify  (2), 


Transpose  and  combine  (1), 

Transpose  and  combine  (2), 
Divide  (1)  by  2, 


2  2 

2a;4-.v      9a;-7_3Cv  +  3)     4a;-h5y 
2  8 

15a;-9-9a;  +  57 
16a;  +  8y-18a;  +  14 
4a;+6y 


4  16 

24-6y +  2a;. 


(1) 
(2) 


2a;  +    y 
2a;  +  3y 


12y-h36-4a;-5y. 
-  24  (3) 

22  (4) 

-12 


Substitute  value  of  y  in  (4), 


2y  = 

.-.  y  = 

2a;-17  = 
2a;  = 


-34 

-17. 

22. 
39. 
19J. 
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23. 

3y  +  ll  =  i^^l5i^i^  +  31-4x   (1) 

(a;  +  7)(y-2)  +  3-2ay''-^-l)(x  +  l)  (2) 

Simplify  (1),  3a!y-3y*  +  12y +  ll«-lly  +  44 

=  4a^-w-3y«  +  31x-31y  +  124-4a:«  +  4xy-16ar    (3) 
Transpose  and  combine,     32y  —  4  a;  =  80  (4) 

Divide  by  4,  8y-a?  =  20 

Simplify  (2),    jcy  +  7y  —  2a;  — 14 +  3  =  2ay-ay— y +  «+  1 

Transpose  and  combine,       8y  —  3a;  =  12 
Subtract  (5),  8.v~    a;  =  20 

-2a; 8 

.*.  a;  =  4. 
Substitute  value  of  x  in  (5),    8y  —  4  =  20, 

8y  =  24. 
.-.  y  =  3. 

2C 

6x±9  ^  3a;  +  5y      oi   .   3a;  4-4     ,iv 
"~r~"      'ix~(i  "^  ^      ~2~'     ^' 

10  2y-8  5  ^  ' 

Multiply  (l)by4,  6a; +  9  +  ^±i2l=l3  +  6a;  +  8. 

2a;  —  3 

Transpose  and  combing,  —^ — -^  =  12. 

Divide  both  sides  by  (2),  ¥^^  =  6. 

2x  —  3 

Multiply  by  2a;  -  3,  3a;  +  5y  =-  12a; - 18. 

Transpose  and  combine,  — 9a;  +  5y  =  — 18  (3) 

Multiply  (2)  by  10  8y  +  7  +  ^Q^'^^.V  =  40  +  8y  - 18. 

Transpose  and  combine,  z_l^  =  15. 

Divide  both  sides  by  15,  ^~y.  =  i. 

y-4 

Multiply  by  y  —  4,  2  a;  — y  =  y  — 4. 

Transpose  and  combine,  2ar  —  2y  =  —  4. 

Divide  by  2,  a;  -  y  =  -  2  (4) 

Multiply  (3)  by  1  and  (4)  by  9,  -  9  a;  +  5y  =  -  18 

9a;-9.v  =  -18 

Add,  _4y  =  -36 

.-.  y  =  9. 
Substitute  value  of  y  in  (4),  a;  —  9  =  —  2. 

ft      •      *v     ^^      /  • 
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Exercise  69. 

1.  The  sum  of  two  numbers  divided  by  2  gives  as  a  quotient 
24,  and  the  difference  between  them  divided  by  2  gives  as  a  quo- 
tient 17.    What  are  the  numbers? 

Let  X  =  first  number, 

and  y  =  second  number. 

Then  ?±i^  =  24  (1) 

and  ^^^^  =  17  (2) 

2  ^  ^ 

Add  (1)  and  (2),  a;  =  41 

Subtract  (2)  from  (1),  y  =  7. 

2.  The  number  144  is  divided  into  three  numbers.  When  the 
first  is  divided  by  the  second,  the  quotient  is  3  and  the  remainder 
2 ;  and  when  the  third  is  divided  by  the  sum  of  the  other  two 
numbers,  the  quotient  is  2  and  the  remainder  G.  Find  the  num- 
bers. 

Let  X  =  first  number, 

y  =  second  number, 
and  z  =  third  number. 

Then  x  +  y  +  z  =  144  (1) 

^—^  =  3  (2)      , 

y 

and  ^^  =  2  (3) 

x+y 

Simplify  (2),  aj-3y  =  2  (4) 

Simplify  (3),  z-2y-2a;=     6  (5) 

Multiply  (1)  by  2,  2a;  +  2y -h  2z  =  288  (6) 

Add  (5)  and  (6),  '       3  2  =  294 

.-.  2  =  98. 
Substitute  value  of  z  in  (1),  a;  +  y  +  98  =  144, 

a;+    y  =  46  (7) 

(4)  is  x-Sy=   2 

Subtract,  4y  =  44 

.-.  y  =  ll. 
Substitute  value  of  y  in  (7),      a;  +  1 1  =  46. 

.•.  a;  =  35. 


I 
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3.  Three  times  the  greater  of  two  numbers  exceeds  twice  the 
less  by  10 ;  and  twice  the  greater  together  with  three  times  the 
less  is  24.    Find  the  numbers. 

Let  X  »  greater  number, 

and  y  » lees  number. 


Then 

• 

3x-2y-10 

(1) 

and 

2a;  +  3y«24 

(2) 

Multiply  (1)  by  2, 

ex-   4y=-     20 

Multiply  (2)  by  3, 

6a:  +    9y-     72 

Subtract, 

-13y--52 
.-.  y=-4. 

Substitute  value  of  y 

in(l),  3x~8-10. 

6. 


4.  If  the  smaller  of  two  nnmbers  be  divided  by  the  greater, 
the  quotient  is  0.21  and  the  remainder  0.0057;  but  if  the  greater 
be  divided  by  the  smaller,  the  quotient  is  4  and  the  remainder 
0.742.    What  are  the  numbers  ? 


Let 
and 

Then 


Hence, 

and 
Simplify  (1). 

Simplify  (2). 

Multiply  (3)  by  4, 
(4)  is 

Add, 


X  » larger  number, 
y  —  smaller  number. 

y 

-  »  smaller  divided  by  larger, 

-  —  larger  divided  by  smaller. 
^  y  0.0057 

X  X 


?  =  4  + 

y 


0.742 


y  =  0.21a: +  0.0057 

y  -  0.21  X  =  0.0057 

a;  =  4y +  0.742 

a;-4y  =  0.742 

4y- 0.84a;  =  0.0228 
-4y+         a  =  0.742 


Substitute  value  of  x  in  (4), 


0.16  a;  =  0.7648 
.-.  x  =  4.78. 

-4y= -4.038 
.•.  y  =- 1.0096. 


(1) 
(2) 

(3) 
(4) 
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7.  x-y-z  =  b     (1) 

a.  +  y_2  =  25  (2) 
a? +  3/ +2  =  35  (3) 

(1)  is  x  —  y  —  z=b 

(3)  is  a;  +  y  +  z  =  35 

Add,  2x  ^40 

.-.a;  =  20. 

Substitute  value  of  a:  in  (2)  and  (3), 

y-2=   5 
y  +  2  =  15 

Add, 


Subtract, 


2y  =20 
.-.  y  =  10. 
-  22  =  -  10. 

.*.  2  =  5. 


8.  a;  +  y  +  2  = 

8a;  +  4y  +  22  = 

27a;  +  9y +  32  = 

Multiply  (1)  by  2, 

2a; +  2y +  22  = 

(2)  is      8a;  +  4y  +  22  = 


Sub.,  ~6a;-.2y  - 

Multiply  (1)  by  3, 

3a;  +  3y +  32  = 
(3)  is    27a;  +  9y  +  32  = 


30(1) 
50  (2) 
64  (3) 

60  (4) 
50 


10(5) 


90  (6) 
64 


26  (7) 


30  (8) 
26 


Sub.,-24a;-6y  -= 

Multiply  (5)  by  3, 

-18a;~6y  = 
(7)  is         ~24a?-6y  = 

Subtract,       6  a?  =4 

.•'  «  =  f. 
Substitute  value  of  x  in  (8), 

- 12  -  6y  =  30. 
.    ...  y-_7. 

Substitute  values  of  x  and  y 

in(l),        1-7  +  2  =  30. 
.-.  2  =  36 J. 


Multiply  (1)  by  2, 
Multiply  (2)  by  3, 

Add, 

Multiply  (2)  by  7, 
Multiply  (3)  by  16, 

Add, 

Multiply  (6)  by  154, 
Multiply  (9)  by  3, 

Subtract, 


9.  15y  =  242-10a:  +  41 

15a;=12y-162+  10 
18a;-(72-13)=14y 

20ar  +  30y-482=    ^2 
45a;-36y  +  482=   30 

65a;-    Qy  ==112 

105a;-   84y  +  1122  =  70 
288  a;  -  224y  -  1122  =  -  208 

393a; -308y  =-138 

10,010a;  ^924y  =  17,248 
1.179a; -924y=  -414 

8,831a;  =17,662 

•  *  a;  *=s  ^, 


Substitute  value  of  x  in  (6),  130  -  6y  =  112. 

.••y  =  3. 

Substitute  values  of  a;  and  y  in  (1), 

20  +  45-242  =  41. 

.*.  2  =  1. 
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10.  3a?-y  +  z 

5x  +  3y  — 22 
7x  +  4y  —  52 

Multiply  (1)  by  2, 

6aj-2y +  22 
(2)  is     5a;4-3y-22 

Add,    11  a?  +    y 
Multiply  (1)  by  5. 


17  1) 
10  (2) 
3     (3) 


34  (4) 

U) 


(3)  is 

Add. 
(5)  is 

Add, 


15x  — fjy  f-  52 
7a;  +  4.v  — 52 


22  a?- 
lla:  + 


y 


85  (6) 


88 
44 


33« 


•  .  J?  ■"" 


132 
4. 


Substitute  value  of  x  in  (5), 
44  +  y  =  44, 


From  (1), 


y  =  0. 

2  =  5. 


12.  x+2y  +  32 
2x  +  4y  +  22 
3a?+2y +  8« 

Multiply  (1)  by  2, 

2«  +  4y +  62 
(2) is    2a;-f  4y-i-22 


6 
8 
101 


12 
8 


44  (5)     Subtract, 


42 

'.  2 


1. 


iS 


(2)  is     2x+4y+  22=-    8 
2x(3)i8  6g+4y-t-162==     202    (7) 

Subt.,~4aj        -142  =  -194    (8) 

Substitute  value  of  2  in  (8), 

-4a;-14  =  -194. 
-4a;  =  -180. 
.*.  X  =  45. 

Substitute  values  of  x  and  z  in  (1), 

45  +  2y  +  3  =  6, 

2y  =  -  42. 
.-.  y  =  -21. 


11.  ar-fy  +  2  =  5    (1) 

3aj-5y  +  72=75  (2) 

9a?-ll2.+  10  =  0     (3) 

Multiply  (1)  by  5, 

5a;  +  5y+    52=   25(4) 
(2)  is    3a;-5v+    72=    75 
Add,    8a;  +122  =  100(5) 

Multiply  (5)  by  9  and  (3)  by  8, 

72a; +  1082=  900 
72g-   88 2  =  -80 

Subtract.  1962=  980 

.*.  2  =  5. 

Substitute  value  of  z  in  (3), 

9a;-55  =  -10, 
9a;  =  45. 
.-.  a;  =  5. 

.    Substitute  values  of  x  and  z 
in(l). 

5  +  y  +  5  =  5. 
.-.  y  =  -5. 


13.        x-3y-22 

2a;  — 3y  +  52 

bx  -\-  2y  —  2 

Multiply  (3)  by  2, 

10x  +  4y  —  22 
(1)  is      a;-3v-22 

Subt.,  9a:  +  7y 

Multiply  (3)  by  5, 

25a;+10y-52 
(2)i8      2a;-  3v+52 


1 

-19 
12 


24 
1 


=^23 


Add.  27a;+  7y 
(5)  is    9a;+  7y 


Sub.,  18  X 


=      18 


.  .  a;  '^^  .1.. 


(4) 
(5) 


60     (6) 
-19 

41     (7) 
23 


Substitute  value  of  x  in  (5), 

9  +  7y  =  23. 
.•.y  =  2. 

Substitute  values  of  x  and  y  in  (1), 
1-6-22  =  1. 

.  •  2  ^*  "^  o. 
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14.  Zx-2y^b       (1) 

4a;-3y  +  22=ll     (2) 

a; -22/ -52  =  -7   (3) 

Multiply  (2)  by  5  and  (3)  by  2, 

20a:-15y+10z=     55(4) 
2x-  4y-10z  =  -14(5) 

Add,    22ar-19y  =     41(6) 

Multiply  (1)  by  19  and  (6)  by  2, 

57a;-38y  =  95     (7) 
44a;-38y  =  82     (8) 

Subtract,    13  x  =13 

Substitute  value  of  x  in  (1), 

3-2y  =  5, 
-2y  =  2. 
.-.  y  =  -l. 

Substitute  values  of  x  and  y 

in  (2), 

4  +  3  +  22  =  11, 
22=4. 

.-.  3  =  2. 


16. 


15. 


»+    y  =   1     (1) 

y+    2=    9     (2) 

X  +    2=    5     (3) 


Add,      2a;  +  2y  +  22 

jc  +  y  +  2 

Subtract  (1)  from  (4), 


2  = 


Subtract  (2)  from  (4), 


X 


Subtract  (3)  from  (4), 

y 


15 

7i     (4) 

6J. 

-IJ. 
2J. 


201-33/ =  3 

32/-42  =  7 

—  5a;  +  4z  =  2 

2aj-3y  =   3 

32/-42=    7 


2x 
—5  a: 


-42=10 
+  42=    2 


(1)  is 

(2)  IS 

Add, 

{3)is    

Add,    -3a?  =12 

Substitute  value  of  a?  in  (1), 

-8 -32/ =  3, 
-32/ =11. 

.-.  y  =  ~3J. 

Substitute  value  of  x  in  (3), 

20  +  42  =  2", 
42  =  -18. 

.-.  2  =  -4i. 


17. 


3a:-4y  +  62=l       (1) 
2a:  +  2y-2  =  l       (2) 
?a;-62/  +  7z  =  2      (3) 

(l)is        3a;-  43/+62  =  l 
6x(2)  isl2a;+122/-6z  =  6       (4) 

Add.      15ar+  83/        =7       (5) 

Multiply  (2)  by  7, 

14a;+14y-72  =  7       (6) 
(3)  is         7ar-  6y+72  =  2 

Add,       21a;+  8y        =9       (7) 

Subtract  (7)  from  (5), 

-6a;  =  -2. 

.  •  a;  '''^  T. 

Substitute  value  of  x  in  (7), 

7  +  83/  =  9, 

8y  =  2. 

.-.  y  =  J. 

Substitute  values  of  x  and  y 
in  (2), 

+  J-a=l, 

-2=l-fHt. 
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18. 


1x-3y 
9y-52 

x-\y-\-z 

Mnltiply  (3)  by  7, 

7x  +  7y  +  72 
(1)  is     7a?-3y 


=  30 
-34 
=  33 

=  231 
=   30 


Subtract,      lOy  +  72 
Multiply  (2)  by  10  and 
90y-  502  = 
90v+   632 

Subtract,         -1132 


(5) 


=  201 

(5)  by  9. 

=       340(6) 
=     1809(7) 


Substitute  value  of  t  in  (5), 

lOy  +  91  =  201, 
lOy  =  110. 
.-.  y«=ll. 

Substitute  values  of  y  and  z  in  (3), 

a? +11 +  13  =  33. 
.'.  «  =  9. 


.'.  2 


«+2?+^ 
2     3 

,   M    ,   X 

-  +  ^  +  2^ 


-1469 
13. 


6. 

-1. 

17. 


19. 


Simplify, 

Ga:  +  3y +  22 
2a:  +  6y +  32 
3a;  +  2y  +  62 


36 
-6 
102 


(1) 

(2; 

(3) 


3x(l)isl8ar+9y+62  =  108 
(3)  is        3a;+2v+62=^102 

Sub.,      15a;+7y        =     6       (4) 
2x(2)U4a;+12y+62  =  -    12 
(3)ifl      3a;+  2y+62==     102 

Sub.,*       x+lOy        =-114  (5) 
Subtract  7  X  (5)  from  10  X  (4), 

143  a; -858 

.'.  x  —  G. 
Substitute  value  of  x  in  (5), 

y  =  -12. 
Substitute  values  of  a:  and  y  in(l), 

2  =  18. 


20. 


1     2 

-  +  - 
X     y 

4 


3 

y  - 

3  4 

2  X 


::__i-,-6 


t-.1^6 


(1) 

(2) 
(3) 


Multiply  (6)  by  4  and  (3)  by  3, 
L2  +  ?_2  =  i08 

X  2 

-12  +  ?=.   15 

X        2 


Add 


Multiply  (1)  by  3  and  (2)  by  2, 

=  15        (4) 

=  -12    (5) 


3     6 

-  +  - 
X     y 


8     6 

--  +  - 


Subtract, 


3     8 

-  +  - 

X       2 


27     (6) 


41 

-  =  123 

2 
.*.  2=5. 

Substitute  value  of  2  in  (3), 

X 

.*.  x—\. 
Substitute  value  of  x  in  (1), 

l+?  =  5. 
^     1 
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Add, 
(l)is 

Subtract, 


1      1      1 

-  + =a 

X     y     z 

1      1      1      7. 

X     y     z 

1      1      1 

-  + =  c 

y     2      X 


21. 

(1)       (4)  is 


(2) 
(3) 


111  1        /..x 

-  +  -  +  -  =  a-\-h-Vc  (4) 
X     y     z  ^ 

1      1      1 

-+ =  a 

aye 

z 


•  •.  3 


ft  +  c 


(2)  is 

Subtract, 


111 
-  -f  -  4-  - 
X     y     i 

111 

+  - 

X     y     z 


a  +  6  +  c 
h 


2 


••2/ 


111 

(4)  IS        -  +  -  +  - 
^  '  X     y     z 

/Q\-  111 

(3)  18     __  +  _+_ 

a:     y     2 


a  +  c 
2 

—  -        ■  • 

a  +  h  '\-c 


=  c 


Subt., 


2 

a; 


•    •    fcU  ^^ 


a  +  6 

2 
a  +  6 


22. 


Multiply  (1)  by  a, 
Multiply  (2)  by  6, 
Multij)ly  (3)  by  c 

Add  (4),  (5),  and  (G), 
Subtract  twice  (4)  from  (7), 
Subtract  twice  (5)  from  (7), 
Subtract  twice  (G)  from  (7), 

In  (8). 
In  (9), 
In  (10), 


hz-\-cy='a 

(1) 

CLZ-\-CX  =  h 

(2) 

ay  -\-bx='C 

(3) 

ahz  +  acy  =  a* 

(4) 

a5z  +  6ca?  =  6^ 

(5) 

acy  +  5ca?  =  c^ 

(6) 

2aZ>2  +  2acy  +  2 6ca;  =  a*  +  Z;^  _}.  c^ 

(J) 

25ca?  =  5«  +  c2-a' 

(8) 

2acy=a*-Z;2  +  c2 

(9) 

2a6z  =  a»  +  52_c2 

(10) 

26c 

^      a«-6«  +  c* 
^            2ac 

_a«  +  62_c» 

2ab 
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23. 


X     oy     z 


(1) 


i+J.+2_ioj        (2) 
3x     2y     z 

1-1+4=16^      (3) 
OX     2y     z 

Multiply  (1)  by  60  and  (2)  by  30. 

mji^^^^    (.,) 

X       y      z 

10    15    GO     _._ 

—  +  —  +  —  =  305         (5) 

X     y      z 


X         V 


-151 


C>) 


Multiply  (2J  by  60  and  (3)  by  30, 

a;      y       2 

24_15^120^4«3        (8) 
a;      y        2 


Q  u       4     45 
Sub.,  —  +  — 
X     y 


127 


(9) 


^-i??  =  302       (10) 
X  v 

_  340^  3825  _^^^g 

a;  y  ' 


Add, 


3699 

y 


11097 


•••y=-J. 

Substitute  value  of  y  in  (9), 
-  -  +  135  =  127, 

X 

8x  =  4. 

.    •    X  '^  9, 

Substitute  values  of  x  and  y 
in  (5), 

20+45  +  — -305, 

z 

2402  =  60. 
.'.  «=- J. 


24. 

?-?  +  ^  =  2.9      (I) 
X     y      z               ^  ' 

5_?_7_io.4(2) 
X     y     z                ^  ' 

9      10     8      ,,^    ,„, 

-  + 14.9    (3) 

y      z      X               "^  ^ 

Add, 

1      7 
--+---  7.4      (4) 
X     z                ^  ^ 

Multiply  (1)  by  2, 

1-S?  =  5.8     (5) 
X     y     z               ^  ^ 

(2)  is 

5_«_7__io.4(6) 

Subt., 

_1      +^^16.2    (7) 

(4)  is 

-l+h  ^-^  («) 

Multiply  (6)  by  2  and  (9)  by  85.  Subtract, 


-=   8.8 

z 


.:z  =  {i. 


Substitute  value  of  z  in  (4), 
- 1  +  7.7  =  7.4. 

X 

Simplify,   -1  +  7.7x  =  7.4 x, 

3x=10. 
.-.  x  =  3f 

Substitute  values  of  x  and  z  in  (1), 

0.6-5  +  4.4  =  2.9. 

y 

Simplify, 

0.6y-3+4.4y  =  2.9y. 
.-.  y  =  lf 


J 


190  ALGEBRA. 


25. 

-M-5=o 

(i) 

(5)i8                   l-?  =  2 

X     y     z 

a;      z 

z     y 

(2) 

Mul.(3)by3.    ?  +  ?  =  4 

a;     z 

1      1      11 
-  +  -  =  1 J 

X      z 

(3) 

Add.                   1        =6      . 

Multiply  (1)  by  2, 

Substitute  value  of  x  in  (5), 

4     2     6^ 

24     3     o 

-+ =  0 

(4) 

_ =2. 

X     y     z 

7         2 

/^\\    ■                                            ^          «i 

.-.  2  -  2^. 

(2)  18                 -  f  +  £  =  2 

Substitute  values  of  x  and  y  in 

(1). 

I'  +  i    I'-o. 

7      y      7 

Add,              1        -?=2 

(5) 

26. 

ax  -{-by 

+  cz  =  a 

(1) 

ax  —  by 

—  C2=6 

(2) 

ax  +  cy 

+  62=  C 

(3) 

Add  (1)  and  (2), 

2ax  =  a  +  6 

.•.x  =  «  +  *. 
2a 

(4) 

Multiply  (2)  by  b  and  (3)  by 

c, 

ahx           —  6'y 

-5(»  =  i» 

n 

aca; 

+  c'^y  +  6cz  =  c^ 

Add,  (ibx-\-acx  —  bhf  +  <?y  =62  +  c»  (7) 

Substitute  value  of  ar  in  ^7), 

«!*±«!£±^^^1±^  -  (62  >  c«)  V  =  6»  +  c». 
2a 

a&  +  ac  -f  6c  —  y  —  2c^ 

Substitute  values  of  x  and  y  in  (3), 

a  +  6  ,  a6c  +  ac' +&C''  — 620  —  20*  .  , 

— — —  +  ■'  4-  O2  =  c. 

2  2(62-c») 

,    _  362c-a6«-a6c-y 

*  2(6«-c2) 

3  6c  —  a6  —  oc  —  6* 

2(6*  -  c») 
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27. 

2x- 

y_3y  +  2«     r-y-z^. 

(1) 

3 

4                 5 

Simplify,  40x  -  20y  =  45y  +  30« 

Divide  (1)  by  20. 
Divide  (2)  by  15, 
Divide  (3)  by  12, 

Multiply  (4)  by  3, 
(5)  is 

-12x-12y-122-  210 
40x~20y-.  210 
4r)y +  :M)2   -210 
12x-12y-122.  240 
2x--y   ■  12 
3y  +  22      16 
X  — y  —  2  -  20 

6x~3y            '36 
3y  f  22      16 

(1) 

(2) 

3! 

(7) 

Add, 

6x           +  22  ...  52 

(8) 

(4)  is 
(6)  is 

Subtract, 

2x-y        -     12 
x-y-z       20 

X            ■+  2  -  -  8 

(9) 

(8)  +  2i8 

(9)  is 

3x  f  2  -      26 

X   f  2        -    8 

Subtract, 

2x         -     34 
.*.  x-«  17. 

Substitute  value  of  x  in  (i\ 
Substitute  value  of  y  in  (5), 

y-22. 
2--25. 

28. 

X— y     X— a— 6 
a        a  -\-b  -k  c 

(1) 

• 

y  —  z     X  - a  —  h 
ft        a^^h^  c 

(2) 

X  -\-  z     X  —  a  —  ft 
c        a  -^  b  -\-  c 

(3) 

x(a  +  6  +  c)  —  y(a  +  6  -f  c)  =  ax  —  a*  —  a6 
-z(a  +  6  +  r)  +  y  (a  +  6  +  c)  =  6x  —  6*  -  aft 

x(o  +  ft  +  c)  +  z(a  +  ft  -1-  c)  =  ex  —  ac  —  ftc 

(4) 
(."■') 
(6) 

Add,  2x(a  +  ft  +  c)  =  i(a+ft+c)-a*-ft*-2aft-ac-ftc 

x(a  +  ft  +  c)  =  —  (a'  +  ft*  -f  2aft  +  ac  +  be). 
.*.  x  =  — (a  +  ft). 

From(4),  -(a+ft)(a+ft+c)-y(a+ft+c^  =  -  2a»  -  2aft, 
or,  —y(a-\-b-^c)  —  —  a^  -^  b*  -{-  ac  -^  be, 

.  (a+ft)(a-ft-cX 

a-^b  +  c 
From (6),  — (a+ft)(a+ft+c)+2^o+ft+c)  =  -  2ac  -  2ftc, 

2(o+ft+c)  =  o'  +  2a6  +  ft*  —  oc  —  ftc. 

...  ^^(a-fft-c)(a-hftX 
a  +  ft  +c 
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21.  If  a  certain  number  be  divided  by  the  sum  of  its  two 
digits  diminislicd  by  2,  the  quotient  is  5  and  the  remainder  1 ;  if 
the  digits  be  interchanged,  and  the  resulting  number  be  divided 
by  the  sum  of  the  digits  increased  by  2,  the  quotient  is  5  and 
the  remainder  8.    Find  the  number. 

Let  X  =  digit  in  tens'  place, 

and  y  =  digit  in  units  place. 

Then  lOx  +  y  =  number. 

By  conditions.  I0x  +  y_  _  ^  ^ 1 ^ 

X  -\-y  —  2  x  +  y  —  2 

and  10.V  +  »'=5  +  — ^ 

X  +  y  +  2  x  +  y  +  2 

Clear  of  fractions,  10a;  +  y  =  5a;  +  5y  —  10  +  1. 

lOy  +  a;  =  5a;  +  5y  +  10  +  8. 

Transpose  and  combine,     5a;  —  4y  =  —  9 

5y-4a;  =  18 


§! 


Multiply  (1)  by  5,  25  a;  -  20y  =  -  45 

Multiply  (2)  by  4,       -  16a;  +  20y  =      72 

Add,  9  a;  =27 

.  *.  a;  =  o. 

Substitute  value  of  x  in  (1),  y  =  6. 

.*.  number  =  36. 


22.  The  first  of  the  two  digits  of  a  number  is,  when  doubled, 
3 'more  than  the  second,  and  the  number  itself  is  less  by  6  than 
five  times  the  sum  of  the  digits.     What  is  the  number? 

Let  x  =  digit  in  tens'  place^ 

and  y  =  digit  in  units'  place. 

Then  10a;  +  y  =-  number. 

By  conditions,  2a;  =  y  +  3  ^1) 

and  10a;  +  y +  6  =  5ar +  5y  (2) 

Transpose  and  combine,        2a;  -  y  =  3  (3) 

5ar-4y  =  -6  (4) 

Multiply  (3)  by  4,  8a;  -  4y  =  12 

(4)  is  5a;  — 4y  =  —  6 

Subtract,  3  a;  =18 

.'.  a;  =  6. 

Substitute  value  of  x  in  (3),  y  =  9. 

.*.  number  =  69. 


teachers'  edition.  203 

23.  A  number  i^  expressed  by  three  digits,  of  which  the  first 
aud  last  are  alike.  By  interchanging  the  digits  in  the  units' 
and  tens'  places,  the  number  is  increased  by  54 ;  but  if  the  digits 
in  the  tens'  and  hundreds'  places  are  interchanged,  9  must  be 
added  to  four  times  the  resulting  number  to  make  it  equal  to  the 
original  number.    What  is  the  number? 

Let  X  =  digit  in  hundreds*  and  units'  place, 

and  y  =■  digit  in  tens'  place. 

Then  101  x  +  lOy  =  number. 

By  conditions,  llOx  +  y  =  101  *  +  lOy  +  54     (1) 

4(llx  +  100y)  +  9  =  101x  +  10y  (2) 

Transpose  and  combine  (1),    9  a:  —  9y  =  54  (3) 

Divide  (3)  by  9,  «  -  y  =  6  (4) 

Transpose  and  combine  (2), 

-57x  +  390y  =  -9 
Multiply  (4)  by  57,  57a;-    57y  =  342 

Add.  333y  =  333 

.'.  y  =  l. 
Substitute  value  of  y  in  (4),  «  =»  7. 

.*.  number  =  717. 

24.  A  number  is  expressed  by  three  digits.  The  sum  of  the 
digits  is  21 ;  the  sum  of  tlie  first  and  second  exceeds  the  third 
by  3 ;  and  if  198  be  added  to  the  number,  the  digits  in  the  units' 
and  hundreds'  places  will  be  interchanged.    Find  the  number. 

Let  X  =»  digit  in  hundreds'  place, 

y  =  digit  in  tens'  place, 
and  z  =  digit  in  units'  place. 

Then    100a;  +  lOy  f  z  =  number. 

By  conditions,  a;  +  y  +  2  =  21  (1) 

and  a;  +  y  —  2  =  3  (2) 

lOOa:  +  lOy  +  2  +  198  =  lOOz  f  lOy  +  x        (3) 
Subtract  (2)  from  (1),  22  =  18. 

.-.  z  =  9. 
Divide  (3)  by  99,  ^  a;  -  2  =  -  2  (4) 

Substitute  value  of  2  in  (3),         a;  —  9  =  —  2. 

« *•  a;  =  I. 
Substitute  values  of  x  and  z  in  (2),  y  =  5. 
.'.  number  =  759. 
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25.  A  number  is  expressed  by  three  digits.  The  sum  of  the 
digits  is  9 ;  the  number  is  equal  to  forty-two  times  the  sum  of 
the  first  and  second  digits ;  and  the  third  digit  is  twice  the  sum 
of  the  other  two.    Find  the  number. 


Let 

X  =  digit  in  hundreds'  place, 

y  =  digit  in  tens'  place, 

and 

z  =  digit  in  units'  place. 

Then 

x  +  y  -\-  z  =  9 

100a:  +  lOy  +  2  =  42(a;  +  y) 
z  =  2{x  +  y) 

From  (2), 
From  (3), 

58aj-32y +  2  =  0 

-2a;-    2?/  f  2  =  0 

Subtract, 

00a; -SOy        =0 

Divide  by  30, 

2x-y=0 

Subtract  (3)  from 

(1),           3a;  +  3y  =  9 

Divide  by  3, 

x  +  y  =  S 

(4)  is 

2x-y  =  0 

Add. 

Sx        =3 

(1) 


(4) 
(5) 


Substitute  value  of  x  in  (5),  y  =  2. 

Substitute  values  of  a;  and  y  in  (1),  2  =  6. 
.*.  number  =  126. 

26.  A  certain  number,  expressed  by  three  digits,  is  equal  to 
forty-eight  times  the  sum  of  its  digits.  If  198  be  subtracted  from 
the  number,  the  digits  in  the  uuits*  and  hundreds*  places  will  be 
interchanged;  and  the  sum  of  the  extreme  digits  is  equal  to 
twice  the  middle  digit.    Find  the  number. 

Let  X  =  digit  in  hundreds'  place, 

y  =  digit  in  tens'  place-, 
and  2  =  digit  in  units'  place. 

Then  100a;  +  lOy  +  2  =  ^8(a; +y  +  2)  (1) 

100a;  +  lOy  +  2  -  198  =  IOO2  +  lOy  +  a;        (2) 

and  a;  +  2  =  2?/  (3) 

From(l),  52a; -38y- 472  =  0  (4) 

From  (2),  99a;  -  992  =  198. 

Divide  by  99,  a;  -  2  =  2  (5) 

From  (3),  a;-2y  +  2  =  0  (6) 

Subtract  19  X  (6)from  (4),  33  a;  -  C6  2  =  0. 

Divide  by  33,  a; -22  =  0  (7) 

Subtract  (7)  from  (5),  2  =  2. 

Substitute  value  of  2  in  (5),  a*  =  4. 

Substitute  values  of  a;  and  2  in  (6),  y  =  3. 

••.  number  =  432. 
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27.  A  watermau  rows  80  miles  and  back  in  12  hours.  He 
finds  that  he  can  row  5  miles  with  the  stream  in  the  same  time 
as  3  against  it.     Find  the  time  he  was  rowing  up  and  down 


respectively. 

Let             X  =  number  of  hours  he  rowed  down, 

and                y  =*  number  of  hours  he  rowed  up. 

By  conditions, 

re  +  y  =  12 

(1) 

and 

5a;  =  3y 

(2) 

Transpose  (2), 

6a?-3y=    0 

Multiply  (1)  by  3, 

3x+3y=»36 

Add, 

8a;          »36 
.'.  a;  =  4J. 

Substitute  value  of  x  in 

(1).  4}+y  =  12. 
.-.  y  =  7J. 

• 

28.  A  crew,  which  can  pull  at  the  rate  of  12  miles  an  hour 
down  the  stream,  finds  that  it  takes  twice  as  long  to  come  up  the 
river  as  to  go  down.     At  what  rate  does  the  stream  flow? 

Let  X  =  rate  of  pulling, 

and  y  =  rate  of  stream. 

X  -{-y  =  rate  down  stream, 

x  —  y  =  rate  up  stream. 
Then  a?  +  y  =  12  (1) 

a?-y°    6  (2) 

Subtract,  2y=    6 

.  •.  y  =  3  =  rate  stream  flows. 

Substitute  value  of  y  in  (1), 

a;+3  =  12, 

a;-'12-3. 
.«.  a;  =  9. 


29.  A  man  sculls  down  a  stream,  which  runs  at  the  rate  of  4 
miles  an  hour,  for  a  certain  distance  in  1  hour  and  40  minutes. 
In  returning  it  takes  him  4  hours  and  15  minutes  to  arrive  at  a 
point  3  miles  short  of  his  starting-place.  Find  the  distance  he 
pulled  down  the  stream  and  the  rate  of  his  pulling. 
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Let  X  =  rate  the  man  sculls, 

and  y  =  number  of  miles  he  goes. 

Then        a;  +  4  =  rate  going  down  the  stream, 
and  a;  —  4  =  rate  going  up  the  stream, 

(a;  +  4)  J  =  number  of  miles  he  goes. 

••.(^  +  4)f  =  y  (1) 

and  (a;-4)V=--y-3  (2) 

4x(l)i8  20a;  +    80=12y  (3) 

3x(2)i8  61a:-204  =  12y-36  (4) 

Subtract,  -  31  a;  +  284  =  36 

.  *.  a;  =  8,  rate  of  pulling. 
Substitute  value  of  a;  in  (1),      y  =  20. 


30.  A  person  rows  down  a  stream  a  distance  of  20  miles  and 
back  again  in  10  hours.  He  finds  he  can  row  2  miles  against  the 
stream  in  the  same  time  he  can  row  3  miles  with  it.  Find  the 
time  of  his  rowing  down  and  of  his  rowing  up  the  stream ;  and 
also  the  rate  of  the  stream. 

Let  X  =  rate  of  rowing, 

and  y  =  rate  of  stream. 

Then  -A_  =  _L-  (1) 

x-y     x+y 

20    ^J0_^^^  ^2^ 


x+y     x-y 
Simplify  (1),  a;  =  5y  (3) 

Substitute  this  value  of  x  in  (2), 

22  +  20^,0. 
6y     4y 

From  (3),  a;  =  4^. 

20 
Therefore,  -- — -  ==  4  (time  of  running  down), 

^  +  4 

20 
and  -- — -  =  6  (time  of  rowing  up). 
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31.  A  grocer  mixed  tea  that  cost  him  42  cents  a  pouud  with 
tea  that  cost  him  54  cents  a  pound.  He  had  30  pounds  of  the 
mixture,  and  by  selling  it  at  the  rate  of  60  cents  a  pound,  he 
gained  as  much  as  10  pounds  of  the  cheaper  ten  cost  him.  How 
many  pounds  of  each  did  he  put  into  the  mixture? 


Let 

x  = 

--  number  of  pounds  of  tea  at  42  cents, 

and 

y- 

'-  number  of  pounds  of  tea  at  M  cents. 

Then 

a;  +  y  = 

=  30 

(1) 

42a?  +  51y  = 

=  1800  -  420 

(2) 

Multiply  (1)  by 

42.              i2a;+12y  = 

=  1260 

42a;  \b\y^ 

- 1380 

^-y 

-■    120 

-'-y 

-10. 

x\  10- 

-  30. 

•  •  tie  - 

20. 

32.  A  grocer  mixes  tea  that  cost  him  90  cents  a  pound  witli 
tea  that  cost  him  28  cents  a  pound.  The  cost  of  the  mixture  is 
$61.20.  He  sells  the  mixture  at  50  cents  a  pound,  and  gains 
$3.80.    How  many  pounds  of  each  did  he  put  into  the  mixture? 

Let  X  =  number  of  pounds  of  tea  at  90  cents, 

and  y  =*  number  of  pounds  of  tea  at  28  cents. 

28  y  =  number  of  cents  second  kind  cost. 
Then  90  a:  -h  28y  =  number  of  cents  whole  cost. 

X  -\-y  =  number  of  pounds  in  whole  mixture, 
and  50 (a;  +  y)  ^  number  of  cents  received. 


Hence, 

50a?  +  60y  =  6500 

(1) 

90  a? +  28y  =  6120 

(2) 

Multiply  (1)  by  il, 

28  a? +  28y  =  3640 

(3) 

Subtract, 

62  a?            =  2480 
.-.  a?  =  40. 

Substitute  value  of  a;  iu  ( 

1),               y  «  90. 
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33.  A  farmer  has  28  bushels  of  barley  worth  84  cents  a  bashel. 
With  his  barley  he  wishes  to  mix  rye  worth  $  1.08  a  bushel,  and 
wheat  worth  $1.44  a  bushel,  so  that  the  mixture  may  be  100 
bushels,  and  be  worth  $1.20  a  bushel.  How  many  bushels  of 
rye  and  of  wheat  must  he  take? 

Let  X  =  number  of  bushels  of  wheat, 

and  y  =  number  of  bushels  of  rye. 

Then    2352  =  cost  in  cents  of  barley, 
144  a;  =  cost  in  cents  of  wheat, 
108  y  =  cost  in  cents  of  rye, 
and        12,000  =  cost  in  cents  of  mixture. 

a;  +  y  +  28  =  100, 

a;  +  y  =  72  (1) 

144a;  +  108y  +  2352  =  12000, 

144  a; +  1081/ =  9648  (2) 

Divide  (2)  by  36,  4  a;  +  3  y  =  268                    (3) 

Multiply  (1)  by  3,  3a;  +  3y  =  216                    (4) 

Subtract,  x          =62 

Substitute  value  of  x  in  (1),  y  =  20. 

34.  A  and  B  together  earn  $40  in  6  days ;  A  and  C  together 
earn  $54  in  9  days ;  B  and  C  together  earn  $80  in  15  days.  What 
does  each  earn  a  day? 

Let  X  =  number  of  dollars  A  earns  in  one  day, 

y  =  number  of  dollars  B  earns  in  one  day, 

and  z  =  number  of  dollars  C  earns  in  one  day. 

Then  x-\-y  =  ^-  (1) 

a;  +  2  =  6  (2) 

and  y  +  2  =  M  (3) 

Simplify  (1),  3a;  +  3y  =20  (4) 

Simplify  (3),  3y +  3z  =  16  (5) 

Subtract,  3  a;  -32=   4  (6) 

Multiply  (2)  by  3,  3a;  +32  =  18  (7) 

Add,  6  a;  =22 


•  *•   X  —  O'y. 

Substitute  value  of  x  in  (1),  y  =  3. 

Substitute  value  of  x  in  (2),  z  =  2J. 
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35.  A  cistern  has  three  pipes,  A,  B,  and  C.  A  and  B  will  fill 
it  in  1  hour  and  10  minutes ;  A  and  C  In  one  hoar  and  24  min- 
utes ;  B  and  C  in  2  hoors  and  20  minutes.  How  long  will  It  take 
each  to  fill  it? 

Let  X  «  number  of  minutes  it  takes  A  to  fill  it, 

y  ->  number  of  minutes  it  takes  B  to  fill  it, 

and  z  »  number  of  minutes  it  takes  0  to  fill  it. 

-I  -I  -I  »  parts  A,B,  C  can  fill  in  one  minute. 
Hence,  1  + 1  =  JL  (i) 

(2) 
(3) 


X 

y 

7U 

1 

^1 

1 

+  - 

X 

z 

84 

1 

.  1 

1 

-f-  - 

y 

z 

140 

1 

1 

.  1 

1 

+  - 

+  -^ 

X 

y 

z 

60 

z  ■ 

=  420. 

y 

=  210. 

X- 

-  105. 

Add,  and  divide  by  2, 

Subtract  (1), 
Subtract  (2), 
Subtract  (3), 


36.  A  warehouse  will  hold  24  boxes  and  20  lialcs ;  6  boxes 
and  14  bales  will  fill  half  of  it.  How  many  of  each  alone  will  it 
hold? 

Let  X  =  number  of  boxes  it  will  hold, 

and  y  =  number  of  bales  it  will  hold. 

Then      -,  -  »  parts  one  box,  one  bale,  can  fill. 
X  y 

XT  24      20      ,  ,,^ 

Hence,  —  -f  —  =1  (1) 

X       y  ' 

«d  «  +  ll  =  J  (2) 

X      y      2 

4X(2)-(1) 


gubstdtute  value  of  y  in  (2), 


36 

y 

1. 

•  y  = 

36. 

aj  = 

'54. 
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37.  Two  workmen  together  complete  some  work  in  20  days ; 
but  if  the  first  had  worked  twice  as  fast,  and  the  second  half  as 
fast,  they  would  have  finished  it  in  15  days.  How  long  would  it 
take  each  alone  to  do  the  work? 

Let  X  =  number  of  days  it  would  take  the  first  alone, 

and  y  =  number  of  days  it  would  take  the  second  alone. 

Then      -,  -  =  parts  they  can  do  in  one  day, 
X  y 

-  +  -  =  part  both  could  do  in  one  day, 
X     y 

2       1 

and       -  +  --,=  part  they  could  do  if  first  worked  twice  as  fast, 

*     2y        and  second  worked  half  as  fast. 


■.1+1=1 

a?     y     20 

0) 

2+1-1 
X     2y     15 

(2) 

3       1 

4y     60 

.♦.  y  =  45. 

a:  =  30. 

and 
(1)  -  }  of  (2)  is 

Substitute  value  of  y  in  (1), 

38.   A  purse  holds  19  crowns  and  6  guineas ;  4  crowns  and  5 
guineas  fill  J  J  of  it.    How  many  of  each  alone  will  it  hold? 

Let  X  =  number  of  crowns  bag  holds, 

y  a  number  of  guineas  bag  holds. 

Then  -  =  part  of  bag  1  crown  occupies, 

X 

-  —  part  of  bag  1  guinea  occupies. 

.•.1-%6  =  1  (1) 

X      y  ^  ' 

and  1  +  5  =  11  (2) 

a;     y     63  ^' 

5x(l)-6x(2)i8  71^213 

X       63 

.-.  X  =  21. 

Substitute  value  of  x  in  (1),      15  +  5  =  1. 

21     y 

.-.  y  =  63. 
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39.  A  piece  of  work  can  bfe  completed  by  A,  B,  and  C  together 
in  10  days;  by  A  and  B  togetiier  in  12  days;  by  B  and  C,  if  B 
work  15  days  and  C  30  days.  How  long  will  it  take  each  alone 
to  do  the  work? 

Let  X  =  number  of  days  it  takes  A, 

y  =  number  of  days  it  takes  B, 

and  2  =  number  of  days  it  takes  C. 

Then  -•  -i  and  -i  respectively,  =  part  each  can  do  in  one  day. 
X  y  z 

.•.1,1,1^1  (1) 

a;     y     2      10  ^  ^ 

'         Ul»i  (2) 

X     y     12  ^  ^ 

A                                              15     30     , 
and  —  + ^  1  (3) 


Subtract  (2)  from  (1). 


y       2 

2      60 

.-.  2  =  60. 

15      1 
Substitute  value  of  z  in  (3),        —  +  -  =  1. 


y     2 

.-.  y  =  30. 

Ill 
Substitute  value  of  y  in  (2),      i  +  -L  =  -L» 

^       ^  ^       X     30     12 

1_X 
X     20' 

.-.  x  =  20. 

40.  A  cistern  has  three  pipes,  A,  B,  and  C.  A  and  B  will  fill 
it  in  a  minutes ;  A  and  C  in  h  minutes ;  B  and  C  in  c  minutes. 
How  long  will  it  take  each  alone  to  fill  it? 

Let  X  =  number  of  minutes  it  takes  A, 

y  =  number  of  minutes  it  takes  B, 

and  2  =  number  of  minutes  it  takes  C. 

Then  -i  -,  -,  respectively,  =  part  each  fills  in  one  minute, 
X  y  z 

and         -.-!-_  =  part  A  and  B  fill  in  one  minute. 
X     y     ^ 

But  -  =  part  A  and  B  fill  in  one  minute. 

a     '^ 
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1   1   1 

X     y     a 

(1) 

X      z       h 

(2) 

1    11 

y      z       C 

(3) 

Add,  and  divide  by  2, 
Subtract  (1)  from  (4), 


]  1  1 
-  +  -  +  - 
X     y     z 

1 


he  -V  ac  •\-  ah 

2ahc 
ac  +  ah  —  hc 


(4) 


z 
.*.  z 


2ahc 
2ahc 


Subtract  (2)  from  (4), 


Subtract  (3)  from  (4), 


1 

y 

•••3/ 
1 

X 


ac  -\-  ah  —  he 
ah  —  ac  +  he 


2ahc 
2ahc 


ah  —  ac-\-hc 
ac  —  ah  +  he 


2ahc 
2ahc 


ac  —  ab-\-  be 


41.  A  man  has  $10,000  invested.  For  a  part  of  this  sum  he 
receives  5  per  cent  interest,  and  for  the  rest  4  per  cent ;  the  in- 
come from  his  5  per  cent  investment  is  $50  more  than  from  his 
4  per  cent.    How  much  has  he  in  each  investment? 

Let  X  =  number  of  dollars  invested  at  5%, 

and  y  =  number  of  dollars  invested  at  4%. 

Then    x-{-  y  =  total  number  of  dollars  invested. 

.-.  a? +  y=  10,000  (1) 

As  he  receives  5%  on  x  dollars, 


As  he  receives  4%  on  y  dollars, 


=  interest  at  5%. 
100 


100 


interest  at  4%. 


But  interest  at  5%  is  $50  more  than  that  at  4%. 

...  l£_lSL  =  50 


Simplify  (2), 
Multiply  (1)  by  5. 
Subtract, 


100     100 
5a;  — 4y  = 
5a;  +  5y  = 


(2) 


5000 
50000 


Substitute  value  of  y  in  (1), 


-  9y  =  -  45000 
.-.  y  =  5000. 
x  =  5000. 
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42.  A  snm  of  money  at  simple  interest  amounted  in  C  years 
to  $26,000,  and  in  10  years  to  $80,000.  Find  tlie  sum  and  tlie 
rate  of  interest. 

Let  X  —  number  of  dollars  at  interest, 

and  y  =»  rate  of  interest. 

Then      -^  =  interest  on  x  dollars  for  one  year, 
100  ^ 

— ^  =  interest  on  x  dollars  for  six  years, 
100  ^ 

and  — ^  =  interest  on  x  dollars  for  ten  years. 

100  ^ 

...Ga3^  + a; -26.000  (1) 

100  ^  ' 

and  i^  +  X  =  30.000  (2) 

100  ^  ' 

Multiply  (1)  by  5,  ^^  +  5x  =  130.000 

Multiply  (2)  by  3,  ^^  +  3  x  =  90,000 


Subtract,  2x  =  40,000 

.•.x  =  20,000. 
Substitute  value  of  x  in  (1),  y  —  5. 


43.  A  sum  of  money  at  simple  interest  amounted  in  10 
months  to  $26,250,  and  in  18  months  to  $27,250.  Find  the  sum 
and  the  rate  of  interest. 

Let  X  »  sum, 

and  y  =  rate  of  interest. 

Then  -  —2^  =  interest  for  one  year. 

100  ^ 

Since  10  months  equals  J  of  a  year, 

-  of  -^  =  interest  for  10  months, 
6       100 

and  -  of  -^  =  interest  for  18  months. 

2       100 

But  26,250  —  X  —  interest  for  10  months, 

and  27,250  —  x  =  interest  for  eighteen  months. 
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...^=26,250-0; 
600 

(1) 

and 

1^  =  27.250-0^ 
200 

(2) 

Multiply  (1)  by  1, 

Sxy     236,250 -9a; 
200               5 

Subtract, 

Q_  100,000 -4x 
5 

Substitute  value  of 

X  in  (2). 

4  a;  =100,000. 
.-.  a;  =  25,000. 
y=  6. 

44.  A  sum  of  money  at  simple  interest  amounted  in  m  years 
to  a  dollars,  and  in  n  years  to  b  dollars.  Find  the  sum  and  the 
rate  of  interest. 

Let  x  =  sum, 

and  y  =  rate  of  interest. 

Then      ^^  =  interest  on  sum  fur  m  years, 
100  ^ 

and  -!^  =  interest  on  sum  for  n  years. 

100  ^ 

r.V^  +  x  =  a  (1) 

100  ^  ^ 

and  V^j^x^h  (2) 

100  ^  ' 

Multiply  (1)  and  (2)  by  100, 

may  +  100a;  =  100a  (3) 

nsy  +  100a;  =  1006  (4) 

Multiply  (3)  by  n,       mnxy  +  lOOTia:  =  100 an 
Multiply  (4)  by  m,      mnxy^  lOOyyia;  =  1006m 

Subtract,  lOOna;  -  lOOrna;  =  lOOan  -  1006m 

Divide  by  100,  nx  —  mx  =  an  —  hm^ 

an  —  hm 
.'.  x  = 

n  —  7n 

Substitute  value  of  x  in  (3), 

many  —  m'6v      100  an  —  100  6m 

^ ^  + =  100  a. 

71  —  m  Ti  —  m 

Multiply  by  n  —  m, 

many  —  7f?hy  +  lOOan  — 1006m  =  100  an  — 100  am, 

many  —  m^hy  =  1006m  —  100  am, 
any  —  m6y  =  1006  —  100a. 
_  100(6 -g) 

'  an  —  hm 
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45.  A  sum  of  money  at  simple  interest  amounted  in  a  montlis 
to  c  dollars,  and  in  b  months  to  d  dollars.  Find  the  sum  and  the 
rate  of  interest. 

Let  X  =  sum, 

and  y  =  rate  of  interest. 

Then  -^  =  interest  of  %x  for  one  year, 

X  -f  S^SL  =  amount  oi%x  for  a  months, 
1200  ^ 

X  +  — ^  =  amount  of  Src  for  h  months. 
1200  ^ 

1200  ^  ' 

-^  +  ar  =  d  (2) 

1200  ^^ 

Simplify  (1),                     axy  +  1200a?  -  1200c  (3) 

Simplify  (2),                      bry  +  1200j:  -=  \2Q0d  (4) 
Multiply  (3)  by  h  and  (4)  by  a, 

ahxy  i- 1 200  6a; «  1200  6c  (6) 

ahxy  +  1200aj?  =  1200arf  (6) 

(6)  -  (5)  is  1200aj(a  -  6)  =  1 200 {ad-hc) 

.  ^     ad  — he 
a  —  h 
Substitute  value  of  x  in  (3), 

ayJ^^^+looo/«^^^  =  1200c. 

Simplify,  ay  {ad-  he)  +  1200(arf-  he)  =  1200(ac  -  he). 

Transpose  and  unite,         ay  (ad  —  he)  =>  1200  a  (c  —  d). 

1200(0 -d). 
ad— he 


46.  A  person  has  a  certain  capital  Invested  at  a  certain  rate 
per  cent.  Another  person  has  $  1000  more  capital,  and  his  capi- 
tal invested  at  one  per  cent  better  than  the  first,  and  receives  an 
income  $80  greater.  A  third  person  has  $  1500  more  capital,  and 
his  capital  invested  at  two  per  cent  better  than  the  first,  and  re- 
ceives an  income  $  150  greater.  Find  the  capital  of  each,  and 
the  rate  at  which  it  is  invested. 


i 
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Let  X  =  capital, 

and  V  =  rate. 

Then(^i:i^^2LLl)  =  interest  on  capital   flOOO  greater,  at  1% 
^^  greater, 

and       (g+1500)(y  +  2)^.^^^^^^  ^^   cB,j>itsi\  $1500  greater,  at 

greater. 


100 


^  +  80  =  interest  on  first  capital,  increased  by  $80, 
^-  +  150  =  interest  on  first  capital,  increased  by  $150. 


Simplify, 
Combining, 

Multiply  (3)  by  2, 
(4)  is 

Subtract, 


(^  +  1000)(.y  +  l)^j^     3Q 

100  100 

•(a;  +  1500)(y  +  2)^^^^ 

100  100       . 

xy  +  lOOOy  +    a;  +  1000  =  xy-\-  8000, 
xy  +  1500y  +  2aj  +  3000  =  xyr\- 15000 
1000y+    re  =  7000 
1500y  + 2a:  =12000 

2000y  + 2a:  =  14000 
1500y  + 2  a;  =  12000 

500y  =    2000 

.*.  y  =  4. 
X  =  3000. 


(1) 
(2) 


(3) 
(4) 

(5) 


Substitute  value  of  y  in  (5), 

,\  the  capitals  are  $3000,  $4000,  $4500;  and  the  rates  4%,  5% 

47.  A  person  has  $12,750  to  invest.  He  can  buy  three  per 
cent  bonds  at  81,  and  five  per  cents  at  120.  Find  the  amount 
of  money  he  must  invest  in  each  in  order  to  have  the  same 
income  from  each  investment. 


Let 
and 


Then 
But 


300  a: 


81 


x  =  number  of  dollars  in  three  per  cent  bonds, 
y  =  number  of  dollars  in  five  per  cent  bonds. 

=  interest  of  money  invested  in  three  per  cents. 


- — 2/  =  interest  of  money  invested  in  five  per  cents. 

120  ^  ^ 

"    81         120  ^  ^ 

a:  +  y  =  12750  (2) 

Reduce  (1),  8a;-9y  =  0 

Multiply  (2)  by  8,  8a;-f8y  =  102000 

Subtract.  17y  =  102000 

.-.  y  =  6000. 
Substitute  value  of  y  in  (2),  x  =  6750. 
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48.  A  and  B  each  invested  $1500  in  bonds;  A  in  three  per 
cents  and  B  in  four  per  cents.  The  bonds  were  bpnght  at  such 
prices  that  B  received  $5  interest  more  than  A.  Both  classes  of 
bonds  rose  ten  points,  and  they  sold  out,  A  receiving  $50  more 
than  B.    What  price  was  paid  for  each  class  of  bonds? 

Let  X  =»  amount  paid  for  $1  three  per  cents, 

and  y  =>  amount  paid  for  f  1  four  per  cents. 

1500 


X 

1500 


»  face  value  of  three  per  cents, 

face  value  of  four  per  cents, 
y 

X  —  =  income  from  three  per  cents, 

a:        100  y  * 

1500       4 

X  —  =  income  from  four  per  cents. 

y        100  ^ 

Then    »^   M_fl^x-f  )  =  5, 

\  y      loo;    V  ^      1^/ 
\  X     loo;    V  y      i^y 


Simplify, 

60_45^g 
y      x^ 

(1) 

X    y 

(2) 

Multiply  (2)  by  20, 

^  +  ^-20 

y     " 

(3) 

Add  (1)  and  (3), 

2-5. 

X 

.:  X  -  0.60. 

3 
Substitute  value  of  x  in  (2),      5  —  —  1. 

if 

.-.  y  =  0.75. 

That  is,  the  three  per  cents  were  bought  at  60  and  the  four 
per  cents  at  75. 
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49.  A  person  invests  $10,000  in  three  per  cent  bonds,  $16,500 
in  three  and  one-half  per  cents,  and  has  an  income  from  both  in- 
vestments of  $  1066.26.  If  his  investments  had  been  $  2750  more 
in  the  three  per  cents,  and  less  in  the  three  and  one-half  per 
cents,  his  income  would  have  been  62J  cents  greater.  What 
price  was  paid  for  each  class  of  bonds? 

Let  X  =  amount  paid  on  $1  three  per  cent  bonds, 

and  y  =  amount  paid  on  $1  three  and  one-half  per 

cent  bonds. 

Then     •  x =  number  of  dollars  income  from  first  invest- 

^  1^         ment, 

and  X  — ^  =  number  of  dollars  income  from  second  in- 

y         100         vestment. 

.30000     115500^1053  25  (1) 

lOOo;        200y  ^  ^ 

12750       3 

X  —  =  number  of  dollars  income  of  3  per  cents  if 

X         100         the  stated  addition  in  the  amount  invest- 

1  ^7^0      ^l  ^^  ^^^  been  made, 

X  — ^  =  number  of  dollars  income  of  3 J  per  cents  if 

y         100         the  stated  deduction  in  the  amount  invest- 

qqop;a    q«9f;a         ®^  ^^^  been  made. 
Then   22^+^2:^=^  number  of  dollars  income  on  both. 
100a?'     200y 

...  3g.,».|io56.87J  (2) 

Multiply  (1)  by  5,  l^^OOO  ^  677500  _  528I.25  (3) 

^  -^  ^  ^    "^  100a:         200y  ^  ' 

Multiply  (2)  by  6.  ^^^^OO  ^  577500  _  3341  25  (4) 

^  J  ^  ^    ^     '  100a;         200y 

Subtract,  ^^  =  1060, 

100  a: 

106000  a;  =  79500. 

.*.  X  =0^75. 

That  is,  the  3  per  cent  bonds  were  bought  at  75. 

Substitute  value  of  x  in  (1), 

30000^  115500  ^-j()5g  25^ 


75         200 y 
115500 


=  656.25. 


200y 

.-.  y  =  0.88. 

That  is,  the  3}  per  cent  bonds  were  bought  at  88. 
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50.  The  sam  of  ^2500  was  divided  luto  two  unequal  parts 
and  invested,  the  smaller  part  at  two  per  cent  more  than  the 
larger.  The  rate  of  Interest  on  the  larger  sum  was  afterwards 
increased  by  1,  and  that  of  the  smaller  sum  diminished  by  1 ;  and 
thus  the  interest  of  the  whole  was  increased  by  one-fourth  of  Its 
value.  If  the  interest  of  the  larger  sum  had  been  so  increased, 
and  no  change  been  made  in  the  interest  of  the  smaller  sum,  the 
interest  of  the  whole  would  have  been  increased  one-third  of  its 
value.    Find  tlie  sums  invested,  and  the  rate  per  cent  of  each. 

Let  X  »  number  of  dollars  in  larger  part, 

and  y  »  number  of  dollars  in  smaller  part. 

Then  a;  +  y  =  2500  (1) 

Let  2  =  rate  per  cent  on  larger  part, 

and  £  4-  2  —  rata  per  cent  on  smaller  part. 

Then  xz  +  y(3  +  2)  =  interest  on  whole  amount. 

Changing  rate  per  cent, 

2  +  1  =  rate  per  cent  on  larger  part, 
and  2  +  1  =  rate  per  cent  on  smaller  part. 

Then        a;(2  + 1)  +  y  (2  + 1)  =  interest  on  whole  after  change. 

Then        aj(2  +  l)+y(2  +  l)  =  }[i2  +  y(2+2)]  (2) 

Changing  rate  per  cent  again, 

2  +  1  =  rate  of  larger  part, 
2  +  2  =  rate  of  smaller  part. 

Then      aj(2+ l)  +  y(2  +  2)=  J[ar2  +  y(2  +  2)]  (3) 

Simplify  (2),  4a:  —  6y  —  02  —  y2  =  0. 

Simplify  (3),  3a?-.2y-x2-y2  =  0.  W 

Subtract,  x  —  4y  =  0  (5) 

Subtract  (5)  from  (1),  5y  =  2500. 

.-.  y  =  500. 
Substitute  value  of  y  in  (4),  x  =  2000. 

Substitute  values  of  x  and  y  in  (3), 

6000  - 1000  -  2000  2  -  500  2  =  0, 

-25002  =  -5000. 

.-.  2  =  2. 


220  ALGEBRA. 


51.  If  the  sides  of  a  rectangular  field  were  each  increased  by 
2  yards,  the  area  woald  be  increased  by  220  sqaare  yards ;  if  the 
length  were  increased  and  the  breadth  were  dtminisbed  each  by 
6  yards,  the  area  would  be  diminished,,  by  185  sqaare  yards. 
What  Is  Its  area? 

Let  X  =  number  of  yards  in  length, 

and  y  =  number  of  yards  in  width. 

Then        xy  =  number  of  yards  in  area. 

(x  +  2)(y  +  2)  =  a!y  +  220  (1) 

(x  +  5)(y-5)  =  a:y-185  (2) 

Simplify  (1),  xy-\-2x  +  2y  +  4:  =  xy-}-  220, 

2a;  +  2y  =  216, 

a;  +  y  =  108  (3) 

Simplify  (2),  xy  —  5x  +  5y  —  25  =  xy  — 185, 

5ar-5y  =  160 

a;-y  =  32  (4) 

Add  (4)  and  (3),  2x=140 

.*.  x  =  70. 

Subtract  (4)  from  (3),  2  y  =  76. 


.*.  ojy  =  2660  square  yards. 


.*.  y  =  38. 


52.  If  a  given  rectangular  floor  had  been  3  feet  longer  and  2 
feet  broader  it  would  have  contained  64  square  feet  more ;  but  if 
it  had  been  2  feet  longer  and  3  feet  broader  it  would  have  con- 
tained 08  square  feet  more.  Find  the  length  and  breadth  of  the 
floor. 

Let  x  =  number  of  feet  in  length, 

and  y  =  number  of  feet  in  breadth. 

Then        xy  =  number  of  feet  in  surface. 

(a;  +  3)(y  +  2)  =  a?y  +  64 

(a;  +  2)(y +  3)  =  a^  +  68 

Simplify  (1),  jry  +  3y  +  2a;  +  6  ==  a:y  +  64. 

3y  +  2a;  =  58  (3) 

Simplify  (2),  a:y  +  2y  +  3a;  +  6  =  a:y  +  68. 

2y  +  3a:  =  62  (4) 

Multiply  (3)  by  2,  ..       6y  +  4a;=   116  (5) 

Multiply  (4)  by  3,  6y  +  9g=   186  (6) 

Subtract,  -5  a?  =  -70 

.\  X  =  14. 

Substitute  value  of  a;  in  (3),    3y  +  28  =  58, 

3y  =  30. 
.•.  y-10. 
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53.  In  a  certain  rectangolar  garden  there  is  a  strawberry-bed 
whose  sides  are  one-tliird  of  the  lengths  of  the  corresponding 
sides  of  the  garden.  The  perimeter  of  the  garden  exceeds  that 
of  the  bed  by  200  yards ;  and  if  the  greater  side  of  the  garden 
be  increased  by  3,  and  the  other  by  5  yards,  the  garden  will  be 
enlarged  by  645  square  yards.  Find  the  length  and  breadth  of 
the  garden. 


5 

5 

Let 
and 

Then 
and 

Also, 


X  =  number  of  yards  in  length  of  garden, 
y  =  number  of  yards  in  width  of  garden. 
2a:  +  2y  =  perimeter  of  garden, 
xy  —  area  of  garden. 

-  =»  number  of  yards  in  length  of  bed, 
o 

^  =  number  of  yards  in  width  of  bed. 


1-  .    =  perimeter  of  bed. 


and 

Then 

Add  3  to  one  side  of  garden,  a;  +  3. 

Add  5  to  other  side  of  garden,  y  +  5. 

Then  (a;  +  3)  (y + 5)  =  area. 

2a;  +  2y-(^  +  |^U200. 

Simplify,  a:  +  y  =  150 

(a;  +  3)(y  +  5)  =  xy +  645. 

Simplify,  5a;  +  3y  =  630 

Multiply  (1)  by  5,  5a;  +  5y  =  750 

Subtract,  2y  =  120 

.'.  y  —  60. 
Substitute  value  of  y  in  (1),      x  +  60  »  150. 


(1) 


(2) 
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1760   , 
and 

X 

1738 

X 

1660   , 
and 

y 

1760 

y 

Then 

54.  In  a  mile  race  A  gives  B  a  start  of  100  yards,  and  beats 
him  by  15  seconds.  In  the  second  trial  A  gives  B  a  start  of  45 
seconds,  and  is  beaten  by  22  yards.  Find  the  rate  of  each  in 
miles  per  hour. 

Let  X  =  number  of  yards  A  runs  in  one  second, 

and  y  =  number  of  yards  B  runs  in  one  second. 

Since  there  are  1760  yards  in  one  mile, 

=  number  of  seconds  A  ran  in  first  and  second 
trials  respectively, 

=  number  of  seconds  B  ran  in  first  and  second 
trials  respectively. 

1660     1760     ,^  f.. 
=15  (i; 

and  1^_252=_45  (2) 

X  y 

Multiply  (1)  by  88.  146080  _  154880  ^     ^32^ 

y  X 

Multiply  (2)  by  83.      - 11^  +  11|^  =  _  3735 
Add.  _  15516  =  _  2415 

X 

Therefore,  A  runs  4:-}^^  yards,  or  ^^  of  a  mile,  in  one  second, 
and  in  one  hour  (=  3600  seconds),  9  miles. 

Substitute  value  of  a;  in  (1),  y  =  4. 

Therefore,  B  runs  4  yards  in  one  second,  or  8j*y  miles  in  one 
hour. 

55.  In  a  mile  race  A  gives  B  a  start  of  44  yards,  and  beats  him 
by  51  seconds.  In  the  second  trial  A  gives  B  a  start  of  1  minute 
and  15  seconds,  and  is  beaten  by  88  yards.  Find  the  rate  of  each 
in  miles  per  hour. 

Let  X  =s  number  of  yards  A  ran  in  one  second, 

and  y  =  number  of  yards  B  ran  in  one  second. 

,   =  number  of  seconds  A  ran  in  first  and  second 

®  ^  trials,  respectively. 

— i — ,   =  number  of  seconds  B  ran  in  first  and  second 

y         V  trials,  respectively. 
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Then                              1716     1760  _gj 

0) 

and                                    1«72     1760 _     ^^ 

(2) 

Multiply  (1)  by  19.       33140^  32604  _       ^^ 

Multiply  (2)  by  20.      ^^^^^     ^^"-^  -  -  1500 

X             y. 

Add,                                           ^''^  -       531 

y 

Therefore,  B  runs  4J  yards  per  second,  or  10  miles  per  hour. 

Substitute  value  of  y  in  (1),  x  =  5f  J. 

Therefore,  A  runs  5}}  yards  per  second,  or  12  miles  per  hour. 

56.  The  time  which  an  express-train  takes  to  go  120  miles  is 
y\  of  the  time  talcen  by  an  accommodation-train.  The  slower 
train  loses  as  much  time  in  stopping  at  different  stations  as  it 
would  take  to  travel  20  miles  without  stopping;  the  express- 
train  loses  only  half  as  much  time  by  stopping  as  the  accommo- 
dation-train, and  travels  15  miles  an  hour  faster.  Find  the  rate 
of  each  train  in  miles  per  hour. 

Let  X  =  the  rate  of  the  accommodation-train, 

"        and  y  =  the  rate  of  the  express-train. 

120 

=  number  of  hours  accommodation -train  goes  120 

^  miles  without  stopping, 

120 

=  number  of  hours  it  takes  express-train  to  go  120 

y  miles  without  stopping, 

—  =  number  of  hours  accommodation-train  loses  in 
*  stopping, 

—  =s  number  of  hours  express- train  loses  in  stopping, 

X 

H  —  =  number  of  hours  accommodation -train  goes  120 

^        ^  miles  including  stops, 

1 =  number  of  hours  express-train  goes  120  miles 

y        ^  including  stops. 
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.  120     10      9  / 120 
+  — =  TT    —  + 


_,       _  .20\  (jj 

y    '   X      \A\  X        X  J 
y-a;=  15  (2) 


Simplify  (1),  120a;  -  80y  =  0 

Multiply  (2)  by  80,  -80a;  +  80y  =  1200 

Add,  40a;  =  1200 

.-.  a;  =  30. 
Substitute  value  of  x  in  (2),  y  =  45. 


57.  A  train  moves  from  P  towards  Q«  and  an  hour  later  a 
second  train  starts  from  Q  and  moves  towards  F  at  a  rate  of  10 
miles  an  hour  more  than  the  first  train ;  the  trains  meet  half-way 
between  P  and  Q.  If  the  train  from  P  had  started  an  hour  after 
the  traiu  from  Q,  its  rate  must  have  been  increased  by  28  miles  in 
order  that  the  trains  should  meet  at  the  half-way  point.  Find 
the  distance  ftom  P  to  Q. 

Let  X  =  number  of  hours  first  goes  half  the  distance. 

Then    a;  —  1  =  number  of  hours  second  goes  half  the  distance. 

Let  y  =  rate  of  first. 

Then  y  +  10  =  rate  of  second. 

Hence,  xy  =  one-half  of  the  whole  distance. 

But  (a;  —  l)(y  +  10)  =  one-half  the  whole  distance. 

.-.  (a;  -  l)(y  + 10)  =  a:y. 
Simplify,    10a;-y  =  10  (1) 

In  second  statement, 
if  x  —  2  =  number  of  hours  first  goes  half  distance, 

and  y  +  28  =  rate  of  first, 

then    (a;  —  2)(y  -I-  28)  =  one-half  of  the  whole  distance. 

But,  from  (1),     xy  =  one-half  of  the  whole  distance. 
.-.  (a;-2)(y-|-28)  =  a;y  (2) 

Simplify  (2),  28a;-2y  =  56 

2x(l)is  20a;-2y  =  20 

Subtract,  8  a;  =36 

Substitute  value  of  x  in  (1),  y  =  35. 

Therefore,  one-half  the  distance,  a^,  is  157}  miles,  and  the 
whole  dist^^ncQ  is  315  miles, 
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58.  A  passenger-train,  after  travelling  an  hour,  meets  with  an 
accident  which  detains  it  one-half  an  hour ;  after  which  it  pro- 
ceeds at  four-fifths  of  its  usual  rate,  and  arrives  an  hour  and  a 
quarter  late.  If  the  accident  had  happened  30  miles  farther  on, 
the  train  would  have  been  only  an  hour  late.  Determine  the 
usual  rate  of  the  train. 

Let         X  =>  number  of  miles  train  usually  goes  per  hour, 
and  y  =  number  of  miles  train  travels. 


X 


»  number  of  hours  usually  required, 


X 

2 

y- 

-4a: 

=    0 

y- 

3a; 

=  30 

and     ^r —  =  number  of  hours  actually  required  after  accident. 

Since  the  detention  is  }  hour,  and  the  train  is  l^  hours  late,  the 
loss  in  running-time  is  }  of  an  hour. 

•  y-g     y-x     3  ,.x 

"    ix  a?     ^4  ^  ^ 

5 
If  the  accident  had  occurred  30  miles  farther  on,  the  loss  in 

running-time  would  have  been  i  an  hour. 

,    y-a;- 30     y-g-30^1  .g) 

4a;  ~  " 

Simplify  (1). 
Simplify  (2), 

Subtract,  a;  =  30 

59.  A  passenger-train,  after  travelling  an  hour,  is  detained  15 
minutes ;  after  which  it  proceeds  at  three-fourths  of  its  former 
rate,  and  arrives  24  minutes  late.  If  the  detention  had  taken 
place  5  miles  farther  on,  the  train  would  have  been  only  21  min- 
utes late.    Determine  the  usual  rate  of  the  train. 

Let  X  =  usual  rate  of  train  per  hour, 

and  y  =>  number  of  miles  train  has  to  run. 

y  —  X  »=  number  of  miles  train  has  to  run  after  detention, 

«— —  =  number  of  hours  usually  required  to  run  y  —  aj 
^  miles, 

and        y         =  number  of  hours  actually  required  to  run  the 
_  y  —  X  miles. 

4  ^ 
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Since  the  detention  was  15  minutes,  and  the  train  is  24  minutes 
late,  the  loss  in  running-time  is  9  minutes  =  ^^  of  an  hour. 

4 
If  the  detention  had  occurred  5  miles  farther  on,  the  loss  in 

running-time  would  have  been  6  minutes  =  j\j  of  an  hour. 

1/  —  X  —  d     y  —  x  —  b      1 


_  (2) 

4 
Simplify  (1),  20y  -  29a;  =      0 

Simplify  (2),  20y  -  26  a;  =  100 

Subtract,  3x=100 

»'*    X  =  OO-r, 

60.  A  man  bought  10  oxen,  120  sheep,  and  46  lambs.  The 
cost  of  3  sheep  was  equal  to  that  of  5  lambs ;  an  ox,  a  sheep,  and 
a  Iamb  together  cost  a  number  of  dollars  less  by  57  than  the 
whole  number  of  animals  bought;  and  the  whole  sum  spent  was 
$2341.50.  Find  the  price  of  an  ox,  a  sheep,  and  a  lamb,  respec- 
tively. 

Let  X  ==  number  of  dollars  paid  for  an  ox, 

y  =  number  of  dollars  paid  for  a  sheep, 
and  z  =  number  of  dollars  paid  for  a  lamb. 

10a;  +  120y  -t-  462  =  number  of  dollars  paid  for  all. 

.-.  10a;  +  120y  +  46z  =  2341.50  (1) 

a;  -I-  y  -H  2  =  119  (2) 

3y  =  52  (3) 

(1)  is  lOx  +  120y  -f-  462  =  2341.50 

Multiply  (2)  by  10, 10a;  -f    lOy  -t-  IO2  =  1190 

Subtract,  llOy  +  362  =  1151.50  (4) 

Multiply  (4)  by  3,  330y  -h  108  2  =  3454.50. 

Multiply  (3)  by  110,        330y  -  5502  =  0. 
Subtract,  658  2  =  3454.50. 

.-.  2  =  5.25. 
Substitute  value  of  z  in  (3),  y  =  8.75. 

Substitute  values  of  y  and  z  in  (2),   x  =  105, 
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61.  A  farmer  sold  100  head  of  stock,  consisting  of  horses, 
oxen,  and  sheep,  so  that  the  whole  realized  ^  11.75  a  head ;  while 
a  horse,  an  ox,  and  a  sheep  were  sold  for  9 110,  ^ 62.50,  and 
9  7.50,  respectively.  Had  he  sold  one-fourtli  of  the  number  of 
oxen  that  he  did,  and  25  more  sheep,  he  would  have  received  tlie 
same  sum.  Find  the  number  of  horses,  oxen,  and  sheep,  respec- 
tively, which  were  sold. 

Let  X  =  number  of  horses, 

y  =  number  of  oxen, 
and  z  «  number  of  sheep. 

Then  a;+y-l-z=100  (1) 

110x+G2}y+7Jz=li75  (2) 

and      110.Wlxlf^Ul|-^+5i§==n75  (3) 

Multiply  (3)  by  8,  880x  +  125y  +  6O2  =  7900 
Multiply  (2)  by  8.  880x  +  500y  +  602  =  9400 

Subtract.  -  375y  =  - 1500 

.*.  y  =  4. 

Substitute  value  of  y  in  (1),         x  +  z  =  96  (4) 

Substitute  value  of  y  in  (2), 

llOx  +  250 +  7}z=  1175. 
110x  +  7i2  =  926. 

Multiply  by  2,  220x  +  152  =  1850 

Multiply  (4)  by  15,  15x  + 152  =1440 

Subtract,  205  x  =   410 

Substitute  values  of  x  and  y  in  (1),       z  »  94. 
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62.  A,  B,  and  C  together  subscribed  $100.  If  A*s  subscrip- 
tion liad  been  one-tenth  less,  and  B*s  one-tenth  more,  C's  must 
have  been  increased  by  $  2  to  make  up  the  sum ;  but  if  A's  had 
been  one-eighth  more,  and  B*s  one-eighth  less,  C*s  subscription 
would  have  been  $  17.50.     What  did  each  subscribe? 

Let  X  =  number  of  dollars  A  subscribed, 

y  =  number  of  dollars  B  subscribed, 
and  z  =  number  of  dollars  C  subscribed. 

—  =  -^  of  A's  subscription, 

-— ^  =  ii  of  B's  subscription, 

2  +  2  =  $  2  more  thau  C's  subscription, 

-^  =  f  of  A's  subscription, 
o 

-2^  =  J  of  B's  subscription, 

100  =  number  of  dollars  all  subscribed, 

—  -f  r — ^  -\-  z  -j-  2  =  number  of  dollars  all  subscribed, 
10       10 

-—  +  — ^  +  17.5  =  number  of  dollars  all  subscribed. 
8        8 


.'.  a; +  y  +  2  =  100 

(1) 

9^  +  llj/  +  , +  2  =  100 
10       10 

(2) 

9^  +  1^  +  17.5  =  100 
8        8 

(3) 

Multiply  (1)  by  10, 
Simplify  (2), 

10a;  +  lOy  +  lOz  =  1000 
9a;  +  lli/  +  102=    980 

Subtract, 

X-      y            =20 

(4) 

Simplify  (3), 
Multiply  (4)  by  7, 

9a; +  71/ =  660 
7a; -73/ =  140 

Add, 

16a;  =  800 
.  *.  a;  =  50. 

Substitute  value  of 

a?  in  (4),                y  =  30. 

Substitute  values  of  x  and  y  in  (1),  2  =.  20. 
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63.  A  gives  to  B  and  C  as  much  as  each  of  them  has ;  B  gives 
to  A  and  C  as  much  as  each  of  them  then  has ;  and  C  gives  to  A 
and  B  as  much  as  each  of  them  then  has.  In  the  end  each  of 
them  has  $6.    How  mnch  had  each  at  first? 

Let  X  B  number  of  dollars  A  had  at  first, 

y  »  number  of  dollars  B  had  at  first, 

and  z  =  number  of  dollars  C  had  at  first. 

x  —  y  —  «  =  number  of  dollars  A  ha<l  at  1st  distribution, 

2  V  =3  number  of  dollars  B  had  at  Ist  distribution, 

2z  ^  number  of  dollars  C  ha<l  at  Ist  distribution, 

2y— {(ap— y— 2)+2z}  =  number  of  dollars  B  had  at  2d  distribution, 

or  3y  —  Of  —  2  =  number  of  dollars  B  had  at  2d  distribution, 

2x  —  2y  —  2z  =  number  of  dollars  A  had  at  2d  distribution, 

4z  =  number  of  dollars  0  had  at  2d  distribution, 

42--[(2a;— 2y— 22)+(3y— ar-z)},  or  7 z  —  x-y 

=  number  of  dollars  C  had  at  Od  distribution, 
4a;  —  4y  —  4z  =  number  of  dollars  A  had  at  3d  distribution, 
6y  —  2x  —  2z  =  number  of  dollars  B  had  at  3d  distribution. 


.'.  7z  — a;  — y  =  G 

(1) 

4aj-4y-4z  =  6 

(2) 

• 

6y-2a;-2z  =  G 

(3) 

Multiply  (1)  by  4, 

28z-4a;-4y  =  24 

(2)  is 

—  4z  +  4a:  — 4y=    G 

Add, 

24z           -8y  =  30 

(4) 

Multiply  (1)  by  2, 

14z-2a:-2y  =  12 

(3)i3 

-2z-2a;  +  Gy=    G 

Subtract,     . 

IGz           -8y=    G 

{'>) 

(4)  is 

24z           -8y  =  30 

Subtract, 

Sz                   =24 

,.\  z  =  3. 

Substitute  value  of  z  in  (5),  y  =  ^\- 

Substitute  values  of  y  and  z  in  (1),    x  =  9J. 
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64.  A  pays  to  B  and  C  as  much  as  each  of  them  has ;  B  pays 

to  A  and  C  one-half  as  much  as  each  of  them  then  has ;  and  C 

pays  to  A  and  B  one-third  of  what  each  of  them  then  has.     In 

the  end  A  finds  that  he  has  $1.50,  B  $4.16J,  C  $0.58\.    How 

much  had  each  at  first? 

Let  X  =  number  of  dollars  A  had  at  first, 

y  =»  number  of  dollars  B  had  at  first, 

and  z  =  number  of  dollars  C  had  at  first. 

x  —  y  —.2  =a  number  of  dollars  A  has  left  after  giving  to  B 
and  C, 
2y  =  number  of  dollars  B  has  after  A  pays  him, 

2z  =  number  of  dollars  C  has  after  A  pays  him, 
^^    y  ~ — -  =  nuipber  of  dollars  A  has  after  B  pays  him, 

y  —  x  —  z  ^  Y^^YQ}yQY  of  dollars  B  has  left  after  paying  A  and  G, 

Sz  =  number  of  dollars  C  has  after  receiving  B's  money, 
^~ — ^^ — -  =  number  of  dollars  A  has  after  C  pays  him, 

— y  ~         — ~  =  number  of  dollars  B  has  after  C  pays  him, 


number  of  dollars  C  has  after  paying  A  and  B. 


Wz—x—y 

.  4x-4y-42^.^gQ  (J 

2  ^  ^ 

\0y-2x-2z^^^Q^  ^2) 

^^^-^~U  =  o.58i  (3) 

Simplify  (1),  x-y-z  =  0.75  (4) 

Simplify  (2),  lOy- 2aj  -  22  =  12.50  (5) 

Simplify  (3),  1 1  z  -  a;  -  i/  =  L75  (6) 

(4)  is  x  —  y  —  z—  0.75 

Add  (4)  and  (6),  IO2  -2y  =  2.50  (7) 

(5)  is  lOy  -  2x  -2z  =  12.50 
Multiply  (4)  by  2,             -2.v -f  2a;- 22=    1.50 

Add.  82/  -42=14.00  (8) 

Multiply  (7)  by  4,  -  8?/  +  402  =-- 10.00 

(8)  is  87/-   42=14.00 

Add,  3Gz  =  24.00 

.-.  2  =  0.66}. 

Substitute  value  of  2  in  (8),  y  =  2.08 J. 

Substitute  values  of  y  and  z  in  (4),  x  =  3.50. 
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Exercise  70. 


1.        2x+lly  =  49. 
Transpose,     2  x  =  49  —  1 1  y. 

.-.  x  =  24-5y+'-=^. 
^        2 

Let  ._ Ulr  =  m, 

2 

l-y=.2m. 
.'.  y  =  1  —  2771. 

Substitute  value  of  y  in  original 

equation, 
2a? +  11 -22m  =  49. 

.'.  x=  19  +  11m. 
If  m  =  0,  x=19,  y=l. 
If     m 1,  x  =  8,    y  =  3. 


2.         7x  +  3y  =  40. 
Transpose,     3y  ==  40  —  7x. 

.'.  y  =  13-2x  + 

1-x 


1-x 


3.       5x  +  7y«53. 
Transpose,  5x  =  53  —  7y. 


.-.  x=10-y  +  ^--- 
5 


x-10  +  y  =  ?-=^- 
^  6 


Multiply  by  3, 
3x-30-f  3y 


9~0.V 


5 


l-y^l-J^. 


Let 


l--y  = 


m. 


4  —  y  =  Cym. 
.*.  y  =  4  —  5m. 

From  given  equation, 

x  =  5  +  7m. 
If  m  =  0,      X  =  5,    y  =  4. 


3 

l-«  =  3m. 

.%  x=  1  — 3m. 

Substitute  value  of  x  in  original 
equation, 

4.        X  +  lOy  =  29. 
Transpose,     x  =  29  —  lOy. 

7  -  21  m  +  3y  =  40, 

If                   y=l,  x=19. 

3y  =  21m+33. 

If                   y  =  2,  X  =  9. 

.'.  y  =  7m  +  11. 

If                   y  =  3,  X  =  -  1 

If     m  =  0,      y=ll,  x  =  l. 

.•.  yean  only  =  1  or  2, 

If     m  =  — l,y-=4,    x  =  4. 

X  can  only—  19  or  9. 
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6.         3x+8y  =  61. 

3x  =  61-8y. 

^   ,     3 
a:-20  +  2y  =  i^. 

Multiply  by  2, 


.  2-y 


Let 


2-ji^ 


m, 


2-y  =  3m. 
.  •.  y  =  2  —  3  m. 

Snbstitute  in  original  equation, 
3a; +  16 -24m  =  61, 

3iB  =  45  +  24m. 

.%  a;  =  15  -f  Sm. 

If     m=fO,      a:  =15,  3/  =  2. 
If    m  =  — 1,  a;  =  7,    y  =  5. 


7.      16a;  +  7y  =  110. 

7y  =  110-16x. 

.•.y  =  15-2a:  +  ^^^. 


Transpose, 

y +  2a;-15  = 

Multiply  by  4, 
4y  +  8a;-60  = 


5  -2a? 


20 -8a; 


=  2-a;  + 


6-x 


Let 


6-a; 


=  w, 


6  — a;=  7m. 
.*.  a;  =  6  — 7m. 

Substitute  in  original  equation, 
96-112m  +  7y  =  110, 

7y  =  14+-112m. 
.*.  y  =  2  +  167». 

If        m  =  0,  a;  =  6,  y  =  2. 


6.  8a;  +  5y  =  97. 

5y  =  97-8a;. 

.*.  y  =  19— a;  + 


2-3a; 


y  — 19  +  a;  = 

Multiply  by  2, 
2y  -  38  + 2a;  = 


2-2a; 


4-6a; 


=  -a;  + 


4  —a; 


Let 


4  —  a; 


=  m. 


.'.  a;  =  4  —  5m. 

Substitute  in  original  equation, 

32-40m  +  5y  =  97, 

5y  =  65  +  40m. 
...  y  =  13  +  8m. 

If     w  =  0,      a;  =  4,  y  =  13. 
If     m  =  -l,  a;=9,  y  =  5. 


8.     7a;  +  lOy  =  206. 

7a;  =  206-10y. 

.•.a;  =  29-y  +  ^^. 

^_29+y  =  2iL:^. 

7 

Let  i^:^  =  m. 

7 

.*.  y  =  1  —  7m. 

Substitute  in  original  equation, 
7a; +  10 -70m  =  206, 

7a;  =  196  +  70?n. 
.-.  a;  =  28  + 10m. 

If  7»  =  0,  a;  =  28,  y  =  1. 
If  m  =  -  1,  a;  =  18,  y  =  8. 
If     m  =  -  2,  a;  =  8,     y  =  15. 
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9.  12a:-7y-l. 

Transpose,        7y  —  12x  —  1. 


,-.  y-x 


5ar-l 


Multiply  by  3, 


3y-3a:-2.r  + 


ar-3 


Let 


rr-3 


=  m. 


.*.  a*  —  7w  +  3. 

Substitute  this  value  of  x  in  origi- 
nal equation, 

84wi  +  36-7y  =  l, 

7y  =  35  +  84m. 

.•.  y  =  5  +  12m. 

If  m  =  0,  X  =  3,  y  -  5. 


11.    23y-13x-3. 

Transpose,  13x  =  23y  -  3. 

lOy-3 
.*.  X  —  y  =  — "^ 

^  13 

Multiply  by  4, 

4x-4y-3y  +  3^?. 


13 


Let         2l =  711. 

13 


.•.y  =  13m  +  12. 

Substitute  this  value  of  y  in  orig- 
inal equation, 

23(13m+12)-13x  =  3. 

13x- 299  m +  273. 

.«.  x«23m  +  21. 

If        m-0,  x  =  21.  y-  12. 


10.         5x-17y  =  23. 

5x  =  23  +  17y. 

.-.  x  =  4+3y+^-^. 

^_4-3y  =  ?^. 
Multiply  by  3, 

3x-12-9y=l+y+^-^. 


i+J 


m. 


Let 

5 

Then  y  =  5m  — 4. 

Substitute  this  value  of  y  in  origi- 
nal equation, 

5x-17(5m-4)  =  23, 

6x- 85m +  68  =  23, 

6x  =  85m  — 45. 

.*.  x«  17m  —  9. 

If  m  =  1,  X  =  8,  y  =  1. 


12.      23x-9y  =  929. 

9y  =  23.T-929. 


.-.  y  =  2j;-103  + 


5j;-2 


y-2x  +  103  = 

Multiply  by  2, 
2y-4x  +  206==x  + 


5.r-2 


x-4 
9 


Let 
Then 


x-4 


=  m. 


X  —  4  =  9  m. 

.*.  x  =  9m  +  4. 

Substitute  this  value  of  y  in  orig- 
inal equation, 

207m+92-9y  =  929, 

9y  =  207  m -837. 
.-.  y  =  23m-93. 
If         m  -  5,  X  -  49,  y  =  22. 
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6.         3x+8y  =  61. 

3a;  =  61-8y. 

o 

Multiply  by  2, 


Let 


2- 


2^. 


m, 


2  —  y  =  3  m. 
.'.  y  =  2  — 3m. 

Substitute  in  original  equation, 
3a; +  16 -24m  =  61, 

3a;  =  45  + 24  m. 

.'.  aj=  15  -f  8  m. 

If     ?M=rO,       a;  =15,  y  =  2. 
If     m  =  —  1,  a;  =  7,    y  =  5. 


7.      16a;  +  7y  =  110. 

7y  =  110-16x. 

.•.y  =  15-2a;  +  ^^. 


Transpose, 

y  + 2a; -15  = 

Multiply  by  4, 
4y  +  8a;-60  = 


5 -2a? 


20 -8a; 


=  2-a;  + 


6-a; 


Let 


6-a; 


=  m, 


6  — a;=  7m. 
.'.  a;  =  6  — 7m. 

Substitute  in  original  equation, 
96~112m  +  7y  =  110, 

7y  =  14+-112m. 
.'.  y  =  2  +  I6m. 

If        m  =  0,  a;  =  6,  y^2. 


6.  8a;  +  5y  =  97. 

5y  =  97-8a;. 

.*.  y  =  19— a;  + 


2-3a; 


y  — 19  +  a;  = 

Multiply  by  2, 
2y  -  38  + 2a;  = 


2 -2a; 
5 

4-6a; 


=  -a;  + 


4  —a; 


Let 


4  —  a; 


=  m. 


.'.  a;  =  4  —  5m. 

Substitute  in  original  equation, 

32-40m  +  5y  =  97, 

5y  =  65  +  40m. 

.•.  y  =  13  +  8m. 

If    m  =  0,      a;  =  4,  y  =  13. 
If     m  =  — 1,  a;=  9,  y  =  5. 


8.     7a;  +  10y  =  206. 

7a;  =  206-10y. 

.•.a;  =  29-y  +  5^1^. 


Let 


a;-29+y  =  ^(^-.y). 
^  7 


m. 


.-.  y  =  l-7m. 

Substitute  in  original  equation, 
7x  +  10-70m  =  206, 

7a;  =196  + 70m. 
.-.  a;  =  28  + 10m. 

If  7»  =  0,  a;  =  28,  y  =  1. 
If  m  =  -l,  a;=18,  y  =  8. 
If     m  =  -  2,  a;  =  8,    y  =  15. 
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9.  12a:-7y=l. 

Transpose,        7y=12x  —  1. 


,-.  y-x 


5x-l 


11.    23y-13x  =  3. 
Transpose,  13x  =  23y  -3. 


'»x-y 


13 


Multiply  by  3. 

3y-3ar  =  2a-  +  ?^^- 

Multiply  by  4, 

4x-4y-3y  +  3^?. 

Let                •=  w*. 

Let         ^i^^  -  m. 

.-.  a*=  7m  +3. 

.•.y  =  13m  +  12. 

Substitute  this  value  of  x  in  origi- 

Substitute this  value  of  y  m  orig 

nal  equation, 

inal  equation, 

84m  +  36-7y  =  l, 

23(13m+12)-13x  =  3. 

7y  =  35  +  84m. 

13x  =  299m +  273. 

.«.  y  =  5  +  12w. 

.-.  x=23?ri  +  21. 

If            m  =  0,  X  =  3,  y  -  5. 

If        w  =  0,  x  =  21.  y-12. 

10.         5a  -  17y  =  23. 

5jr=23  +  17,y. 

^_4-3y  =  3H_2j,. 

Multiply  by  3, 

3x-12-9y  =  l  +  y+^^- 

Let  ^='»- 

5 

Then  y  =  5m  — 4. 

Substitute  this  value  of  y  in  origi- 
nal equation, 
5x-17(5m-4)  =  23, 
6x- 85m +  68  =  23, 

5x  =  85m  — 45. 
.'.  x=  17m  — 9. 
If  m  =  1.  X  =  8.  y  =  1. 


12.      23x-9y  =  929. 

9y  =  23x-929. 


.-.  y  =  2J;-103-^ 
5x-2 


5x-2 


y-2x  +  103=      ^^ 
^  9 

Multiply  by  2, 
2y-4x  +  206  =  x  + 


X  —  4 
9 


Let 


X 


-4 


=  m. 


Then         x-4  =  9m. 

.•.  X  —  9m  +4. 

Substitute  this  value  of  y  in  orig- 
inal equation, 

207m+92-9y  =  929, 

9y  =  207  m -837. 

.-.  y  =  23m-93. 

If         m  -  5,  X  --  49,  y  =  22. 
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13. 

23a?-33y  =  43. 

23x  =  33y +  43. 

1  ^     ^  10(y +2) 

Let  2L1:^  =  m. 

23 

Then  y  =  23m-2. 

Substitute  this  value  of  y  in  original  equation, 
23a;-33(23m-2)  =  43. 
23x-759??i  +  66  =  43, 

23a;  =  759w-23. 
.'.  .r  -^  33?n.  —  1. 
If  m  =  -  1,  a;  -  32,  y  =  21. 


14. 

555a;  -  22y  =  73. 

22y  =  565a:-73. 

.-.  y  =  25a;-3  +  ^^~'^ 


22 


Transpose,  y  -  25  a-  +  3  =  ^  '^     "^ 


22 

.T-19 


22 


Multiply  by  9,  9y-225a;  +  27  =  2a?  +  2  + 

Let  =  m. 

Then  a?-19=227». 

.*.  .T=»19  +  22m. 
Substitute  value  of  x  in  original  equation, 
555(19  +  22  m) -22y  =  73, 
10545  +  12210m  -  22y  =  73, 

22y=  10472  + 12210m. 
.*.  y  =  476  +  555  m. 
If-  m  =  0,  a; -19,  y  -  476. 
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15.  How  many  fractious  arc  there  with  denominators  12  aud 
18  whose  sum  is  f{? 

Let  ^  +  X,?5. 

12     18     36 
Simplify,  3a;  +  2y  =  25, 

2y-25-3a:. 

.-.  y-  12-a;  +  l-— 5. 

Let  — ^—  =  m. 

2 

Then  1  -  a:  =  2m. 

.'.  X  =  1  -  2m. 

Substitute  value  of  x  in  original  equation, 

3-Gm  +  2y=.25. 

.'.  y  =  11  +  3m. 
If  m  =  0,      .T-l,  y«ll. 

If  m  =  -l,  x  =  3,  y  =  8. 

If  m  =  —  2,  X  =  5,  y  =  5. 

If  m  =  -  3,  X  =  7,  y  =  2. 

Hence,  the  pairs  of  fractions  are 

A.  H:  A.  Ai  A  A:  A.  A- 

16.  What  is  the  least  mimber  which,  when  divided  by  3  and 
5,  leaves  remainders  2  aud  3  respectively? 

Let  n  =  number, 

-3-'  (1) 

^  =  y  (2) 

From  (1)  and  (2),  7i  =  3.r  +  2  and  5y  +  3. 

.•.  3x  + 2  =  5y  4  3, 

3x  =  5y  +  l  (3) 

3 
Transpose,  x  -  1  =  -^^ — 

Multiply  by  2,  2x  -  2  =  y  f  ^-±-1 


Let  2^- 


7/J. 


Then  ?/  =  3m-2. 

From  (3),  3x=  15w-9. 

.  •.  X  =  5  w  —  3. 
If  m  =  l,  x  =  2,  y  =•  L 

But  ?i  =  3x  +  2. 

.'.  n  ^  8. 
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17.  A  person  counting  a  basket  of  eggs,  which  he  knows  are 
between  50  and  GO,  finds  that  when  he  counts  them  3  at  a  time 
there  are  2  over ;  but  when  he  counts  them  6  at  a  time  there 
are  4  over.     How  many  are  there  in  all? 

Let  ~  =  X, 

3 

1                                        n  —  4 
and  =  V. 

5         ^ 
Then  n  =  2  +  3.1;  or  4  +  51/. 

.•."2  +  3a;  =  4  +  5y, 

3a;  =  2  +  5y  (1) 

.  2(1 +.v) 

Let  — ^^^  =  m. 

3 

Then  y  =  3m  — 1. 

Substitute  value  of  y  in  (1),  3a;  =  2  +  5(3m  —  1), 

3a;=15m-3. 

.*.  a;  =  5m  —  1. 

If  m  =  4,  x  =  19,  y  =  11. 

Hence,  the  number  of  eggs  is  59. 

18.  A  person  bought  40  animals,  consisting  of  pigs,  geese, 
and  chickens,  for  .f  40.  The  pigs  cost  .^5  apiece,  the  geese  $1, 
and  the  chickens  25  cents  each.     Find  the  number  he  bought  of 

each. 

Let  X  =  number  of  pigs, 

and  y  =  number  of  geese. 

Then  40  ~  re  —  y  =  number  of  chickens. 

5x4- v  + 10 ---2^  =  40  (1) 

4     4 

or  20a;  +  4y4  40-a;-y  =  160, 

or  190;  + 33/ =  120, 

3y  =  120-19a;  (2) 

y  =  40-6a;--. 
^  3 

Let  -  =  w. 

3 

.'.  a;  =  3  m. 
Substitute  value  of  a;  in  (2),  3y  =  120  —  57 7m. 

.'.  2/  =  40  —  19m. 
If  7/1  =  1,  a;  =  3,  2/  =  21. 

If  m  =  2,  a;  =  6,  y  =  2. 

Hence,  he  bought  3  pigs,  21  geese,  and  16  chickens ;  or  6  pigs, 

2  geese,  and  32  chickens. 
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19.  Find  the  least  multiple  of  7  which,  when  divided  by  2,  3, 
4,  5,  6,  leaves  in  each  case  1  for  a  remainder. 

Let  7a;  =  least  multiple  of  7, 

and  y  ^  8um  of  quotients. 

Then 

7a;-l  .  7g-l  .  73?-  I  .  7j -1  .  Tx-l 

Simplify, 
210x  -  30  +  UOx  -  20  +  105x  -  15 

+  84x  -  12  +  70x  -  10  =  60y, 
60yx-60y  =  87. 
Divide  by  3,  203x  -  20y  =  29  (1) 

-20y  =  -203x  +  29. 

.-.  y  =  10x-l  +  ^^^. 
^  20 

Transpose,  y  -  lOx  +  1  =  ^(^~^). 

Let  =  m. 

20 

Then  x-3  =  20m. 

.-.  x=  20to  +  3. 

Substitute  value  of  x  in  (1), 

4060m  + 609  -  20y  =  29, 

20y  =  - 4060m  -  580    (2) 
.•.y  =  203m +  29  (3) 

If  m  =  2,  X  =  43,  y  =  435. 

Hence,  the  number  is  301. 

20.  In  how  many  ways  may  100  be  divided  into  two  parts,  one 
of  which  shall  be  a  multiple  of  7  and  the  other  of  9? 

Let  7x  =  one  part, 

and  9y  ==  the  other  part. 

.-.  7x  +  9y  =  100. 

7x=100-9y. 
...«=14-y  +  2(Llii. 

Let  "jy  —  m. 

7 

Then  1— y  =  7m. 

.'.  y  =  1  —  7m. 
Substitute  value  of  y  in  the  original  equation, 
7x  +  9(l-7m)  =  100, 

7x«  100-9(1 -7m) 
7x=91  +63m. 

.".  x  =  13  +  9m. 

If  m-0,      x=13,  y  =  l. 

If  m  =  —  1,  X  =  4,    y  =  8. 

Hence,  the  parts  are  91  and  9,  or  28  and  72. 
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21.  Solve  18x  —  5y  =  70  8o  that  y  may  be  a  multiple  of  x,  and 
both  positive. 

18a:-5y  =  70. 
Fiet  y  =  mx. 

Substitute  value  of  y  in  this  equation, 

Ux-5mx^10. 
a?(18  -  5m)  -  70. 

-    „  70 


]8-5m 

and 

^      18 -5m 

Now,  if  m  =-  2, 

X  =  V*  or  8J, 

and 

y=iieorl7i. 

And,  if  m  =»  3, 

a;=  y  or23i, 

and 

y  =  ^^  or  70. 

22.   Solve  8a;  +  12y  =  23  so  that  x  and  y  may  be  positive,  and 
ilicir  sum  an  integer. 

8a;  +  12y  =  23  (1) 

Let  X  -\-y  =  m. 

Transpose,  a;  =  ?»  —  y  (2) 

Substitute  value  of  .r  in  (1), 

8m-8y  +  12y -23, 

4y  =  23-8m. 

23 -8m 
...y  = 

Substitute  value  of  y  in  (1), 

8aj  +  69-24m  =  23, 

8a;  =  24m -46. 

24m -46 
...  x  = • 

8 
Let  m  =  2. 

48-46     1 


Then  x = 

and  t/=> 


8  4 

23  - 16     7 

4  4 
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23.  Divide  70  into  three  parts  which  shall  give  integral  quo- 
tients when  divided  by  6,  7,  8,  respectively,  and  the  sum  of  the 
quotients  shall  be  10. 

Let  X  =  first  part, 

y  =  second  part, 
and  70  —  X  —  y  =  third  part. 

6      7  8  ^  ^ 

Simplify, 

24a;  +  24y  +  1470  -  21a;  -  21y  =  1680, 

7a;  +  3y  =  210  (2) 

3y  =  210-7x. 


.-.  y=70-2x--. 
^  3 

Let  -  =  m. 

3 

.*.  X  —  3m. 

Substitute  value  of  m  in  (2), 

21m  +  3y  =  210, 

3y  =  210-21m. 

.-.  y  =  70-  7m. 

If  w  =  2,  4,  6,  8, 

(the  lowest  values  that  will  produce  multiples  of  the  numbers), 

a;=    6,  12,  18,  24, 

y  =  56,  42.  28.  14. 

70-a;-y=    8.  16.  24,  32. 

24.  Divide  200  into  three  parts  which  shall  give  integral  quo- 
tients when  divided  by  6,  7,  11,  respectively,  and  the  sum  of  the 
quotients  shall  be  20. 

Let  X  —  first  part, 

and  y  =  second  part. 

Then  200  -  a;  -  y  =  third  part, 

a;  y     200-a;-y^^Q 

5      7  11 

Simplify, 

77  a;  +  55y  +  7000  -  35a;  -  35y  =  7700, 

42a;  +  20y=700, 
21a;  +  10y  =  350  (1) 

.-.  y  =  35-2a;-~. 
^  10 

Let  t:;  =  ^1 

10 

X  =  10m. 

Substitute  value  of  a;  in  (1),    y  =  35  —  21  m. 

If  m  =  l,  a;  =  10,  y=14. 

20O-a;-y  =  176. 
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25.  A  nnmber  consisting  of  three  digits,  of  whicli  tlie  middle 
one  is  4,  has  the  digits  in  the  units*  and  hundreds*  places  inter- 
•  iiiiuged  by  adding  792.    Find  the  numl>er. 

Let  X  =  digit  in  hundreds'  place, 

and  y  =  digit  in  units'  place. 

.*.  100a:  +  40  +  y  =  tiie  number. 

lOOy  +  40  +  a;  =»  792  +  100a;  4-  40  +  y. 
Transpose  and  combine, 

99y-99a;=792. 
Divide  by  99,  y-a;  =  8  (1) 

y  =  a:  +  8. 
Let    .  X  +  S  =  ?;i, 

a;  =  m-8  (2) 

and  y  ^  m. 

From  (2),  m  must  be  equal  to  9,  in  order  to  make  x  positive. 
Then  a;  =  l, 

y-9. 

Hence,  the  number  is  149. 


26.  Some  men  earning  each  $  2.50  a  day,  and  some  women 
earning  each  $1.75  a  day,  receive  altogether  for  their  daily 
wages  $44.75.  Determine  the  number  of  men  and  the  number 
of  women. 

Let  X  =  number  of  men, 

and  y  =  number  of  women. 

Then  ^^ll^m, 

2        4        4 
10x+7y  =  179, 

y  =  25-a;  +  ^:5f. 
^  7 

Transpose,  y  —  25  +  x  =  —^ — 

Multiply  by  5,  5y  -  125  +  5a;  =  2  -  2a;  +  ^-=^ 

T   i.  6  —  a;     „ 

Let  — -—  =  m, 

7 
x  =  6  — 7m. 

Substitute  6-  7m  for  a;  in  the  original  equation, 

60-70m  +  7y=179, 

7y  =  119  4-  70m. 
.'.  y  =  17  +  lOm. 

If  m  =  0,       a;  =  6,     y  =  17. 

If  m  -=  —  1,  a;  =  13,  y  =  7. 
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27.  A  wishes  to  pay  B  a  debt  of  £1  12a.,  bat  has  only  half- 
crowns  in  his  pocket,  while  B  has  only  f oar-penny  pieces.  How 
may  they  settle  the  matter  most  simply? 


Let 

X  =  number  of  half-crowns, 

and 
Then 

y  =  number  of  four-penny  pieces, 
half-crowns  =  30  a;  pence. 

and 
Bat 

four-penny  pieces  =  4y  pence. 
£1  -f  12s.  =  384  pence. 
£1  -I-12S.  =  30a;-4y. 

.-.  30x  -  4y  =  384                               (1) 
4y  =  30a;-384. 
*  30  a; -384 

or3/  =  7x-96  +  |. 

Let. 

!=*• 

Then 

X  =  2m. 

Substitute  value  of  x  in  (1), 

60m-4y  =  384. 

.'.  y  =  15m  — 96. 
If  m=7,  x  =  14,  y  =  9. 

Hence,  A  can  give  B  14  half-crowns,  and  receive  from  B 
9  four-penny  pieces. 

28.  Notice  that  17  is  a  common  factor  of  323  and  527. 

29.  A  farmer  buys  oxen,  sheep,  and  hens.  The  whole  nom- 
ber  boaght  is  100,  and  the  whole  price  £  100.  If  the  oxen  cost 
£5,  the  sheepr  £1,  and  the  hens  1  s.  each,  how  many  of  each  did 
he  bay? 

Let  X  =  number  of  oxen, 

and  y  =  number  of  ^heep. 

Then  100  —  x  —  y^  number  of  hens. 

6x  +  y  +  M^pi^  =  100  (1) 

100  a;  -I-  20y  +  100  -  a;  -  y  =  2000, 

99x+19y^l900  (2) 

Transpose,  19y  =  1900-99x. 

Divide  by  19,  y  =  loo  -  5  x  -  if  • 

19 
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TraoRpoee,  100-5«-y-^. 

Multiply  by  5> 

600-25aj-6y-a?  +  :^. 

19 

Let  ~  —  w*. 

19 

Then  x»19m. 

Sabfititute  value  of  x  in  (2), 

1881m +  19y  =  1900. 
Transpoee.  19y  =  1900  -  1881m, 

y«  100 -99m. 
If  m=.l,  a:-19,  y=l, 

and  100  -  a:  -  y  =  80. 

Hence,  he  buys  19  oxen,  1  sheep,  and  80  hens. 

30.  A  number  of  lengths  3  feet,  5  feet,  and  8  feet  are  cut; 
how  may  48  of  them  be  taken  so  as  to  measure  175  feet  all 
together? 

Let  X  »  number  8  feet  long, 

y  —  number  5  feet  long, 

and  48  —  a;  —  y  =  number  3  feet  long. 


8aj  +  6y 

+  3(48 

-x-y)  =  175 

(1) 

Simplify, 

5x+2y=.31. 

Transpose, 

2y  =  31-5x 
.•.y-15-2x  +  i^. 

(2) 

Let 

2     ""^- 

Then 

1  —  x  =  2m. 

.'.  x=  1  —  2m. 
Substitute  value  of  x  in  (2),  2y  =  31  -  5  +  10m. 

y  =  13  +  6m  (3) 

If  m  =  0.  -1.  -2, 

X  =    1,    3,    5  =  number  of  8 -ft.  lengths, 

y  =  13,    8,    3  «=  number  of  5-ft.  lengths, 

48  -  X  -  y  =  34,  37,  40  =  number  of  3-ft.  lengths. 
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31.  A  field  containing  an  integral  namber  of  acres  less  than 
10  is  divided  into  8  lots  of  one  size,  and  7  of  4  times  that  size ; 
and  has  also  a  road  passing  through  it  containing  1300  square 
yards.    Find  the  size  of  the  lots  in  square  yards. 

Let  X  =  number  of  acres. 

.*.  4840  a;  =  number  of  square  yards. 

y  ==  number  of  square  yards  in  1  lot, 
8y  =  number  of  square  yards  in  8  lots, 
28 y  =  number  of  square  yards  in  7  lots  of 
second  kind. 
8y  +  28y  +  1300  =  4840aj  (1) 

9y  +  325  =  1210x, 

9y  =  1210a; -325  (2) 

y=134a;-36  +  ^^~^ 
^  9 

y  -  134a;  +  36  =  ^^^• 

Multiply  by  7, 

7y  -.938a;  +  252  =  3a;  +  ^-=^- 

Let  5^^  =  m. 

9 

Then  a;- 7=  9m. 

.'.  a;  =  9m  +  7. 

Substitute  value  of  x  in  (2), 

9y  =  10890m  +  8470  -  325, 
9y  =  10890m  +  8145. 
.-.  y  =  1210m  +  905. 
If  m-0, 

x  =  7       —  number  of  acres. 
y  =  905    =  number  of  sq.  yds.  in  1st  lot. 
4y  =  3620  =  number  of  sq.  yds.  in  2d  lot. 


32.  Two  wheels  are  to  be  made,  the  circumference  of  one  of 
which  is  to  be  a  multiple  of  the  other.  What  circumferences 
may  be  taken  so  that  when  the  first  has  gone  round  three  times 
and  the  other  five,  the  difference  in  the  length  of  rope  coiled  on 
them  may  be  17  feet? 
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Let  X  >  circnmference  of  the  first  wheel, 

and  y  »  circamference  of  the  second  wheel. 

3x  —  5y  =  17,  difference  of  length  of  rope  coiled  on  them 
when  first  wheel  goes  round  three  times,  and 
second  five  times. 
Let  X  =  my^ 

3x~r)y==  17, 

3my-5y  =  17, 

y(3m-r>)^17. 

17 

...   y  =  

^      3m-5 
If  m=2,  y  =  17,  .t  =  34. 

33.  In  how  many  ways  can  a  person  pay  a  sum  of  £  15  in 
half-crowns,  shillings,  and  sixpences,  so  that  the  number  of 
shillings  and  sixpences  together  shall  be  equal  to  the  number  of 
half-crowns? 

Let  X  =  number  of  shillings, 

and  y  =  number  of  sixpences. 

Then  ar  +  y  =  number  of  half-crowns. 

y  sixpences  =  Jy  shillings. 
{x  +  y)  half-crowns  =  j(aJ  +  y)  shillings. 
Then  a;  +  }y-Hj(jJ-l-y)  =  whole  number  of  shillings. 

But  300  =  whole  number  of  shillings. 

.-.  X  +  iy  -\-  f(a;  +  y)  =  300. 
2.1;  -t-  y  +  5x  +  6y  =  600, 
7a;  -I-  6y  =  600. 

a;  =  85  + — --^• 


Transpose,  and  multiply  by  6, 


2=11/. 


Gx-510  =  4-5y  + 

^         7 

Let  "3^  =  m. 

7 

.'.  y  =  2  —  7m. 
Substitute  value  of  y, 

7a; -f  12 -42m  =  600. 

.*.  X  ~  6m  -H  84. 

If  m  =  0,  -2,  -2,  -3,  -4,  -5,  -6,  -7,  -8,  -9,-10,  -11, 

— 12,  — 13,  then  x  and  y  would  each  have  14  positive  values. 

Hence,  there  are  14  ways. 
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Exercise  71. 

1. 

a«  +  36M8>26(a  +  6). 
If  a2  +  36Ms>2a6  +  26«, 

if  (transposing),  a'  +  6*  is  >  2ab. 

But  a«  +  6«i8>2a6. 

.-.  a»  +  362is>26(a  +  6). 


2. 

a»6+a6'is>2aW 
If  (dividing  both  sides  by  ah), 

a^  +  b^is>2ab. 
But  a^-\-b^ia>2ab. 

.-.  a»6+a6»  is  >2aW 


3. 

(a«  +  6«)(a*  +  6*)  is  >(a»  +  6»)«. 
If  (simplifying), 

a«  +  a*6«  +  a26*+  J«  is  >  a«  +  2a'63  h-  6«, 
if  (transposing),        a*6'  +  a*6*  is  >  2a'6', 
if  (dividing  by  a*6^),      a'  +  6*  is  >  2a6. 
But  a«  +  6Ms>2a&. 

.-.  (a»  +  b''){a*  +  6*)  is  >(a»  +  6»)«. 


4. 

a«6  +  ah  +  a62  +  52c  +  ac^  4-  6c'  is  >  Qabc. 
a(b^  +  c^)  +  6(a«  +  c')  +  c(a«  +  6')  jg  >  Qahc. 
Since  (6»  +  c*)  is  >26c. 

.'.  a  (6*  +  c')  is  >  2 a6c. 
Since  (a'  +  c')  is  >  2ac, 

.*.  6 (a'  +  c*)  is  >2abc. 
Since  (a^*  +  6*)  is  >2a6, 

.'.  c  (a*  +  6')  is  >  2abc. 
Therefore  (by  adding), 
aia"  +  b^)  +  &(a«  +  c»)  +  c(a«  +  t^*)  is  >  Gabc. 
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6.  The  sum  of  any  fraction  and  its  reciprocal  is  >  2. 

Let  -  =^  the  fraction. 

b 

Then  _  «  the  reciprocal, 

and  ?  +  ^i8>2, 

0     a 

if(muUiplyingbya6),o'  +  6'  is  >2a6. 

But  a'  +  6«i8>2o6. 

.•.?  +  ^i8>2. 
o     a 


6. 

If   x»  =  a'  +  6',  and  y'  -  c*  +  rf*,  xy  is  <  oc .+  bd,  or  ad  +  6c. 
Now,  if  aiy  is  <  ac  +  bd, 

then  a'y'  is  <  (ac  +  ftcQ*, 

and  (by  aubstitnting  the  values  of  x^  and  y*), 

(a«  +  6»)  (<J«  +  cP)  is  <  (flkj  +  6d)», 
or  (simplifying), 

dV  +  a'cP  +  c^h^  +  62(P  is  >  ah^  +  2a6cd  +  6'^, 
and  a'cP  +  fi'c*  is  >  2abcd. 

But  a«f/»  +  6V  is  >  2abcd. 

.•.  ay  is  >  ac  +  6rf. 

7. 

o6  +  ac  +  6c  is  <  (a+6-c)*+(o+c-6)*-f-(6+c-a)', 
if  (by  expanding  and  combining), 

ab-\-ac  +  bc  is  <3a*+36«+3c»-2o6-2ac-26c, 
if  3a6  +  3ac  +  Sic  is  <3 a«  +  36»  +  3c», 

if  aft  +  ac  +  6c  is  <  a*  +  6*  +  c*. 

But         2a6  is<    a»  +    6» 

2ac  is<    o«  +    c" 

26c  is  <  6»+    c» 


.-.  2o6  +  2ac-\-  26c  is  <2a*  +  26«  +  2c* 

or  o6  +  oc  +  6c  is  <  a*  +  6*  4-  c*. 

.'.  a6  +  ac  +  6c  is  <  (a+6— c)'+(a+c— 6)'+(6+c-a)*. 
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8.  Which  is  the  greater, 

Now,         aV  +  6V  +  aH^  +  h^d^  is  >  aV  +  2abcd  +  6«cP, 
if  6»c«  +  a2f;»i8>2a5crf. 

But  ftV  +  a^f^Ms  >  2  abed. 

.'.  (a»  +  6»)(c«  +  (^=^)  is  >  {ac  +  bd)\ 


9.   Which  is  the  greater, 

a*  —  6*  or  4  a\a  —  6),  when  a  is  >  6  ? 

4  a\a  —  6)  is  >  or  <  a*  -  b*, 
as  (dividing  by  a  -  6),        4  a'  is  >  or  <  a^  +  a'^i  +  a6* .+  6*, 
as  (subtracting  a'  from  both  sides), 

3a'  is  >  or  <  a^b  +  ab^  +  &', 
as  (transposing  a'6),  3  a'  —  a'6  is  >  or  <  ab^  +  6', 
as  a«(3a-  6)  is  >  or  <  6*(a  +  6), 

if  the  factor  a^  be  taken  out  from  the  left  side,  and  the  factor  b^  from 
the  right  side,  since  a  is  >  &,  the  left  side  will  have  been  divided  by 
a  greater  number  than  the  right ;  so  that,  if  the  left  is  greater  than 
the  right,  after  both  factors  have  been  taken  out,  it  must  have  been 
greater  before. 

If,  therefore,  3a  —  6is>a  +  6, 

if  (by  adding  6  —  a  to  both  sides), 

2a  is  >  26, 
But  2a  is  >  26. 

.-.  4a»(a-6)is>a*-6* 
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10.  Which  is  the  greater, 

a8(Bqaaring),       ^  +"^206  +  —  is  > or  < a  -{■V2ci  +  6, 

o  a 

as  (transposing),  --  +  —  is  >  or  <  o  +  6, 

0      a 

as  (multiplying  by  a6),     a?  +  6*  is  >  or  <  a*6  +  aft*, 

as  (a  +  6)(a*  — o^ +  6')  i8>or<a6(a  +  6), 

as  (a*  +  6»)i8>or<2a6. 

But  (o2  +  6«)  i8>2a6, 

'f  +  J^is>VS+V6. 
6       \  a 


V 


11.  Which  is  the  greater, 


«±^or-^? 
2         a  +  6 


a  +  5  •   >.      ^  2o6 
IS  >  or  < 


2  a  +  6 

as  a'  +  2a6  +  6'  is  >  or  <  4 ab, 

as  a*  +  6*  is  >or<2a6. 

But  a«  +  2>«i8>2a&, 

.'.  ■ —  IS  > 


a  +  6 


12.  Which  is  the  greater, 


6*     a'      6     a 

Ir     a?  ha 

as  a'  +  6'  is  >  or  <  a*&  +  a6*, 

as  (a  +  6)(a'  -  a&  +  &')  is  >  or  <  (a  +  6)a5, 

as  a'  +  &2  is  >  or  <  2ah. 

But  a»  +  ft*i8>2a6, 

0^     a^         ha 
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Exercise  72. 

1.   (a»)»  2.   (a*)»  3.   {x'y^Y 

=  ^3x2  =a^x»  =a:2x2ySx2 

=  a*.  =  a;**.  =y^%^. 

~       2*  "2*08x552x6 

o"y  _243^^ 

16  *  32  a"  610 ' 

6.  {x-{-2f 

=  (a;)»  +  3(a;)«(2)  +  3(x)(2)»  +  (2)» 
=  ar»  +  6ic2+12a;  +  8. 

7.  (a; -2)* 

=  ar*-  4(a;)»(2)  +  6(a;y''(2)«-  i{x){2f  +  2* 
=  ar*-  8ar»  +  24a:«-  32a;  +  16. 

B.  (x  +  3)5 

=  (a:)*  +  5(a;)*(3)  +  10(a;)»(3)«  +  10(a;)2(3)»  +  5(a:)(3)*  +  {Sf 
==3^  +  I5s^  +  90aJ»  +  270»a  +  405a;  +  243. 

9.  41  +  2xf 

=  1*  +  5(2a;)  +  10(2a;)«  +  10{2xf  +  5(2x)*  +  (2a;)6 
=  1  +  10a;  +  40a;«  +  80a;»  +  80a;*  +  32a;5. 

10.   (2m-l)»  13.   (-7m'na'2y*)2 

=  (2m)»-3(2m)2+3(2m)-(l)»  =  -  72m3x^ri-^a;2x2y4x2 

=  8m»  ~  12m»  +  6m  -1.  =  49m«w2  a;*/- 


11.  (2a«6c3)*  ,.     /     2^V 
=  2*a2x464,5x4  14.   l-j^] 

12.  {-bar^y^f  °  3*c;^6Sc* 
=  -5»a*a«x8y2x8  32a;i*V* 
^-125a^:^f.                                 =  '  m^' 

15.  (3  a; +  1)* 

=  (3a;)*  +  ^^xf  +  6(3a;)«  +  4(3a;)  +  1 
=  81a;*  +  108ar»  +  54a;2  +  12a;  +  1. 

16.  (2a; -a)* 

=  (2a;)*  -  4:{2xf{a)  +  6(2ar)2(a)»  -  ^2x){af  +  (a)* 
=^l63i^  -  32ax^  +  2ia^x^  -Ha^x  +  a\ 

17.  (3a;  +  2aY^ 

=  (Sxf  +  5(3a;)*(2a)  +  10(3ar)»(2a)» 

+  10(3a;)*(2a)»  +  5(3a;)(2a)*  +  (2af 
«  243  a*  +  810aa;*  +  1080a»ar»  +  720a»ar»  +  240a*a;  +  32a* 
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18.  (2x-y)* 

=  16a?*~  32x^  +  24  a!»y*  -  Sxy"  +  y*. 

-192xY*  +  64a!«y". 

20.  (a6-3)' 

=  (a6)'  -  7{abnZ)  +  2l{ahf(Sy  -  35(a6)*(3)» 

+  36(a6)H3)*  -  21  (abfiSf  4-  7(a&)(3)«  -  (3)^ 
=  d'b'  -  21a«6«  +  189o*6*  -  945a*  6* 

+  2835  a»  6»  -  5103  a«  6*  +  5103  ab  -  21 87. 

21.  (-3a«6»c)»                                 OK    /     .T*y'2*V 
^-3*a2x«6«x»c»  '***•   I 2-) 

^  -  243  a'o  6>V.  ^  ^  3jx7y8x7;^x7 

22.  (-3a^)«  "~  2^ 

-729x«y«  ^• 

23.  (-5a«6x»f 

=  _  55^2x5  ^-j8x5  • 

=  -3125a-6^x-  26.  (l-a-a«)^ 

„„     /     3a6«V  =(l-(a+a»)p 

24.  -xj  =P-2(a  +  aV(«  +  «')' 

^      ^^  ^  =l-2a-2a«  +  o«  +  2a»-|-a* 

_  81a*y  =  1  -  2a-o«  +  2a»  +  o* 

256  c" 

27.  (2-3a;  +  4aJ»)» 

=  [2-(3a;-4a:»)l» 

-  (2)»  -  3(2)'»(3a;  -  4a:»)  4- 3(2)(3a;  - 4a:*)«  -  (3x  -  4a;»)» 

-  S  -  36a;  +  48a;2  +  54a:*  -  144ar» 

+  96ar*  -  27 ar»  +  108ar*  -  144a:»  +  64  .^ 
=  8  -  36a?  +  102a:»  -  171aJ»  +  204a;*--  144a*  +  64a;«. 

28.  (l-2a;  +  a;*)» 

=  {(l-2i:)  +  ar»}» 

-  (1  -  2xf  +  3(1  --2a;)*a;*  +  3(1  -  2a;)(a;*)'  +  {x^ 

"  1  -  6a;  +  12a;«  -  8a;»  +  3 a;*  -  12a;»  +  12a^  +  33?^- -  6a!»  +  ai" 
=  l-6a;  +  15a;«-  20a;»  +  15a;*  -  6a;*  +  a;«. 

29.  (l-a;+a;«)8 

=  n  _  (x — x^)Y 

=  l-S{x-x^  +  S(x-x^^-{x-x^f 

=  1  -  3a;  +  3a;«  +  3a;»  -  6a;»  +  3a;*  -  a;*  +  3a;*  -  3a;» -4-  -r* 

=  1  -  3 a;  +  6a!»  -  7a;' -f  6a;*  -  3ar^  +  a;*. 
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30. 


==  (1  +  (a;  -f  a^)}* 

=  1*  +  4  (If  (x  +  x')  +  6  {\f  {x  +  a:*)'  +  4  (1)  (x  -\-s^y  ■\-{x-\-  s^Y 

=  l+4aj+4V  +  6a:«  +  12a:»  +  6aj*+4a:»-fl2aj*  +  12a? 

+  4rc«  +  a:*  +  4a*  +  6a*  +  4a;^  +  tc» 

=  1  +  4a;  +  10a:«  +  16ar»  +  19ar*  +  16a*  +  10a*  +  4a;^  +  a*. 


Exercise  73. 


1.    y/^=±a\ 
y/x^  =  db  a;*, 

\/64  =  4. 

v^-32a«  =  -2a'. 

2..  v^-1 728.c«d":rV=  -12c'(^ V. 

v/33756^2*^  =  156V, 
V^3111696=v/2*X3*X7*, 
v^2*x3*x7*ci«z*=  ±  42c*2. 


3.    V53361 6* c»y«2« 


3' 

7 

7 

IP 


53361 


5929 


847 


121 


V5336l=V3*^x7*-^Xll». 
'.  V53361 6*(*yiV«  =  ±  231  6»cy2«. 

6&C* 


216  6»c*^ 
343  2^* 


728 


64^_^2^ 
729  r»         32^* 


4.  V25^W+v^8a«6V-.v^8Ia*6V-v^32a'^6^V_ 
=  V52^254-2  4.^23a8  6V-v/3*a*6V-v^2*a5  6»o<* 
=  bah^c  +  2a6«c  -  Za¥c  -  206^0 

=  2a6*c. 

5.  v^27^  X v^243y625  X Vl6a;*22 
=  3a:y*x3y2X4a;*2 

=  36a*2(r^22. 

6.  4iV2x  —y/abxy  -\-  bVa^l^xy  

=  4\/2x^  -Vrx  3^2~X  6  +5  VP  X  3»  X  2X  6 
=,4V4_V36  +  5\/324 

=  4x2-6  +  5x18 
=  92. 

7.  2ay/Sax  +  b-^l2by  +  4a5a;V6^  

=  2xl\/8xTx2+3v^l2x3x6  +  4xlx3x2V3x2x6 

=  2>/i6  +  3v'^  +  24v^ 

=  2X4  +  3X6  + 24  x6 

=  170. 
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8.    Va'  +  2ai  +  6»  x v'a'  +  3a«6  +  3ai»  +  6» 
=  (a  +  6)  X  (a  +  6) 
»(l  +  3)x(l+3) 
=.16. 


9.    >/6»  -^a  +  36a«  -  a»  4->/6'<  +  a»-  2ai 

-  (6  -  a)  -!-  (6  -  a) 
=  1. 


Exercise  74. 


1. 


a*  +  4a»  f  2a»-4a-f-  l|a^  f  2o-l 


a' 


2a'  +  2a 


4a*  +  2a'« 
4a'  +  4a» 


2a«  +  4a-l 


-2a»-4a  +  l 
-2a«-4a  +  l 


2. 


a:*~2.r»y +  3a:'y»-2a;y»  f  y^|a;'-a?v  -f  y* 


.T" 


2x^  —  xy 


-2a:3y+3a:*y« 
—  2a:^y  -i-    g^v* 


2a^  —  2xy  +  y' 


2a-'''y*  —  2x2/^  f-  y* 
2a^^V^  —  2y7/^  +  y* 


3. 


4a»-3a2ar 


4a«  -  I2a^x  -{■ba'^x^  -{-Qa^x^  +  aV|2a»-3a»a;-aa:» 

4a6 

- 12  a*a;  + 5  a*a:2 


4a»-6a2a;-aa;2 


-4aV  +  6aV-|-aV 
-4aV  +  6aV  +  aV 


4. 

9a;«-24a;*y»-12a»y»-fl6ar»y^+16gyS-t-4y6|3aJ_4ayy2_2y8 


6a^-4a:y» 


.  Q3?~d>xy^-2f 


-24a:*y«-12ic8y8+16a;y 
-24  g*yH  16  ar»y*+lG  ar'y* 


-12ar»y» 
-12g»y» 


H-16.'ny^+4y' 
+lGa^^+4y* 
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6. 

4a8  +  16a«c2  -  32aV  +  ISc^l 2a*  +  4aV -  4c* 

4a« 
4a*  +  4a' c' 

1 

16a«c2-32a2c« 
16a6c'»  +  16a*c* 

*  4a*+8u 

»c2-4c* 

-16a*c*-32aV  +  16c» 
-16a*c*-32aV  +  16(;8 

6. 

4a:*  -  20a:»  +  37a;2  _  30a;  +  9 |2a^  -  5a;  +  3 

4a;* 

4a;a-5a; 

-20ar»  +  37a;» 
-20ar»  +  25ar' 

4a;«- 

-10a; +  3  12a;»-30a;  +  9 
12ar«-30a;  +  9 

7. 

16a;*-  16aW  +  lQb^x»  +  ^aH^-Sah^  +  46*|4a;»-  2a6  +  26» 

16  a;* 

8ar»-2a6 

-IQabx^  +  lGb^x'  +  ian^ 
-I6abx^                +4a26» 

8a;2- 

-4a6  +  262 

leb^a^               -8aJ»  +  46* 
IQb^x"               ~Sa¥  +  U* 

8. 

16- 

24a;  +  25 

ar* 

-  20 ar»  +  10a;*  -  4a;5  +  ai>|4_  3a.  +  2a;»  -  a;> 

16 
8-3a; 


-24a;  +  25a;» 
-24a;+    9a;« 


8-6a;  +  2a;2 


16a;«-20a;»+10a;* 
16a;'-12a;8_^    4^4 


8-6a;  +  4a;»-a;8 


-  8ar»+    6a;*-4a;^  +  a;" 

—  8ar*+    6a;*  — 4a:*  +  a;" 


9. 


a^— 4a;'^y+8a;*.v'— 10a;'y^-f  8a;'.V*-4a;y^+y^|ar^-2a;'.V+2a;.v''-v^ 
a;« 


2a?-2x^y 


—  4a;*y+8a;*3/' 
— 4a:^y+4a;*y' 


2ar»-4a;«y  +  2a!2/^ 


4a;*3/'»-10a;3y8^8xV 
4a;*?/^—  8a;^y'+4ar*y* 


2  a;* — 4  aj*  y  +  4  a;!/*  —  ?/* 


—  2a;*7/*+4a;2?/*— 4.r?/^+3/' 

—  2a!^y^+4a;'^y*— 4a;v^+.V° 
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4q» 

4o« 
4a« 

-a» 

~4a»-lla*  + 

-4a*-lla* 
-  4  a*  +      a* 

10. 

Ho'  +  Sa'- 

14a»  +  5a» 
Ga»  +  9a» 

12a  4-4|2a»-a'-3a  +  2 

12a  +  4 
12a  +  4 

4a'- 

-2a^ 

'-3o 

-12a*  + 
-12a*  + 

4a»-2a" 

-6a  +  2 

8a»-4a»- 
8a»-4a«- 

6a 

9a« 
9  a* 

-b 

-6a6+6»+30a<j 

-6a6+6« 
-6a6+&» 

11. 

|3a-6+5c+d 

-106c+25c»+6a(^2M+10cd+cP 

6a 

-26  +  5c 

30ac-106c+25c» 
30ac-106c+25c* 

6 

a-26  + 10 c  +  c?  6arf-2M+10crf+(? 

6a<;-2M+10crf+d* 

12. 

|5a:»-3a:«.V-4xt/«  +  .V» 

10ar»-3*»y 


25a^  -  30a*y  -  31a:* y»  +  34a:»3/*  +  I0x*y*  -  Sxi^  +  y« 
25 1« 

-30a*y-31a:*y« 
-30a:^y+    9a^y« 


10x*  —  6x*y  —  4icy' 


10a:»-6a:*y-8ajy*  +  y» 


-  40a:*  y'  +  34a;'y«  +  10a:*y* 

-  40a;*y'  +  24ar'y»  +  IBg'y* 


lOar'y'—    6a'y*- 8ary*  ^  y* 


13. 

I  m*— 2  m'-f  3  y;i»-4  m  +5 

m»-4m^+10m«-20m*+35m*-44m»+46m*-40m+25 


2m*-2m' 


— 47n^+10m* 
— 4m^+  4  m* 


2  m*— 4m'+3m* 


6m«-20m*+35m* 
6m«-12mH  9m* 


2  m*— 4  m'+6  m*— 4  m 


-  8mH26m*-44m»+46m» 

-  8m*+16m*-24m'+16m« 


2m*-4m'+6m«-8m+5 


10m*-20m»+30m«-40m+25 
10m*-20m'+30  m»-40  m-f  25 
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14. 

a!* 


2a^-xy-y^ 


—  2a:*y»  4-  xy*  +  y* 
-2zV  +  anv»  +  y* 


15. 

«*— 4a:"y  f  6a:*y*  — Gary' +  5y*  — 
af* 


i«- 


2iry +  y'  — — 


2a:»-2a;y 


—  4a:'y  -t-4a:'y* 


2a:»-4a:y +y* 


2a^» 
2xV 


6ay  +  5y* 
4ayy»+    y* 


2a:»-4xy4-2y«-^ 


237*  +  4y* 
2a^  +  4y* 


it  +  l^ 

X         3? 

X        s? 


16. 


o 


o'a; 


9-T^ 


43aV     Za3?  .  a^ 


2a^ 
3 


9 
4 


g'a; 

2 
a'a;  . 


48 


43  aV 

48 
21a^x^ 

48 


^4 


3 


Zax     ^ 
4        2 


o  /a'''     3aa;\  ,  a^ 


a^3^ 


303;*     ac^ 

3  4         4 

3  4         4 
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17. 

-      4     10     20     25     21      16 

l+--f--i+-=  +  -j+  — + 


x*      oj*      ar      ar 


1 


1      -  +  -      ^ 
X     3^     a? 


„     2 

4 

10 

2  +  - 

-  +  -• 

X 

X       x» 

4      4 

-  +-- 

X      ar 

.  20      25 

o     4 

31 

6 

2  -f  -  +  -d 

^  -F-  — •-  +  — 7 

X      x' 

X*         X»          X* 

6      12       9 

x*       x'       X* 

16 

o     'I      ^> 

41 

8      16      24 

2  +  ^-^?  +  ? 

x*      X*      X*      a^ 

8      10     24     16 

x*      X*      X*      a^ 

18. 

a^.2a            26^6^ 

a     1.5 

1  ^« 

6«       6               a      a' 

^  6           a 

a» 

^ 

2a      J 

2%  3 

b 

6 

0 

2a 

.     6 

9      26  ^  6« 

;i  +- 

2 1-  — 

b            a 

a      a' 

2  2^*; 

o       a" 

19. 

a^+^_5f     «^  +  l 

^'  +  ^-T 

aj4              12      3     9 

2     3 

2x2  +  - 

x3     ^-^ 

2 

12 

^+f 

4 

2ar»  +  x- 

1 

2x2     a;     1 

3 

3       3     9 

2x2     a;     1 

3       3     9 
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Exercise  75. 
1                                                2. 

(1) 

120409(347 
9 

64)304 

(1) 

16803.9369(129.63 
1 

22)68 

256 

44 

687)4809 

249)  2403 

4809 

2241 

2586)  16293 
15516 

•    •     •  .  _ 

25923)77769 

(2) 

4816.36(69.4 
36 

77769 

129)1216 

(2) 

4.54499761(2.1319 

1161 

4 

1384)   5536 

41)54 

5536 

41 

423) 1349 
1269 

(3) 

1867.1041  (43.21 
-      16 

4261)8097 
4261 

83)267 
249 

42629) 383661 
383661 

862)1810 
1724 

(3) 

0.24373969(0.4937 

8641)  8641 
8641 

16 

89) 837 
801 

983) 3639 
2949 

(4) 

1435.6521(37.89 

9867) 69069 

9 

69069 

67)535 

469 

(4) 

0.5687573056(0.75416 

748)  6665 

49 

5984 

145)  787 

7569)68121 

725 

68121 

1504)6257 
6016 

(5) 

64.128064(8.008 

15081)  24130 

64 

15081 

16008)  128064 

150826)904956 

128064 

904956 
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(1) 


0.9006o6o6o6(0.94868       (5) 
81 

184J900 
736 

1888)  16400 
15104 

18966) 129600 
113796 

189728)  1580400 
1517824 


17.00(4.1231 
16 

8iyT00 
81 

822) 1900 
1644 


8243)25600 
24729 


82461)87100 
82461 


(2) 


(3) 


(4) 


6.2i('2.4919 
4 


44) 221 
176 

489)4500 
4401 

4981)9900 
4981 

49829)491900 
448461 


0.43(0.6557 
36 

125)700 
.      625 


1305)  7500 
6525 

13107)97500 
91749 


0.008520(0.0923 

81 

182)420 
364 

1843)5600 
5529 


(6) 


(7) 


129.06060606(11.3578 
1 

21J29 
21 

223J806 
669 

2265)  13100 
11325 

22707)  177500 
158949 

227148)1855100 
1817184 


347.2590(18.6348 
1 


28)247 
224 

366)  2325 
2196 

3723)  12990 
11169 


37264)  182100 
149056 


372688) 3304400 
2981504 
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4. 

(5) 

0.03060606  (0.1732 

(1) 

14295.3870(119.5633 

1 

1 

27)200 

21)42 

189 

21 

343)1100 

229)  2195 

1029 

2061 

3462)  7100 

2385) 13438 

6924 

11925 

23906) 151370 

(6) 

111(10.5356 

143436 

'  1 

239123) 793400 

205)1100 

717369 

1025 

2391263)7603100 

2103)  7500 

7173789 

6309 

(2) 

2.60006(1.5811 

1 

25)  150 
125 

21065)119100 
105325 

210706)  1377500 
1264236 

308)2500 

2464 

3161)3600 

3161 

5. 

31621)43900 
31621 

(1) 

0.00111(0.0333 
9 

(3) 

2000(44.721 

63)210 

16 

189 

84)400 

663)  2100 

336 

1989 

887)  6400 

6209 

•   •   •   •  -  — 

8942) 19100 

(2) 

0.004000Q0(0.0632 
36 

17884 
89441) 121600 

123)400 
369 

89441 

1262)3100 

(4) 

0.36060606(0.5477 
25 

2524 

104)500 

(3) 

0.0656(0.07071 

416 

49 

1087)8400 

1407)  10000 

7609 

9849 

10947)  79100 

14141) 15100 

76629 

14141 
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(4) 


(5) 


(6) 


(7) 


2.00000000(1.4142 
1 

24J1OO 
96 

281)100 
281 

2824)lli)00 
11296 


28282)60400 
56564 


5.00(2.236 
4 


42)100 

84 

443) 1600 
1329 

4466)  27100 
26796 


3.25(1.8027 


28)  225 
224 


3602) 10000 
7204 

36047) 279600 
252329 


8.600000(2.932 
4 

49T46O 
441 


583)  1900 
1749 

5862) 15100 
11724 


(1) 

(3) 
(4) 


0) 


(2) 


(3) 


(4) 


6. 

7. 

i = 0.5. 

0.50(0.7071 
49 

1407)  10000 
9849 


14141)  15100 
14141 

3  =  0.666666. 

0.666666  (0.816 
64 

161)266 
161 


1626)  10568 
9756 

=  0.75. 

0.750006(0.8660 
64 

166)1100 
996 


1726)  10400 
10356 


1732)4400 

Y^f  =  003125. 

0.031250(01767 
1 

27J212 
189 

346)  2350 
2076 


3527)  27400 
24689 
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(5) 

tJj  =  0.0546875. 

(7) 

}  -  0.857142. 

0.05468750(0.2338 
4 

0.857142(0.9258 
81 

43) 146 
129 

182)471 
364 

463)1787 
1389 

1845) 10742 
9225 

4668) 39850 
37344 

(8) 

18508)151700 
148064 

A  =  0.08333333. 

(6) 

Tfc  =  0.048. 

0.08333333  (0.2886 
4 

- 

0.0480(0.2190 
4 

41)80 

41 

429)3900 
3861 

48) 433 
384 

568)4933 
4544 

5766) 38933 
34596 

Exercise  76. 

1. 

or* 

6xh/  +  12xy*  +  8.y'|a:  +  2y 

3a;« 
(3a;  +  2y)2y  = 

exy 

+  4y» 

6a;«v  +  12xv»  +  8.v» 

3x» 

+  6xy 

+  4y^ 

2. 

a»-9a«  +  27a-27|a-3 


-3(3a-3)= -- 


3a« 

-9a  +  9 

-9a«  +  27a-27 
-9a«  +  27a-27 

3a2-9a  +  9 

3. 

ar»  +  12a:»  + 48  a; +  64|a;  + 4 
a^  


3a;" 
(3  a;  +  4)4=         12  a;  +  16 


3a;«  +  12a;  +  16 


12a;»  +  48a;  +  64 
12a;2  +  48a;  +  64 
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3a?* 


afi  

-3aofi-\-5a^a?-3a^x 


(3a:*-a.T)(-a.r)  =      — 3aa;»-}-oV 


-3aa*+3aV-a»a:» 


3jj*-3aa:»+o'V 
3{x*-axY  =  3a?*-(ku:»+3rtV 
(3a;»-3ax-a«X-a»)  -  -3a^.r'+3a»a!-fa* 


3a:*-6aa:» 


-|-3a'a;+o* 


-3aV+6aV-3a*j--a« 
-  3aV+6aV-3a*a;-a« 


5. 


a;*  +3a*+6a;*-|-7a;'+6a;»+3x+l  |a:*+a;+l 

3^  


(3ai'+«)x= 


3a:* 


+3a:"+a:* 


3a?*+3j:»+a;2 

3(a:»  +  a?)»=3ar*-}-6r»+3a:« 
(3a:»-}-3x+l){l)= 3a:»+3a?+l 


3a:*+6a;*+7a:» 


3ar*+6a;»-}-6a:»+3a;+l 


6. 


3a?*+6a;»+6ar'+3a:+l 
3x*+6a:»+6a:»+3a:-Hl 


9x  +  9a:» 


3- 


3-9a;  +  9a;» 
18a:  +  27  a:* 


99a:»  +  156a:* 
99a:» 
-9a;  +  27a:«-27a:" 


l-9a;  +  39a:* 
1 

--9a; +39  a:* 


|l-3a;  +  4a:» 
144aJ»  +  64a* 


12a:*-36a:»  +  16a:* 


3  -  18x  +  39 ar»  -  36 ar»  +  16a;* 


12ar»-72ar»  +  156a;* 
12a;«-72a;»  +  156a:* 


144a;*  +  64a:« 
144a:6  +  64a* 


7. 


|a*-2a-l 
a^-ea^-\-  9a*  +  4a»-9a*-6a-l 


a" 


3a* 


(3a«-2aX-2a)=  -6a»4-4a^ 

3a*-6a»  +  4a2 

3(a2-2a)»  =  3a*-12a»+12a« 
(3a«-6a-l)(-l)  = 


-ea'^-\-   9a*  +  4a» 
-6a*  +  12a*-8a» 


-  3a*+6a+l 


3a*-12a»+  9a*+6a+l 


-3a*  +  12a»-9a«-6a-l 
-3a*4-12a'-9a«-6a-l 
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8.  |4ar'+4a;-l 

64a^4-192a*+144a:*-32x»-36x«+12a:-l 


48a?* 
(12a:*+4a;)4ar  48ar^+16g« 


48x<+48a;»+16a:'^ 
3{^x^-hixy  =  48a-*+96r»+48r» 
(12a:*+12x-lX-l)= 


192a*+144a?*-32a:» 
192.'c*+192a:*+64a:» 


-12a:»-12a?+l 


48x*+96x»+36a;«-12a:+l 


9. 


-48a;*-96a;»-36x«+12x-l 
-48a;*-  96x»-3aT' + 1 2a;- 1 


1— a;+.T'— a;* 


1  -3x+6a;«-10a;»+12a;*-12a*+10a;«-6a;^+3a;8-a* 
1 


3 

-3a;+a;2 

-3a;+Gx»-10j;' 
-3.T+3a;«-    a^ 

3-3x+a;2 

3-6a;+3a;» 

3a;2-3: 

c»+a;*. 

Sx^-^  9a;»+12a;*- 
3a;»-  6a;»+  6a;*- 

12a*+10a;« 
-  3a;6+     3^ 

3-6a;+6a;»-3a;»+a;* 

3-Ga:+9a;»-6a^4-3a;* 

-3a;»+3a;*-3ar^+a;« 

-  3a;»+  6a;*- 

-  3a;»+  6a?*- 

-  9a;6+  9;c«-6xT+3x«-a* 

3-6x+9a;*-9ar»+6ar* 

-3ar^H 

rsfi 

-  9a;»+  9a^-6xT+3a^-a* 

10. 


a»+3a6-96» 


a«  +9a*6-135a»&»+729a6*-7296* 


3a* 


9a»6+9a«6« 


3a*+9a»6+9a«6« 

3a*+18a»6+27o«6« 

-27a«6*-81a6»+816* 


3a*4-18a'6 


-81a6»+816* 


9a*6-136a»&»+729a6* 
9a*6+27a*6«-i-27o»&» 


-27a*6«-162a«6»+729a6*-7296» 
~27a*6»-162a»6»-}-729a&»-7296» 


3c* 


~126c»+166»c* 


11.  [c«-45(;+4y 

c«-126(*+606«c*-160&»c»+2406*c«-1926»c+646« 

-126c»+606»c*-160&»c» 
-126c*+486»c*-  646»c» 


3c*-126c'+166«(r» 

3c*-246c'+486V 

126»c«-48&»c+166* 


3c*-246c»+606«c»-486»c+166^ 


126«c*-  966»c»+2406*c«-192&»c+646* 


126V-  966»c»+2406*c»-1926*c+64M 
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12a« 


12. 

i2a«+4o^>-3y 

8<i«+48a^6+60a*J«-  80a»6»-90a«6*+108a6*~276* 
48a»6+60o*6«~  80a»&» 


24a»6+lGa«&« 


12a*+24a»6+16a»6« 
12aH48a»6+48a*6* 


48a»6+96a*6»+  64a»6» 


-18a«6»-36aA"+96* 


12aH48a»6+30a'^6=»-3()a^+96* 


-36a*6«-144a»6»-90a«6H108ai*--27^ 
-36a*J«-144a»6»-90a*6*+108a6*-27A* 


Exercise  77. 


6? 

3(60)» 

3(60x6) 

5» 


1. 


10800 
900 

11725 


274626 165 
2^ 

58625 


58625 


6» 

3(60)» 
3(60x4^ 


3. 


10800 

720 

16 


262144164 
216 


11536 


46144 


46144 


4»  = 

3(40)«  = 

3(40x8)  = 

8«  = 


2. 


4800 

960 

64 


5824 


11659^148 
64 

46592 


46592 


9» 

3(90)« 

3(90x6) 

6* 


884736196 
729 


24300 

1620 

36 


25956 


155736 


165736 


5. 


48 

3(40)« 

3(40x7) 

7^ 


3(470)' 

3(470x8) 

8' 


1092153521478 
64 


=  4800 

840 

49 

45215 

5689 

39823 

=  662700 

11280 

64 

5392352 

674044 

5392352 
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1»= 

3(10)»  = 

3(10x1)  = 
1*  = 

6. 

300 
30 

1 

i48i544  114 

1 

"481 

331 
150644 

150544 

9. 

1»  = 

3(10)»=  300 

3(10x4)=   120 

4»=   16 

2.80322i  11.41 
1 

1803 

331 

436 

3(140)«  =  58800 

3(140x1)=  420 

1«=    1 

1744 

3(110)2  = 

3(110x4)  = 

42  = 

36300 

1320 

16 

59221 

37636 

69221 

69221 

10. 


1» 

3(10)2 
3(10x1) 


3(110)« 

3(110x7) 

(7)2 


7.  18^ 

i60i.G13111_7     3(3(10)'^  = 

9=^  = 


3(190)2 

3(190x2) 

22 


7077888 1 192 
1 


:          300 

30 

1 

601 

331 

331 

36300 

2310 

49 

270613 

38659 

270613 

1»- 

3(10)2=      300 


12597121108 
259712 


3(100)2 

3(100x8) 

82 


30000 

2400 

64 


32464 


259712 


300 

270 

81 

6077 

651 

5859 

108300 

1140 

4 

218888 

* 

109444 

218888 

11. 


2» 

3(20)2 

3(20x3) 
32 


3(20x3) 
2(3)2 

3(230)2 

3(230x4) 

4« 


12.81290412.34 
8 


1200 

180 

9 

4812 

1389 

180 
18 

158700 

2760 

16 

4167 
645904 

161476 

645904 

/ 
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3» 

3(30)* 

3(30  X  8) 

8^ 


3(380)« 

3(380  X  4) 

4* 


12. 


56.62310413.84 
27 


2700 

720 

64 

29623 

3484 

27872 

433200 

4560 

16 

1751104 

437776 

1751104 

18. 


3» 

3(30)'^ 

3(30x2) 

(2)« 


3(30x2) 

2(2)« 

3(320)2 

3(320x1) 
V 


33076.161132.1 
27 


2700 

180 

4 

6076 

2884 

5768 

180 
8 

308161 

307200 

960 

1 

308161 

308161 

14. 


4»  = 

3(40)«=  4800 

3(40x6)=   720 

6«=    36 

102503.232146.8 
64 

38503 

5556 

33336 

3(460)^  =  634800 

3(460x8)=  11040 

8«  =    64 

5167232 

645904 

5167232 
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15. 

95  = 

3(90)2  =  24300 

3(90x3)=  810 

32=    9 

820.02585619.36 
729 

91025 

25119 

810 

18 

75357 

15668856 

3(930)2  =  2594700 

3(930  X  6)  =  16740 

6^=     36 

2611476 
16. 

2»  = 

3(200)2=  120000 

5(200  X  5)  =    3000 

(5)2  =-.     25 

15668856 

8653.0028771 20.53 
~653002 

123025 

3(2050)2  =  12607500 

3(2050X3)=   18450 

(3)2-      9 

615125 

37877877 

12625959 
17. 


37877877 


1» 

3(10)2 

3(10x1^ 

3(110)V 
3(110x1)  = 

(1)2: 


3(1110)2 

3(1110x1) 
P 


1.37133063111.111 


300 

371 

30 

1 

331 

331 

36300 

40330 

330 

1 

36631 

36631 

3696300 

3699631 

3330 

1 

3699631 

3699631 
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la 


2» 

3(20)« 
3(20  X  7) 


3(270)* 
3(270  X  5) 


5* 


20916.518875127.65 
8 


3  (2750)' 

3(2750  X  5) 

5* 


1200 

420 

49 

12910 

1069 

11683 

420 
98 

1227518 

218700 

4050 

25 

222775 

1113875 

4050 
50 

113643875 

22687500 

41250 

25 

22728775 

113643875 

19. 


4» 

3(40)* 

3(40  X  5) 

(5)* 


3(4500x4) 
4* 


91.398648466125 14.5045 
64 


3(45040x5) 
5* 


4800 

600 

25 

27398 

5425 

27125 

600 
50 

273648466 

60750000 

54000 

16 

243216064 

60804016 

54000 

32 

30432402125 

6086804800 

675600 

25 

6086480425 

30432402125 
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20. 


1» 

3(10)2 

3(10  X  7) 

(7)« 


5.34010439323911.7479 


3(170)« 
3(170x4) 


3(1740)2 

3(1740  X  7) 

7* 


3(17470)2 

3(17470x9) 

9^ 


=  300 

210 

=  49 

4340 

659 

210 

98 

3913 
427104. 

86700 

2040 

16 

88756 

355024 

2040 
32 

72080393 

:  9082800 

36540 

49 

9119389 

63835723 

36540 
98 

8244670239 

915602700 

471690 

81 

916074471 

8244670239 

21. 


(1) 


1» 

3(10)2 

3(10  X  3) 

32 


3(130)» 

3(130x5) 

52 


3(1350)2 
3(1360  X  7) 

72 


2.50011.3572 

1 

300 

1500 

90 

9 

1197 

399 

303000 

90 

18 

50700 

1950 

25 

263375 

52675 

39625000 

1950 

60 

5467500 

28350 

49 

39471293 

5495899 

153707000 
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(2) 


5» 

3(50)» 

3(50x8) 

8^ 


0 


•  • 


3(580)« 

3(580  X  4) 

4« 


.20000000000010.5848 
125 


3  (5840)* 
3(6840  X  8) 

8» 


7500 

1200 

64 

75000 

8764 

1200 

128 

70112 
4888000 

1009200 

6960 

16 

• 

1016176 

4064704 

6960 
32 

823296000 

102316800 

140160 

64 

102457024 

819656192 

(3) 


2» 
3(20)2 

3(20x1) 
1« 


0.010000000000 10.2154 
8 


3(210)' 
3(210  xg 


3(2150)« 

3(2150x4) 

4« 


1200 
60 

1 

2000 

1261 

1261 

60 
2 

739000 

132300 

3160 

25 

136476 

677375 

3150 
60 

61625000 

13867500 

25800 

16 

13893316 

55573264 
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(4) 


■  • 


1» 

3(10)* 

3(10  X  5) 

5* 


3(150)» 
3(150  X  8) 

8« 


3(1580)' 
3(1680  X  7) 


4.00000000000011.5874 
1 


3(15870)" 

3(15870x4) 

4« 


300 

3000 

150 

25 

475 

2375 

150 
50 

625000 

67500 

3600 

64 

71164 

569312 

3600 
128 

55688000 

7489200 

33180 

49  . 

7522429 

52657003 

33180 
98 

3030997000 

755570700 

190440 

16 

755761156 

3023044624 

(5) 


7» 

3(70)« 

3(70x3) 

3« 


0.40000000000010.7368 
343 


3(730)» 
3(730  X  6) 


3(7360)» 

3(7360x8) 

8« 


14700 

630 

9 

57000 

15339 

46017 

630 

18 

10983000 

1598700 

13140 

36 

1611876 

9671256 

13140 
72 

1611744000 

162508800 

196640 

64 

162705504 

1301644032 
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Exercise  78. 


1. 


81a 
18a»-30o6 


81a*  -540a»6-i-1350a'y-1500oy -H6256*  1 9  a'-30a6  -t-25y 


-5^1()a»6fl3r)0a«6« 


18a«-60a6+256» 


450a«6»-1500a^+6256* 
460flV>«-  -1  r)00aft»+6256* 


6a-bb 


9a«-30ai+266'|3a-56 
9a2  

-30a6f25i» 
-30a6+266« 


2. 

a:»  -4x^+10a^-16r^+19a?*-  16a^+10a:»-4a;+l  |ar*-2r»+3x*-2a;-}-l 
a*  


2a;*-2x» 


-4a:'+10a* 
— 4aj^+  4a^ 


2a;*-4a:"+3a:* 


6a!«-16a:*+19a^ 


2aJ*-4x»+6a:»-2a:  -4a:6^i0jp4_i6ar»+10a:« 

-4j:*+  8a:*-12r»+  4x2 


2aJ*-4a;»+6a;»-4a;+l 


2aj*-  4a:»+  6ir»-4a;-f  1 
2«*-  4ar»+  6x«-4a;+l 


a^  -2ar»-}-3a:«-2a;+l  |x«-a:+l 
a:*  


2«»-a; 


-2ar»4-3a;» 
--2a^+  x^ 


2a:»-2a;+l 


3. 


2a:2-2a;4-l 
2a;2-2a;+l 


64  -  192a;  +  240a:»- 160x»  +  60x*- 12ar^ +  a^|8-12a;  +  6a:*-a» 
64  ' ' 


16-12X 


-  192  a;  +  240  a:» 
-192a;  +  144ar» 


16-24x  +  6a;« 


96a:»-160a;»  +  60a;* 

96a;«-144a;»  +  36a;* 


16-24a;+12a;»-ar» 


-  16ar»  +  24aj*-12a*  +  a^ 

-  16x8  +  24a;*  -  12ar^  +  ifi 
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2'^ 

3(2)»=12 
(6_a;)(-x)=_ 


8-12a;  +  6x»-r»|2-a: 
8 


C^x  +  a:* 


12- 6a: +  a:» 


-12a;  +  6a:»-a;' 
-12.r +  6x*-a:» 


4. 

729a^-1468x*+1215a;*-540rH13r)a:«-18«+l|9^-6^ 


243a:* 

-162ar» 

-|-36a:» 

-1468aJ^-}-]215a:*-540a:» 

243a:*-162a:»+36a:« 

-1458a:»+  972a:*-216ar» 

243a:*-324a;»+108a 

27a 

+1 

243ar*-324a*+135a:»-18a:+l 

243a:*-324a*+135a 

^-18a;+l 

243x*-324ar»+135a:«-18a:+l 

6a: -1 

-6a:-}-l|3a;-l 
-6a;  +  l 

-6a:  +  l 

5. 

1  -8v+28v«-56v«+70y*-56.v^+28.v'-8y^+y*  |  l-4y4-6.v»-4v»+y* 

2-4y1-8y+28y« 


2-8y+6y« 


12y»-56y»+70y* 
12g»-48y»+36y* 


2-8y+12y«-4y»  -  8y»+34y*-56y*+28iy« 

[-  8y»-f32y*-48'v*-i-16i/« 


2-8y+12y«-83/'+2/* 


2y*_  8y*+12v«-87/T4-.y' 
2y*-  8y^4-12'v*-8y^-t-y» 


1  -4y-t-6y«-4.v»+y*|l-2y-t-.v« 


2-2y 


-4y+6y« 
— 4y4-4y' 


l-2y+y«|l-v 


2-y 


-2.v+y* 


2-4  y +3/* 


2y*-4y»+y* 
2y'-4.y«^y* 


J 


• 
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Exercise  79. 


^*    -a» 


4.  a 


«*y* 


x~^  -I  I 

a"'  -J    -1 

3.   a'         -  v^. 

4a;^y*=4v'xy* 

3a;*y  *=^3v^^.  '''•  »**Xm-*=m* 

n*  X  n-^  =  ni 

0^  X  a*     ==  ai 


1^  a^x 


;Oxa-»  =i. 


3x-iy-«  =  A. 
ay» 

C^"'y      =^-  8.  o*  xVa  =a*xa*  =a. 

-        1 

a:*y-6       =^.  c-*xVc  =-r-Xc*   -1. 

2a-^g        Gxy'  y^  XV^  '^y^X^   =yi 

3->6V'      a6«*  a,l  x  Vi^ -  ar«  x  x"*  =  aj* 
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9.  ab^cxa'^bc^  =a^bh^. 


10.   x*y^z^ X  x'^y~h~^  =  x'^y^z-h, 
x^y^z^  X  x~*y'  *2"^=  x^y'^. 


11.  a^xa"^xa^xa'*  =  a"*. 

(?)'x($)'K.«)' 


(C' 


y' 


y 


I       aH^ 


b^a^ 


12.  a*-^a*    =a* 


13.  (a«)i-^ 

(a«)i 

1 
a 

(c-i)l 

-*       1 

=  c  »  =  —  • 

(m-i)* 

=  m  '=»  — 

(n*)-» 

n 

14.   (;)-»)-'         =;,i 


i 


=  ff-i. 


(2») 


15.  (4a-3)-i   =4-^a=^. 

(276  ')-^  =  27-n-^  =  -. 

(64cW)-«  =64-8c^ 
1 
32c^' 

(32c  »o)2  =322c-*-l 


16. 


\Slb^'j 


81-^6-^ 
8l3a»Z>t 

27  a' 6^ 
8 

^  9a*  y^  _  9-^a-« 
16t 


V166-V 


9*a«6t 
64 


27a«6*" 

(38a-3)-i  =3-ia^  =  ^'. 

3« 

/256Y^    ^  256-^  _  625^ 

\625y       ~  625-i  ~  256* 
125 
""  64 
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EXEBCISE   80. 

1.  4. 

.r^  f  x9yP  \  y^  8a»  +  4a* 6*  +  5a* 6»  +  96* 

x^  -  .n-y'  +  y^  2a*  -  6* 


.r^  1  xfli'yi'+ x^y*^  16a  +  8a*6*  +  10a*6*  +  18a*6* 

-x^^^x^y^-xPy^  -8a*6*-4a*6*-5a*6*-96 


4    r^Py^  +y^ 


5. 


2.  1  +  ab-^  +  a«6-* 

^"•"  *  -y*  l-a6-»+a*6-» 

l+a6>+a?ft-» 

a*«  -  a-y*  -  aft'  -  a'ft"'  -  a»6-» 

~y*^  1  +  a«6-«  +  a*6-* 


x***  —  a;**  V*  -f  ic"***  **  y**'* '  *  —  y"»* 


3. 

a:*-2x*  +  l  «!?"!  +  ? +  ^"!?! 


6. 


a*6-*  +  2a'6-«  +  l 


X    -2x*+    X*  -2a»6-«-4-2a-«62 

-    x^  +  2x*-l  -l-2a-«6»-a-*6* 


X  -  3x»  +  3xi  -  1  a*6-*  -4-4  a'i^-a*  6* 

7. 

4x-»  +  3x-2  +  2x-»  +  l 
X''  -     x"^  +  1 

4x-*  +  3x-*  +  2x-'+    X-* 

-  4x-*  -  3x-»  -  2x-«  -    x-i 

' +4x-»4-3x-^+2x-^  +  l 

4x-*-    x-*  +  3x-»  +  2a5-2+    x'^  +  l 
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8. 

x^  —  y^  I  g*  —  .V" 


a?***  —  x^y*  x^  +  a;**y**  +  s^y^  +  y^ 

a;**!/**  —  2/*" 

fjfiySn  —  y^ 
a^y3«  —  yin 


9. 


a:  + y  +  2  —  3a;*?/*2*  |  x*  +  y'  +  2* 


x  +  x'y*  +  2;*2'  aj'  —  a-'y*  —  .i'*2'  +  y*  — "y'2*  +  ?* 


—  x^y^ 

-^»2i 

-  a;*y*  - 

-3a;*yi2^  +  y 
-    aj*  y  ■  2' 

+  2 

-a;*2» 

+  x*y* - 

—  X'2^   - 

-  2a;' y'2»  +  y 

-  a;'y'2* 

+  2 

a;'y*  +  aj'2*  —  x'y*2'  •{■  y  -\-  z 
a;'y' +  y^2*  +y 

—  x^y*z^  +  a;' 2*  —  y*i^  +  2 

—  x*y*7^ 


- 

-y*2'  —  y^^ 

a;*  2* 

+  y'2*  +2 

10. 

jp  +  y  |a;^  —  a;*y»  +  g^y'  —  g*y^  +  y^ 

a?  —  x*y»  +  a;*y^  —  a?^y^  +  a;*y»  »»  +  y* 

x*y*  —  a;*y*  +  «^y*  —  x^y*  +  y 
®  y  —  a;*y*  +  i^y^  —  x^y^  +  y 
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1  +  »-v 

l  +  arV 


12.  a*  +  an  «  +  6*  |o-«-a-i6-i  +  6-« 


13.  (4a^>-7  =16a*6-» 

(a4-64)»  =  a -20*6* +6. 

(a  +  a-»)»  =a»  +  2  fa*. 


14.   ci^b  =-44x2      =4. 

5a6  '       =5x_4xJ  =  10. 
2  (aft)*      =2v^8  =  4. 
a-U  'c*  =  jxjxl      =}. 


15.  (a4-6i)»        =a*-3aft*  +  3ai6'-J. 

(2a;-i  +  x)*     =  (2a;-i)*  +  4(2a;-»)»(x)  +  6(2a?-7(a;)» 

+  4(2a;-i)(x)»  +  jB* 
=  16x-*  +  32a;-»  +  24  +  8aj«  +  a?*. 

(al-^-by-^f  =a«6-«-6(a5&-6x62/-')+15(a*6-*x6«y'«) 

-  20  (a»  5-»  X  ft'y- «)  + 15  (a«  6-«  x  ft  V*) 

-6(a6-ix65y-*)  +  5V* 

-a«6-«-6a56-*y-i+15a*6-«y-*-20aV* 
+  16a»6»y-*  -  6a6*y-'^  -f  6«y-« 


teachers'  edition. 


279 


16. 


6a;-«-3  jc'^y^ 


9x-* 

-18j;-»3/^  + 15  a;-«y 
-18a;-»y^+    9a;-«y 


6a;-*-6a;-»y^  +  y 


6a;"'y  —  Gx"*y*  +  y' 


3(2a;)«=12a» 
(6a:+l)(l)=         +6a;+l 


17. 

|2a?  +  l-3g-^ 

8i»  +  12aj»  -  30x  -  35  +  45a;-i  +  27 a;"'  -  27x-* 
8a» 

12aj»-30aj-.35 


12jc«+6a?+l 
12a:«+12a;+  3 


12aj«+    ex+   1 


-18+9a;-»+9x-» 


12aj*+12a:-15+9aj-i+9a;-« 


-  36a;  -  36  +  450?-*  +  27a;-«  -  27a;-» 

-  36a;  -  36  +  45a-^  +  27a;'«-27a;-» 


18.    v^  =  v^3x2x2 
v^=v^25 


J. 
3*X2».        19.  [(a**)Sx(.i;»)-«]8^ 

3i  X  2*. 

oh  V  2^  

'^  —  /aa5al-106\8a-2 

2*  X  3  =  24.         =  a;^*. 


=  [(ari5«i)  X  (a;-i»)]3«-« 


20.  (a;J*»  X  a;--")3--2 

1 

=  (a.l8a~12)8a-2 

=  aJ«. 

21.  3  (ai  +  fti)'  -  4  (ai  +  6*)  (a^  -  6*)  +  (a*  -  2  6*)« 

=  3a  4- eaH*  +  36  -  4a  +  46  +  a  -  4aHi  +  46 

=  2ai6i  +  116. 


22.  {(a«)"-i,}«-^i 
i_ 


23.  f?!!lY.fJ!:!-Y-' 

V  a;«  /      \a;«-'/ 


i-i 


=  a; 


M 
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'  4  ai^vsr         ^ 


8  x'y'r*     xyz 


=  Ji.^66Vay». 


Exercise  84. 


1.  3\/5=  V3^«^r5=  V45.  5.   2v^=  ^2*xT=  v^m. 

2.  3  V2I  =  V3«  X  21  =  Vl89.      6.   3  v^  =  y/^xS  =  v^729. 

3.  3  ^  =  \/3a^>r2  =  v^.  7.  2v^=  ^2»^=  v^320. 

4.  2v^=v^2»x5=^y40.  8.   2v^=  v/2*x~2=  v^32. 

9.  -2^=  v^(-2)»y=  v^^Ts^. 

10.  -  3  v7»  =  v^f^V  =  v^-243y». 

11.  -  m  v^  =  v'C-  m)»  10  =  v^^To"^. 

12.  -  2v/i  =  v'(-  2)^0;  =  y/-  128a;. 

13.  Av^  =  V(AP^=VSf- 

14.  _  J^  =  ^(_  J)»a»  =  -yj-  ^'. 

15.  |Vm»=  V(|)^  =  -^^ 


9m3 


25. 


16.  -  iv/i^^  =  v^(-  ifm'  =  a/-  ^'. 

"      8 
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24.  4v'G5i3  =  4^343  x  2-4^J^343  X  v^2  -  28 v^. 

25.  ;ig.;;i^.-;/^x^.i^^. 

'*•  ^>(  3l25  ^V  -  3125 ^\3l25  X  ^'»»"  "  -g"  ^'»»  *• 

29.  3^-3V^g^=3{/gx^^  =  ?|«^^. 

'256        '      256  "256  J"        4        * 

30.  2l^^^^2\f^^xi^-^^^^^^</?. 

„    4a6,/75^      4a6,|25c'x3'd     4a6^/"25F^  ,/r3     ,70 

Exercise  83. 

1.    v^  =  \/|  =  V2xl  =  lV2. 


2.    Vi  =  V}=  V3xl  =  J>/3. 

4.  3Vi-3Vi|  =  3V5^^  =  |V5. 

6.   2^-2^:^  =  2^40'^^^  =  1^40. 

6.  3V^  =  3V^  =  3V35x,iT  =  Av^- 

7.  v^  =  ^  -  ^45  X  ^  -  Jv^. 

10.  2-J/^  =  2i^=  2-^20 Xt1s-«v^- 

11.  3^  =  3^/pl=^J^. 

"        >3«x3 
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12.  2^  =  2^1^=  m 


2*X2 


14.  ^  =  ^*lxac»d»  =  A^I^^« 

^aV       'oV  ac 

15.  A^  =  a/tI  X  a26«aj  =  f;  ^/^mc, 

"6*        "o*  6^ 

16.  J-I^  =  {/7aV  X  — i—  -  i  ^7^V. 
>125a;      >  ""  125a^     5a; 

17.  J^=.J^xbc^^Vbh. 


63^2       If  6*da  b^d 

s  .it; 


18.   2  a/^^^'  -2^6  6 Va;y«  x  — ^,  =  ^  v^e  b^i^xf 

Exercise  84. 

1.  3\/5=  V3^^1<3=  V45.  5.  2v^=  v^2*xT=  v^IT2. 

2.  3  VIT  =  V32  X  21  =  Vl89.  6.  3  v^  =  v^3*^  =  v^729. 

3.  3 \/2  == 's/¥x2  =  </U.  7.  2y/5  =  y/WxE  =  y/3^. 

4.  2v^=v^^^=v^.  8.  2v^=  v/2^^^=  v^32. 

9.   -2^=^J^F2)^=^r8^. 

10.  -  3  vy»  =  v/(=^V  =  V^-243y». 

11.  -  my/10  =  v^(-  m)3 10  =  v^-lOm^. 

12.  -  2  v^  =  y/(-  2yx  =  y/-  128  a?. 

13.  Av^  =  V(A)^=^. 

14.  _i^=^(I:T)»^  =  -^_|'. 

'      8 

15.  |V^3=V(i?^  =  '^5^. 


25. 

3 


16.  -  i v^T  =  ^(_  j)»^7  ^  J/_  m^. 

"      8 
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mv?x. 


»256        >      256  '256  J"        4        * 

30.  2v'l^^U^  -  2^!^^  X  ■I^  =  ?^^^:^  ^. 
>(j!  +  y)»         ^(a  +  y)*  «  +  y 

„    4aJ^/75?d      4aft,|25c'x3d     4aft,/"^5?",,  ,/^     ,77:^ 


Exercise  83. 
1.  Vi  =  V|  =  V2xl  =  lV2. 


2.  Vl  =  V}  =  Vsxl  =  JV3. 

3.  V|  =  Va  =  V5^^  =  4>/5. 

5.  2^  =  2^:^  =  2^40x^iTr  =  i^40. 

6.  3  V^  =  3  V^  =  3  V35  X  Tirj  =  A  v^- 

7.  v^  =  v^  -  v/45^^  -  J^^iS. 

8.  v^=v^=v^363<A^=i^. 

^^^      \73x2     ^7»X2»     " 

10.  2^  =  2^5/^  =  2^20xTk  =  *v^. 

11.  3yft  =  3^/|^=^r5. 
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12.  2^  =  2Vj^=m 


15.  A^  =  VnXa%  =  ^;v^^^. 

16.  Jl^  =  '^7aVx-i-r  =  iv^7"^. 

^125a;      ^f  125ar»      5a; 

17.  J^^j9^xbe  =  ^Vbc. 
^b^d'      ^b*dP  b'd 


18.  2  a/tT^  =-  2  a/6  l^e>xy'  x  -^  -  -«-  ^6  6 Va:y». 
'  4  aj^y 2*  '  8  ary^sr     xyz 

Exercise  84. 

1.  3\/5=  V3^«^r5=  V45.  5.  2v^=  v^2*xT=  v^iT2. 

2.  3 V2I  =  V3«  X  21  =  Vl89.  6.  3 v^  =  y/^^xl  =  v^729. 

3.  3^=  y/¥x2=  v^54.  7.  2\/5=  ^2«X5=  v^SlO. 

4.  2v^  =  v'2»x^=  ^^40.  8.  2v^  =  v/2*x^=  v^32. 

9.  -2v^=  v^(-2)»y=  v^^s^. 

10.  -  3  vy»  =  v^(^V  =  v^-  243  y». 

11.  -my/XO=y/{- mf  10  =  v'-  10 m». 

12.  -2v^=  v/(- 2)^0:  =v^- 128  a;. 

13.  Av^=V(^)^=^. 

14.  -i^=^(rj)8^=-!/_^'. 

'      8 

15.  |Vm»=  V(i)W  =  '^^ 


9m» 


25. 
3 


16.  -  iv/^T  =  v^(-  i)»m^  =  4/-  ^'. 

"      8 
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24.  4\/686  =  4  v'343  x  2  =-  ^y/m  X  V^2  -  28^. 

'"•  \l25y»     >/  125y»        >125y»^  ^*^     Sy^"^' 

28.  2^1^ -  2^-5^552^- 2v'^X^ii;i^-^^ 


TnVrX. 


30.  2l^H^-2;/(iHiZx{^-2i»^^, 

,1    4a6,/75Ai      4aft^f25c'x3d     4aft./""25?",,  ./g^     ^aTj 


Exercise  83. 

1.  Vi  =  \/|  =  V2x^  =  lV2. 

2.  V|  =  V}=  V3xl  =  J\/3. 

4.   3Vi-3V||  =  3V5x^=fV5. 

6.  2^-24/^  =  2^40x^Tr  =  lv'40. 

6.  3v^  =  3v^  =  3\/35x^  =  Av^- 

7.  v^=^=  v/453^-J^!^. 

8.  ^=v^=^J^363<A^=iv^- 

10.  2-5^  =  2^^  =  2'I'20  X  lii  =  I V^. 
"        \3*  X  3 
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12.2^  =  2-^1^=^. 

13.  Vf  =  Vf^  =  f  ^• 

^arc^       ^a*(r  ac 

15.   a/^  =  a/1x"^=^1v^S^. 

S  .15 


18.  2  a/t^  =  2  a/6  6'c««,'  X  -^  =  -^  ^6  bVxy>. 

Exercise  84. 

1.  3>/5=  V3^^"x5=  V45.  5.   2v^=  v^2*xT=  v^m. 

2.  3v^  =  V3«  X  21  =  Vl89.  6.  3v^  =  y/WxS  =  v^729. 

3.  3 v^  =  \/3»"><2  =  v^5i.  7.  2v^=  ^2«x5  =  v^320. 

4.  2v^=v^2»x^=  v^.  8.   2v^=\/2*x^=v^. 

9.  -  2  ^  =  v^(-  2)»y  =  y/^^. 

10.  - 3 vy»  =  y/{-^f  =  v^-2433/». 

11.  -  mViO  =  y/{-  mf  10  =  y/-  10 m». 

12.  -  2  v^  =  v^(=^2)^  =  v^-  128  rr. 

13.  Av^=V(A)^=Vif- 

14.  -i^=^(-.J)3a«  =  ^_|'. 

'      8 

15.  |V^3=V(i)^  =  '^5^. 


25. 

3 


16.  -  Iv/^T  _  »/(_  j)»^7  ^  i/_  mT. 

'       8 
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24.  4v^  =  4^343  x  2- 4^^343 X  y/2^  28 v^. 

oo    nt \m*v?x  _  o ' /m*  X  mn*x     n^f^^  t/—^-     2m  f/—-r- 
^    - >  3125  -  ^Af     3125 ^  ^\3i25 ""  '^'"'"' "  "5~  '^""*  *" 

29.  3^-3V^^  =  3^^X^^  =  ??f^^. 

>256        >      256  >256  *        4         » 

30.  2VP^.2^fiHi2x^  =  2^^^liil^. 

»  (x  +  y)>  ''(x  +  y)'  s+y 

„    4aJ^/75?S      4a6^;25c'x3"rf     4a6^/"25?',,  ./^     ,/t:j 

EXEBCISE  83. 

1.  v^  =  V|  =  V2xl  =  1V2. 

2.  Vi  =  V|-\/3^  =  J>/3. 

4.   3V|-3Vi?  =  3V5"xA  =  fV5. 

6.   2v^  =  2^J^  =  2^40  x  ^h  =  1^40. 

6.   3v^  =  3V^  =  3V35xTk=Av^- 

8.    v^=^=^^'363<A  =  i^. 

10.  2v^  =  2v^  =  2^20xTk  =  *v^. 

11.  3^»3^/pl=^l5. 

"         >'3*x3 
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12.  2^  =  2V|^-'t^. 

14.  -t/^  =  ^41xac»d«  =  A^^?55. 

15.  ^  =  -^gxa'5'x  =  |^!^^6^. 

'12oa!      '  125!t'     5i 

17.  J^^J^xbc^^^Vbc. 
^b^d^       ^b*oP  bH 

8  .'o  -an  9  8 


18.  24/^^=2A/66V«,»x-^  =  -^v^66Vay' 

Exercise  84. 

1.  ZVb  =  y/¥xl  =  y/^.  5.  2v^=  v^2*xT=  v^iT2. 

2.  3  V2l  =  V3«  X  21  =  Vl89.  6.  3  v^  =  v^3*^  =  v^729. 

3.  Z\/2=y/¥x2=\/bi.  7.  2\/l ^  y/Wxb  ==  y/^. 

4.  2v^=v^2s^=  v^.  8.  2y/2=y/¥x2=-i/Z2. 

9.  -  2  v^  =  v^(-  2)«y  =  v^=^. 

10.  -  3  v^  =  y/'G^ff  =  v^-243y». 

11.  -  m  v^IO  =  v'C-  m)3 10  =  v^-  10  m». 

12.  -  2  v^  =  v^(^^2)^  =  v^-  128a;. 

13.  Av^=V(A)^=^. 

14.  -iv^=v^FiR  =  A/-|'- 

»       o 

15.  iVm8=\/(})^  =  Y 


25 
s 


16.  -  ivV^  =  v^(-  Ifm'  =  J-^. 

™      8 
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Exercise  85. 

2.  i^  .,  7*  =>  7*  =  v^  =  v^59. 

3.  V3  =  3*  =  3*=\/3"»=  v^. 

4.  ^  »a*  =  aA=?^». 

5.  V5   =  5*  =  5*  -  v/T25. 

6.  3*  =  3A='^=^729. 
3*  -  3^'^  =  v^8  =  yAsim. 
3*  =  3""  =  v^3»  =  v^Iy683. 

7.  \/2  =  2*  = -2^^!^  =  v/2*  =  v^. 
^3  =  3^  =  31'^='^^='^^. 

^  =  6*  =  5A:  =  ^ZT'. 
9.    v^*  =  a*   =a**=v^^. 

10.    V^  =  (a:2y)*  -  i^y)^^  =  '^5^- 
v'aiJ  =  {abc)^  =  (aAc)  ^  =  ^^*Fc*. 
\/2^  =(22)*  =(22)^^   =  v^64?. 
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11.  y/x  —  y  =  {x  —  yY  =  {x  —  yY'^  =  y/(x  —  y)'. 
y/x-k-y  =  (a;  +  yY  =  (a?  +  3/)"  =  y/{x  +  yf. 

12.  v/^Tft  =  (a  +  6)^  =  (a  +  6)^^  =  v^(a  +  b)\ 
^i/^irS  =  (a  -  &)i  =  (a  -  5)TJ  =  v^(^^r6)3. 

13.  2^=v^  =24*    =24*    =v^2p    =  \/576. 
3  V2  =  Vl8  =  18*    =  18*    =  v^l8»    =  V5832. 
f  \^  =  f  V2  =  V^  =  (V-)*  =  (-¥)*  =  ^(¥f  =  v^^953J. 

Therefore  the  order  of  descending  magnitude  is  3V2,  fV?,  2\/3. 

14-  Vf  =  (#  =  (f )*  =  ^t^  =  v^. 

As  Iff  is  greater  than  ^y,  the  order  of  magnitude  is  VJ},  V|. 

15.  2v^22  =  y/m  =  176*  =  176*  =  v^IW  =  \/30976. 
3\/7  =  \^i89  =  189*  =  189*=\/l892=  v^3572]. 
4V2   =V32   =32*    =32*    =v^3"2»   =  v''32768. 

Therefore  the  order  of  magnitude  is  3V7,  4V2,  2\/22. 

16.  3Vl9=  VItI  =  171*=  171*=  v^T7l«=  \^5000211. 
5  \^   =  v^250  =  250*  =  250*  =  v^2502  =  v^62500. 
3v^   =^/Ei   =81*   =81*   =v^8P    =  v/6561. 

Therefore  the  order  of  magnitude  is  3\/19,  5v2,  3v3. 


Exercise  86. 

1.  8VlI  +  7vTl-10Vn  =  (8  +  7-10)Vll  =  5v1I. 

2.  3V5-5V5  +  7V5  =  (3-5  +  7)V5  =  5V5. 

3.  V27  +  2V48  +  3\/l0'8  =  3V3  +  8V3  +  18V3 

«(3  +  8  +  18)>/3=29V3. 
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6.   12>/72-3Vni8-72Vii-2lV2  =  48V2. 

6.  2V3  +  3v^-- V5i-2v^  +  3>/fx3- Vv'xS 

=  2V3  +  2>/3  -  JV3  =  2|  V3. 

7.  VluU0  +  \/50+ V288  =  10v^4-5v^  +  12v^  =  10\/l0  +  17V2. 

8.  v/f>4  +  3^U?+ v^432-3v^  +  6v^2  +  6v^  =  15v^2. 

9.  7v^8l-3v^l029  =  21\/3-21v^3  =  0. 

10.  v^+ Veo- ViB- Vj  =  jvT5  +  2vT5--i>/i5--ivl5 

11.  J^'l^J^ ^J^^^fWc-^^y/Fc-^y/hi 
^  h^       >  6(?       ^  6m«       h"  bd  bm 

W     bd     bm) 

=  «/«_? -.iWs^. 

6\6     d     ml 

12.  Vj  f  V^- v^  =  iv^  +  AvTo-,VVIo  =  iVIo. 

13.  V4a^+ V25a6»-(a-56)Vo6  =  2a>/a6  +  56Va&-(a-56)Va6 

=  (a  +  10&)Va6. 

14.  c\/^«F?-av^a6V4:6\^^«6V 

=  abcy/ab'^c^  —  abc  y/ab^  +  abcy/ab^  =  abc\/abr^<^. 

15.  2  v^  +  3  v^M  +  v^500  -  v^320  -  2  v^r372 
=  4^5  +  9\/4  +  5\/4  -  4v^  - 14  v^  =  0. 


16.  V363-2V243  + V108-2Vl47 

=  11 V3  -  18  V3  +  6  V3  -  14  V3  =  -  IbVS. 

17.  \^i89-2v'^S8+ v^875+\^15l2 

-  3v^  -  8^  +  5  v^  +  6v^  =  6^7. 
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=  -2^. 

19.  \/^8i-3v'Cl4  +  2v^l92  =  -3v^  +  6v^  +  8v^  =  ll\/3. 

20.  V20+ V45-\/|  =  2V5  +  3\/5-|\/5  =  4iV5. 

21.  2\/M^+y/S¥--\j^=2ay/b^  +  2by/b^--^y/b^ 

2^6  26 

22.  v'50  +  f\/288--i: ? ^5n/2  +  30V2  -  Jv'2 -^V^    . 

V2      V450^34,V2. 

23.  Vl70i  +  i\/84-iV525  =  9V2l  +  jV2l-lV2l  =  8jV2l. 

Exercise  87. 

1.  3V2x4V6  =  12Vl2  =  24V3. 

2.  2>/5x3\/T5  =  6y75  =  30>/3. 

3.  2VI()x5Vl4  =  10Vl40  =  20V35. 

4.  3\/27  X  7  V48  =  9  V3  x'28V3  =  9  x  28  x  3  =  756. 

5.  2v^x5v^  =  2v^xl0v^  =  20v^  =  40v^2. 

I 

7.   5v^x?\/T62  =  5V|x-VV2  =  if^\/^  =  \VV28. 

8.  fV2lxAVA  =  ijVw  =  Wv^-=ilS^^- 

9.    v^l08x5V32-3v^X20V2  =  3yr6x20v^  =  60v^l28 

=  60v^2"^=120v^. 

10.  5\/5ix7V48  =  15v^x28V3  =  15\^x28v^  =  420\^108. 
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Exercise  88. 

1.  (2A/i-7)x3>/i.  4.  (V7+3V3XV7-2\/3). 

2vG-7  V7  +  3V3 

3^^ V^-2V3 

r,x-2iVi  7  +  3V2I 

-2V2I-I8 

,-        ^  - 11  +  V2I 

2.   (Va->/6)^ 

a* -6*  6.  (3>/5-v^Xv^^-3V2). 

a* -6*  3V5-\/2 

\/5-3V2 


a-    aM 
a-2a^6*+6 


15-    IVTO 
-   9VIO  +  6 

21  - 10  VIO 


3.  (3  V5  -  7  V2)«.  6.  ( V2  +  V3  -  V5)». 

V2  +  V3- V5 


3\/5-7V2 
3V5_7V2 

45-21>/Iu 
-2lVl0  +  98 

143  -  42  VIO 

7.  (\/5  +  3V2+ V7)«. 

>/5  +  3V2+  V7 
V5  +  3\/2-|-  >/7 


V2+V3- v^ 

2  +  \/6- Via 
+  V6  +3-VI5 

-VlO        _VT5  +  5 

10  +  2>/6-2\/l0-2>/l6 


5  +  3vl0  +  \/35 
+  3>/lO  +18  +  3\/l4 
+V35  -H3V144-7 

3O  +  6VIO  +  2V35  +6VI4 
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8.   (2\/5  -  V2  -  V7)». 

2>/5-V2-\/7 
-^  2V5-V2-V7 


20-2VlO-2\/35 

-  2  ViO  +  2  +  -x/li 

-2\/35         +>/l4  +  7 

29  -  4  VIO  -  4>/a5  +  2  VTi 

9.  (2Vx  +  \/rr2i)«. 

2Va5+  V3-2a; 
2Va;  +  \/3-2a; 


4a;  +  2V3a;-2x* 


+  2\/3a;-2a;«  +  3-2a; 


.3  +  2a;  +  4V3a;-2a;2 


10.   (2VS»T6'-3V'?^=T2)«. 

2Va2  +  6»-3Va''-6^ 


2Va' 

'  +  &«- 

-3Va«- 

-&« 

+  6«)- 

4  (a* 

-6Va*- 

-6* 

-6V^*^=^  +  9(a»-6«) 


4o»  +  46»  -  12V^*^^*  +  9a»  -  96* 


-  13  a*  -  5  6»  -  12  Va*  -  6*. 

Exercise  89. 

1.  Vl62+\/2- V81  =  9. 

2.  v^-h  v^-\/27  =  3. 

3.  V2fl?i -s- Vo^  =  >/2a8  =  o*\/2. 

5.  VA^Vj^V^x  V|=V|f  =  t. 
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6.  2vl  +  }\/i-2x|Vixl-f>/f-|v^. 


5» 


iV5»x3x2*. 


X2* 


10.   3Vi>^V72-3v^,^^^_^^^_^^^3 

V3 

-  Ve  +  2V6  -  2 V6  -  y/6. 

3v^2 


Exercise  90. 

1.  _2_  »  }  V3  -  }  of  1.732+  -  1.155+. 
V3 

2.  JL  =  1 V5  -  4  of  2.236+  -  0.447+. 

3.  72^  =  }  V6  == }  of  2.4494+  =  6.715+. 

V3 

4.  ?^  -  J  VIO  -  i  of  3.162+  =  1.054+. 


t 
t 


I  — 
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Q^  4-V2^(4-V2)(l-V2)^6-5V2^^^__3 
1  +  V2  1-2  -1 

3     V5  +  V2^(V5  +  V2)^^9  +  2VI0^3       ^ 
VE-V2  5-2  3  ' 

jQ    7  +  2VI0  _  (7  +  2Vl0)»  _  89  4-  28 VTO 
'   7-2VIO        49-40  9 

jj      V5-V6      (VE-V6){2VE+  >/6)_4- V30 
'  2V6-V6  20-6  14 

12  <^  +  ^   ^  (g  +  &)(o  +  Vb)  ^  a*  +  ab  +  {a  +  b)y/b 
'  a-Vb  a*-i  «"-6 

13  1  V5-V34->/7_  (V5-V3+\/7)(9-2V35) 
*   VS  +  V3  +  V7  9  +  2  V35  81  -  140 

_  Sv^S  4-  9  V3  +  V7  -  2\/l05 
59 

j4  2  _  2(\/5  +  3V2  4-  V7)  _  V5  +  3 V2  +  V7 

v/5_3V2+V7  I2  +  2V35  6  +  V35 

_  ( yg  +  3V2  +  V7)(6  -  VSd) 

1 

«18\/2- V5+  V7-3V7O. 


Exercise  91. 

1.  (^)*  =  ( ^)4  =  (2*)*  =  2*  =  2  v^. 

2.  ( v/64)»  =  ( v^)»  =  (2*)»  -  2*  =  4  v^. 

3.  (v^)2  =  (v^«)»  =  (2')'»  =  2^  =  2\/2. 

4.  (av^)»  =  (a*)»-a*. 
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6.  (3v'3)«-(3i)>-3i-9\^. 

-  (h;)'-(-;)'-:v>i 

9.   (2  v'l  a*Z)*  =  (2  v^l"a*6)*  -  ^l*a*^^  =  ( y/^f'M)^  =  (2*aM)* 
-  2iah^^  =  2^''»aA6i^  =  v^256^. 


Exercise  92. 


1. 


3. 


Let       vG  +  Vy  -  Vl4  +  ()  V5. 

Then    y/~x-y/~y   -  Vl4  -  GVf). 
By  multiplying, 

a;_y  =  \/l9G-180. 
.-.  a;-y  =  4. 
But  a  +  y  =  14. 

.-.  X  =  9, 
and  y  =  5. 

.-.  Vx  +  Vy  =  3  +  VB. 
.-.  Vl4  +  6 V5  =  3  +  >/5. 


2. 


Let      Vx  -I-  V  y  =  Vl0+2v/21. 

Then    Vi- Vy  =  VlO- 2\/21. 

By  multiplying, 

a;_y  =  \/r6b-84. 
.'.  a;  —  y  =»  4. 
But  X  +  y  =  10. 

.-.  x==7, 
and  y  =  3. 

.-.  Vjc  +  Vy  =  V?  +  Vs. 
.-.  VlO  +  2\/2i  =  V7  +  Vs. 


4. 


Let      Vx-fVy  =  Vl7+4Vl5. 

Let      Vi  +  V^  =  Vl6  +  2  V55. 

Then    VS-Vy  =  Vl7-4Vl5. 

By  multiplying, 

Then    V^  -  Vy  =  Vl6  -  2  V65. 

a;_y  =  V289-240. 

By  multiplying. 

.-.  x-y  =  7. 
But            X  +  y  =  17. 

x-y  =  V256-220. 
/.  X  —  V  =  6. 

.-.  X  =.  12, 
and  y  =»  5. 

But            X  +  y  =  16. 
.-.  X  =  11, 

.-.  Vx  +  Vy  =  Vl2  4  V5 

and  y  =  5. 

=  2  V3  +  Vs. 

.-.  Vx  +<y  =  Vn  +  V5. 

n 
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5. 


Let        Vi-v^=,V9-2Vl4. 

Then      Vi +\/^  =V9  +  2^14. 
By  multiplying, 

.  •.  a;  —  y  =  5. 

But  X  +  y  =  9. 

.'.  a;  =  7, 

and  y  =  2. 

.'.  VS  —  Vy  =  V?  —  V2. 


8. 


Let     Vx-Vy  ==  V94  -  42>/5. 

Then  Vi  +>/y  =  V94  +  42V5. 
By  multiplying, 

a;-y«V8836-8820. 
.'.  a;  — y  =  4. 
But  a;  -f  y  =  94. 

.-.a;  =  49, 
and  y  =  45. 
,\Vx~\/y  =  7-3VE. 


6. 


Let         Vi-Vy=V20-  8\/6. 

Then      Vi +V^  =  V  20  +  8  >/(l 
By  multiplying,  .. 

a;-y=V400-384. 
.'.  x  — y  =  4. 
But  a;  +  y  =  20. 

.-.a:  =  12, 
and  y  =  8. 

,'.Vx-Vy^Vl2-Vs 

=  2(\/3-V2). 


9. 

Let     Vi-Vy=Vl3-2\/30. 

Then  Vx  +>/y  =  Vl3  +  2\/30. 
By  multiplying, 

a;-y=Vl69-120. 
.  •.  a;  —  y  =  7. 
But  .T  +  y  =  13. 

.*.  .T  =  10, 
and  y  =  3. 
.-.VS  -  V2/ =  VTO  -  V3. 


7. 


Let         \/x->/y-V9-6\/2. 

Then      V^  -h  Vy  =  Vv)  +  (J  v  2- 
By  multiplying, 

a:-y  =V81-72. 

.'.  a;  —  y  =  3. 

But  a;  +  y  =  9. 

.'.  a;  =  6, 

and  y  =  3. 

,\Vx-y/y=y/Q-V3. 


10. 

Let     V^-Vy-Vll-6>/2. 

Then  V^  +Vy  =  Vll  +  6 V2. 
By  multiplying, 

X  -y=\/l21-72. 
. '.  a:  -  y  =  7. 
But  a-  +  y  =  11. 

and  y  =  2. 
.•.\/i-v^  =  3-V2. 
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Exercise  85. 

V6  =  6*  =  6*  =  v^6»  =  v^^. 
3.   V3  =  3*  =  3*  =  v^»  =  -^27. 

5.  Vo   =  5*  =  6^  =  v^l25. 

6.  3^  =  3^=^^  =^729. 

3*  =  3T^^  =  v/3»  =  v^l9683. 

7.  \^  =  2*=-2^^=  v^=  v/l6. 

v^5  =  5*  =  5T^  =  v^S^^  =  v^25. 
Vb  =  6*  =  6^T  =  «/ J7. 
9.    v^*  =  a*   =a^*=^5^. 

10.    \^  =  (r»y)*  =  (a;«y)^^  =  v^. 
^J/^  =  (abc)^  =  (aftc)  A  =  ^^i^V. 

y/2i  =(22)*  =(22)^^  =  ^J^64?. 
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11.  y/x  —  y  =  (a;  —  y)*  =  (a;  —  yY^  =  V(a;  —  y)*. 
v^a;  +  y  =  (a  +  y)3  =  (a;  + 1/)^^  =  v^(a;  +  yf. 

12.  \^aT6  =  (a  +  &)^  =  (a  +  6)^  =  ^(a  +  6)*. 
^i/S"36  =  (a -  6)i  =  (a - 5)t'j  =  y/{^t^-Sf. 

13.  2^=v^  =24*    =24*    =v^24«    =  %/576. 
3  V2  =  \/l8  =  18*    =  18*    =  v^l8»    =  V5832. 
f  \/4  =  f  V2  =  v^  =  (^-)*  =  (^)*  =  y/{^  =  vl953i. 

Therefore  the  order  of  descending  magnitude  is  3V2,  jVi,  2v^. 

14.  V|   =  (#   =  (f )*   =  -JW   =  -J^- 

As  iff  is  greater  than  ^^y,  the  order  of  magnitude  is  VfJ,  Vf. 

15.  2v^  =  v/m  =  176*  =  176*  =  v^IW  =  \/30976. 
3\/7  =\^i89  =  189*=189*=  v^T89^=  v^3572]. 
4V2   =>/32   =32*    =32*    =^  y/^   =  v^32768. 

Therefore  the  order  of  magnitude  is  3v^,  4V2,  2v^. 

16.  3  Vl9  =  VItI  =  171*  =  171*  =  \/l71»  =  v^5000211. 
bV2   =  v^250  =  250*  =  250«  =  v^2502  =  \/62500. 
3v^   =v^   =81*   =81*   =v/8P    =v^656l. 

Therefore  the  order  of  magnitude  is  3Vl9,  5v2,  3v3. 


Exercise  86. 

1.  8 VlT  +  7VTl  -  lOVTl  =  (8  +  7  -  10)Vn  =  5vn. 

2.  3\/5-5V5  +  7V5  =  (3-5  +  7)V5  =  5\/5. 

3.  V27  +  2V48  +  3>/l08  =  3V3  +  8\/3  +  18V3 

»(3  +  8  +  18)V3  =  29\/3. 
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=-(4  +  7  +  2)v^2  =  13v^. 
6.   12V72-3\/r28-72\/2-24V2  =  48V2. 

6.  2V3  +  3v^- V5J  =  2v^  +  3Vfx3->/V>c3 

=  2V3  +  2>/3  -  }>/3  =  2} v^. 

7.  VI00O  + V50  + VlS8  =  10v^+5\/2f  12>/2  =  10Vl0  +  17V2. 


a    v/54  +  3v^iri+\/432-3v^  +  6v^  +  6v^«15v^2. 
9.   7v'8T-3v/l029-21v^-21v^3-0. 
10.    Vj  +  V60- VI5-.  V|  =  lA/l5  +  2VT5-lVl5-i>/l5 

\i«      bd     bmj 
a     mj 


a  (a 
b\b 


12.  V|  + VS-v^  =  iv^  +  Av^-^Wio  =  iVio. 


13.  V4^+  V25a6»-(a-56)Va6  =  2aVa6  +  56V^-(a-56)V^ 

=  (a+106)vQ). 

14.  cVaW?  -  a\/aS^ -{:  bVM^ 

=  dbc  y/ab'^(?  —  abc  y/ab^  +  a&c  Va6V  =  a&c  \/dt(^(?. 

15.  2\^  +  3v^l08+ \/500-\/320-2v^l37l 
=  4v'5  +  9\/i  +  5\^  -  4  v^  -  14^  =  0. 

16.  V363-2V243  + VT08-2VT47 

=  11 V3  -  18 V3  +  6V3  -  14V3  =  -  15\/3. 

17.  v^i89-2v^448+ v^875+ v^l5l2 
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18.  v^l62- v'^  +  2^32- yi250  =  3v^>-4v^  +  4\/2-5^2 

=  -2^. 

19.  v^^^8l-3v^=li:  +  2v^l92  =  -.3\/3  +  6v'3  +  8v^  =  llv^. 

20.  V20+ V45-\/|  =  2V5  +  3V5-f\/5  =  4iV5. 

21.  2^/^^-^■y/s¥-l^J^=2a^/F'-\■2b\/b^-^^/b^ 

22.  v'50  +  J\/288--^^ ^  =  5\/2  +  30V2-Jv'2-iVV2    , 

23.  VIm+jV84-iV525«9V2l  +  jV'2T-l>/2l  =  8J>/2r. 

Exercise  87. 

1.  3V2x4V6  =  12Vl2  =  24V3. 

2.  2V5x3Vl5  =  6y75  =  30V3. 

3.  2\/l0x5Vli  =  10Vl40  =  20>/35. 

4.  3  V27  X  7\/48  =  9\/3  x'28V3  =  9  x  28  x  3  =  756. 

5.  2v^x5v^  =  2v^xl0v^  =  20v/l6  =  40v^2. 

6.  }Vl6  X  ^y/T5  =  iVTEo  =  V6. 

7.  5Vf  x|\/T62  =  5>/|xVv^  =  -?^^  =  -W>/28. 

8.  fx/2TxAv^  =  ijVw  =  Wv^  =  iS§v^^- 

9.    v^l08x5V32  =  3v^x20V2  =  3yr6x20\/8  =  60vT28 

=  60v^2"T=120v^. 

10.  5\/54x7V48  =  15v^x28V3  =  15\^x28v^  =  420v^l08. 
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Exercise  88. 

1.  (2Vi-7)x3\^.  4.  (V7  +  3V3)(V'7-2V3). 

2Vi-7  V7  +  3V3 

3Vx V^-2V3 

6x-2\y/i  7  +  3V2I 

-2>/2T-18 

^        ^  -II  +  V2I 

2.  (V^->/6)«. 

a* -6*  6.  (3V5- v^)(V5-3V2). 

a* -6*  3V5-\/2 

\/6-3V2 


a-    aM 


a-2ah^  +b 


-   9v^  +  6 
21  - 10  VIO 


3.  (3V5-7V2)«.  «•  (V2+V3-V5)«. 

v/2  + V3_  V5 


3\/5-7V2 
3V5-7V2 

45-2IVTO 

-2lVT0  +  98 
143  -  42VlO 

7.  (\/5  +  3V2+ V7)«. 

a/5  +  3V2  +  V7 
V5+3V2-h  V7 


V2  + V3_  V5 

2  + Ve-VIa 

+  V6  +3-\/l5 

-a/IO       -VT5  +  5 

10  +  2V6-2>/iO-2Vl6 


5  +  3vl0  +  \/35 
+  3\/I6  +18  +  3VT4 
+  V35  +3Vl4-h7 

3O  +  6VI0  +  2V35  +6Vli 
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8.  (2V5- V2- V7)». 

2>/5-V2-\/7 
2V5- V2- V7 

2O-2VIO-2V35 

-  2  ViO  +  2  +  Vli 

-2\/35        +V1I+7 

29  -  4>/l0  -  4  Va5  +  2  Vli 

9.  (2V»  +  V3-2a;)». 

2V^+ V3-2a; 
2\G+  VS-2x 


4a;  +  2V3a;-2a;=» 

+  2\/3a;-2a«  +  3-2a; 

.3  +  2a;  +  4V3a;-2a;» 


10.  (2Va»T^-3Vany«)2. 

2Va2  +  6»-3Va''-6» 
2Va»  +  6«-3\/a^^^ 

4(a»  +  6»)-6Va*"^=^ 


-6\/a*'^=^  +  9(a»-6«) 


4o«  +  46*  -  UVaF^b*  +  9a*  -  96« 


-13a*-56*-12Va*-6*. 
Exercise  89. 

1.  Vl62+\/2-\/81  =  9. 

2.  v^^v^=v^  =  3. 

3.  V2^-*- V?=>/2a8  =  a*V2. 

5.  VA^Vj^V^x  V|=V|f  =  i 
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6.   2>/i  +  }vl=-2xjVrxf-f\/f-J\/3. 

V3 

-  V6  +  2\/6-2V6«  V6. 

3v^ 

Exercise  90. 

1.  _2_  » I V3  -  }  of  1.732+  =  1.155+. 

2.  J-  =  J V5  =  J  of  2.236+  =  0.447+. 

VE 

3.  22^  =  }  V6  =  }  of  2.4494+  =  5.715+. 

V'6 

4.  2^  =  J  VIO  -  J  of  3.162+  =  1.054+. 
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g    4-V2     (4-V2)(l-V2).6-5V2.    g^/g     g 

•  H-V2  1-2  -1 

V5_V2  5-2  3 

jQ    7  +  2  VlO  ^  (7  +  2  VlO)«  ^  89  +  28  VlO 
'   7-2VIO        49-40  9 

jj      V5- V6  _(V5--  V6)(2V5+  \/6)_4- V30 

*  2V5-V6  20-6  14 

12      <^  +  ^   =3  (g  +  6)(a  +  V6)  ^  a' +  06  +  (a  +  b)Vb 
'  a-Vb  «'-*  «'-* 

j3  1  ^  V5-\/3+ V7_^(V5-V3+V7X9-2V35) 

'V5+V3+V7  9  +  2V35  81-140 

^  5v^  +  9 V3  +  V7  -  2VI05 
59 

j4  2  ^  2(V5  +  3V2+ V7)  _  >/5-t-3V2+  V7 

V5-3V2+V7  I2  +  2V35  6  +  V35 

^  (VS  +  3 V2  +  \/7)(6  -  V35) 

1 

-.18V2-\/5+  V7-3V7O. 


Exercise  91. 

1.  (^)4  =  ( ^)*  ==  (2*)*  =  2^  =  2  v^. 

2.  (v^)»  =  (v^)»  =  (2*)»=2^  =  4v^. 

3.  (v^)2  =  (\/22)«  =  (2')2  =  2^  =  2v^. 

4.  (a\/a)»  =  (afy  =  a*. 

6.   (a?  \^x)'  =  {x^y  =  a;'  =  a?^  v^a*. 
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6.  (3v^3)»-(3V-3^-9v^. 

7.  ( V^IJSO)*  =  (\^)*  -  2*  =  v^. 

9.  (2 y/AM)^  =  {2 \/2V6)*  =>  v^2«a*6  =  ( ^2»^)*  =  (2^6*)* 


£XEBCISE   92. 


1. 


Let       V^  + Vy- Vl4  +  6\/5. 

Then    Vi  -  Vy  -  Vl4  -  6  Vf). 
By  multiplying. 

x-y  =  Vl96  ^T^O. 
.*.  X  — y  =  4. 
But  a;  +  y  =  14. 

/.  a;  -  9, 
and  y  =  5. 

.-.  >/i  +  Vy  =  3  +  VE. 
.-.  Vl4  +  6 V5  =  3  +  V5. 


2. 


Let      \^  +  Vy  =  Vl7+4\/l5. 

Then    Vx-Vy  =  Vl7  -  4 Vl5. 
By  multiplying, 

a;-y-V289-240. 
.*.  jr  —  y  =  7. 
But  a  +  y  =  17. 

.-.  a;  =- 12, 
and  y  =  5. 

.-.  Vsc  +  Vy  =  Vl2  +  \/5 
=  2V3  +  Vb, 


3. 


Let      Vx  +  V  y  =  Vl0  +  2>/2l. 

Then    Vx- Vy  =  VlO- 2>/2l. 

By  multiplying, 

a;_y^Vl00-84. 
.-.  x-y  =  4. 
But  X  +  y  =  10. 

.-.  x  =  7, 
and  y  =  3. 

.-.  Vx  +  Vy  =  V?  +  Vs. 
...  VlO  +  2  V2l  =  V7  +  Vs. 


4. 


Let      Vx  +  Vy 

Then    Vx  —  Vy 
By  multiplying. 


Vl6  +  2  V55. 
V16-2V55. 

V256  -  220. 


x-y 
.'.  X  — y  =  6. 
But  X  +  y  =  16. 

.*.  X  =  11, 
and  y  =  5. 

.-.  '\/x+<y  =  VIT  + VS. 
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6. 

Let        Vi_Vy=V9-2VT4. 

Then      Vi +Vy  =V9  +  2v/l4. 
By  multiplying, 

a;-y=V25. 

.'.  a?  — y  =  5. 

But  x  +  y  =  9. 

.•.a:  =  7, 

and  y  =  2. 

.\Vx  -Vy  =V7  —V2. 


8. 


Let     Vx-Vy  =  V94  -  42 Vs. 

Then  Vx-{-Vy  =  V94  +  42  V5. 
By  multiplying, 

a;-y=V8836-8820. 
.*.  a?  — y  =  4. 
But  a;  +  y  =  94. 

.-.a;  =-49, 
and  y  =  45. 


6. 

Let         Vx-Vy  =^V20-  SVG. 

Then      VS  +\/y  =V20  +  8>/(). 
By  multiplying,  , 

a;-y=V400-384. 
.'.  a;  —  y  =  4. 
But  x-\-y  =  20. 

.'.  a;  =  12, 
and  y  =  8. 

.\Vx-Vy^Vi2-VS  _ 
=  2(V3-v/2). 


9. 

Let     Vx-Vy  =  Vl3  -  2V30. 

Then  v^  +  Vy  =  Vl3  +  2\/30. 
By  multiplying, 

a;-y.-=VlG9-120. 
.*.  a;  — y  =  7. 
But  .T  +  y  =  13. 

.-.  x=  10, 
and  y  =  3. 
.\Vx  -Vy  =VlO  -Vs. 


7. 


Let        Vx-y/y^V9-C^V2. 

Then      Vx  ^Vy  =  V9  +  ({ v  2- 
By  multiplying, 

.T-y=V81-72. 

.'.  a:  — y  =  3. 

But  x  +  y  =  9. 

.'.  a;  =  6, 

and  y  =  3. 

r.Vx  -Vy  =V6  -V3. 


10. 

Let     V;^-v^=Vll-6>/2. 

Then  Vx  +Vy  =  Vll  +  6\/2. 
By  multiplying, 

.T  -y=V'l21-72. 
.-.  X-  y  =  7. 
But  .T  +  y  =  ll. 

and  y  =  2. 
,\Vx-Vy=^S-V2. 
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11. 


Let       Vx-\/y-Vl4-4V«. 

Then    Vx+'\/y-Vl4+4V6. 
By  multiplying,       

.*.  X  — y  —  10. 
But  X  f  y  —  14. 

.-.  x=  12, 
and  y  =*  2. 


14. 


Let    Vx -Vy  =  V57  -  I2VT5. 

Then  V^ +Vy  =V57  +  12VT5. 
By  multiplying, 

x-y-V3249-2160. 

.*.  x  — y  =  33. 

But  X  +  y  =  57. 

.•.  X  =  45, 

and  y  »  12. 

.•.Vx-\/y-3>/5-2V3. 


12. 

Let       Vx  - >/y  =  V:58  -  1 2>/l0. 

Then    Vx  f  v^=V3S  +  12>/i6. 
By  multiplying, 

x-y-Vf444-1440. 
.".  X  — y  =  2. 
But  X  +  y  =  38. 

.-.  x  =  20, 
and  y  =  18. 
.-.  Vx  -  Vy  =  2a/5  -  3\/2. 


15. 


Let    v^-\/^=Vj-\/lO. 

Then  Vx  +  Vy  =Vj  +VIO. 
By  multiplying, 

a;_y=  V^^-IO. 

.-.  x-y  =  i. 

But  aJ  +  y  =  J. 

.*.  X  =  5, 

and  y  =  1. 


13. 


16. 


Let       VS  -  Vy  =  Vl03-12\/lT. 

Then    Vx +Vy  =Vl03  +  12\/lt. 
By  multiplying, 

a;-y=VlOG09-1584. 
.••  X  — y  =  95. 
But  X  +  y  =  103. 

.-.  x  =  99, 
and  y  =  4. 
.•.V^-Vy  =  3VIl-2. 


Let     Vx  +  Vy  =  ^2a +2Va«-6«. 

Then  Vx-y/y  =  V2a-2 Va«-6«: 
By  multiplying, 

0?  -  y  =  \/4a'MSH46«. 
.'.  X  — y  =  26. 
But  X  +  y  =  2a. 

.*.  x  =  a  +  6, 
and  y  =  a  —  6. 
.'.  Vx  +  v^  =  Va+6+>/a-6. 
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17. 


Let  V»  -  Vy  =  Va*  -  2hy/a^  -  6«. 

Then         Vi  +  Vy  =  Va' +  26>/a»"^^. 

By  multiplying, 

aj-y=V'a*-4a26»  +  46*. 

.•.  aj  — y  =  a'  — 26'. 

But  a;  +  y  =  a*. 

.  •.  »  =  a'  —  6*. 

and  y  =  6'. 

.*.  Vx  — Vy  =  Va'  —  6*  —  6. 


18. 


Let 

V^_V^=V87-12V42. 

Then 

a.-y=V7569-6048. 

.•.a;-y  =  39.      * 

But 

a?  +  y  =  87. 

.-.a:  =  63, 

and  y  =  24. 

.•.>/a;->/y=V63->/24 

=  3V7-2\/6. 

19. 


Let  \/i  -  Vy  =  V(a  4-  6)'  -  4{a  -  h)Vah. 

Then  V«  +  Vy  =V(a  +  &)'  +  4(a  -  i) VaS. 


.-.  a; -y  =  Va*  -  12a36  +  38a''6'  -  12a6»  +  b* 
=  a'-6a6  +  6'. 
But  a;  +  y  =  a'  +  2a6  +  6'. 

.•.  aj  =  (a  — 6)', 
and  y  =  4a6. 
.•.Va— Vy  =  a  —  6  — 2VaS. 
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£XBBCI8B   93. 

3.    V~  11 4  +  V- TUO  =  12V^  +  10 V^l  .  22V=^. 

4,  v^2i>ti- v~i6=i6\/^-4V=n[-i2V=n[. 

6.    V=nr2l- VIly  =  iiVrT_7V^-4V'^. 


6.   V^^^+  V^^4a«-V-lGa*-aV-l  +  2a>/^-4a«V^ 

=  (2a-3a«)\/^. 


7.  V-  16 a«  +  V-  49a«  +  \/^^^4a*  =  4aV-  1  +  7a\/=n:  +  2a^V^ 

=  (4a»  +  7a  +  2a«)V'^. 

8.  V^^^- V^- V^=m*V=T+?i*V^-2>/^ 

-(m*  +  n*-2)V=T. 


9.   SaV^^Ta^  +  Sa'-v/^^-ea'v^^T+Ua^VirT 

=  20a»\/^. 


10.    Vl8  + V-18-\/^  =3V2  +  3V-2-2V^ 

=  3V2  -  \/^=  3V2  -  2*\/^. 


11.  (1  +  \/^Xl  -  '^^^)  =  0  +  2  V^)(l  -  2  v=n") 

=  l-2(-l)  =  1+2  =  3. 

12.  (4  +  VITsX^  -  >/^)    =(4  +  3i>/^)(4-3*V^) 

=  16-3(-l)  =  16  +  3  =  19. 

13.  (\/3-2\/^)(>/3+-2Vr^) 

=  (V3  -  2  X  2^\/^)(\/3  +  2  X  2*  V^)  =  3-4x2x(-l) 
=  3  +  8  =  11. 
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14.  (y/U  -  V^X  V5i  +  V^) 

=  (3\/6  -  2*>/=n)(3\'^  +  2*  V^) «  54  -  2(- 1)  -54  +  2  =  56. 

16.  (>/=^  +  V^XV-a -  V^b) 

=  {JV^  +  6*  V^X«- >/^  -  ^'^  >/^)  =  a(-  1)  -  6(-  1) 
=  —  a  +  6  =  6  —  a. 

16.  (aV^^^a^*Xav/^^a*P)  =  (a«&2>/=n'Xa«6*V^)  =  a'^ft^C-  1) 

=  _  a^b^  =  -  a^b*Vb. 

17.  (2v^->/^X2V3  +  V^)  =  (2>/3-5i\/inrX2V3  +  5iV^) 

=  12-5(-l)=*.12  +  5  =  17. 

18.  ( ^/^^^X  >/^)  =  (10*  V^X2*  V'^)  =  (20)*(-  1) 

=  4*  X  5*  X  (-  1)  =  2  X  5*  X  (-  1)  =  -  2  V5. 

19.  ^^  =  12iVEI=4i  =  2. 
VT5       5^x3*         3*         3*V^ 


20  -Xjg-  =.  ^    ^  ^    =  -2--  =  ^   ^  -  ^  =  -  V-  3. 

21  >^^  _      5*V^  11 

oo        fli  a  a V—  1  ^  / — If  / — 

22.  — 2=:  =" = =  —  a-  v  —  1  =  —  v—  a. 

23.  zL^g^      -5     ^-5VrT^^^^— ^^^ 
^  V-5       5*\/irT  -5* 


24.   =-tA5  =  il^^EI=.5i=V5. 


25 


4V^^20    _     8V^    ^8x5^\/^     8V5^4^ 


-2V-25     -loV^      -ioV-1         10 


26.  4-f^_(4  +  Vr2X2+>^)_6  +  6x^r2  _^  ^  ^,-^ 
2  -  V-  2     (2  -  \/ir2X2  +  V-  2)  6 
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=  (4  + 7  +  2)^2  =  13  v^. 
6.   12\/72~3Vl28  =  72V2-24V2  =  48\/2. 

6.  2y/S -^  ^V^  -  V^  =  2y/S  +  SV^xS  -  VJ^fxS 

=  2V3  +  2V3  -  iVS  =  2J  V3. 

7.  VIM)  +  V56+ Vi^  =  10v1^  +  5V2  +  12V2  =  10Vl0+17V2. 

8.  v^54  +  3v/T(i+ \^432-3\^  +  6v^2  +  6v^=.15v^2. 

9.  7v^8T-3v^l029  =  21\^-21v^3  =  a 

10.    v^  + v^- Vl5- V}==JVT5  +  2VT5--l>/l5-.i>/l5 

>»  6»       ^bcP      ^  brn"       b'  bd  bm 

W      bd     bm) 

—  -(-  —  -  _  A\  -jTr 

b\b     d     m) 

12.  Vi  + v^-VS  =  iVio  +  A>/Io-^VVIo=jVio. 

13.  VI^H- V25^»-(a-5&)\/^  =  2aVa6  +  56V^-(a-56)v^ 

=  (a  +  106)\/a6. 

14.  cy/M^-ay/aW-^by/^^W 

=  abcy/ab'^(?  —  abc  y/aS^  +  abc  yJab'^(?  =>  abcy/ab^c^. 

16.   2v^  +  3v^r08+ V^'BOO- v^320-2v^l372 
=  4v^5  +  9  v^  +  5\/4  -  4\^  -  14  v^  =  0. 

16.  V'363-2\/243  + Vl08-2>/l47 

=  11 V3  -  18V3  +  6V3  -  14V3  =  -  15V3. 

17.  vTSQ  -  2v^448  +  v'^STB  +  v/i5l2 

-  3\^  -  8 v^  +  5  v^  +  6\^  =  6v^. 
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18.  v'l62-^t'M2  +  2v^32- 'yi250  =  3v^-4v^  +  4\^-5v^2 

--2^. 

19.  v^^^^--3v''=^  +  2v^l92  =  -3\/3  +  6^3+8v^=llv^. 

20.  V20+ V45- V'j  =  2V5  +  3V5-|>/5  =  4iV5. 

21.  2y/^?^-i-  y/s¥--^M  =  2ay/b^-^2by/b^--^</¥ 

2*6  26 

22.  VOO  +  f V288  -  i ^  =  5'\/2  +  30V2-jV2-A%/2    , 

23.  Vl70i  +  jV8i-iV525  =  9V2T  +  jV2l-lV2l  =  8i>/2l. 

Exercise  87. 

1.  3v'2x4V6  =  12VT2  =  24V3. 

2.  2  V5  X  3  >/l5  =  6y  75  =  30  V3. 

3.  2VI0x5VI4  =  10v1l40  =  20>/35. 

4.  3 V27  X  7V48  =  9 V3  x'28 V3  =  9  x  28  x  3  =  756. 

5.  2v^x5v^  =  2Wxl0v^  =  20v^  =  40\/2. 

6.  ^VT0xAVT5  =  J\/l60=  V6. 

7.  5Vf  x|\/l62  =  5V|xV^  =  -F^?  =  W^28. 

9.    v^l08x5V32  =  3v^x20\/2  =  3yi6x20\/^  =  60v^l28 

=  60v^T=120v^. 

10.  5v^x7V48  =  15v^x28V3  =  15v^x28v^  =  420v^T58. 
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Exercise  88. 

1.  (2V^-7)x3Vi. 

4.   (V7  +  3V3){V7-2\/3). 

2Vx-7 

V7  +  3V3 

Wx 

\/7-2V3 

6a;-2lV« 

7  +  3V^ 
-2a/2T-18 

2.    (V^L-Vb)^. 

-II  +  V2I 

J-bi 

• 

6.  (3V5- V2)(V'5-3V2). 

J-bi 

3V5- V2 

a-    ah^ 

V5-3V2 

-    ah^+b 

15-    IVlO 
-   9V1O  +  6 

21  -  lOVlO 

a-2ah^-\-b 

3.  (3>/5-7V2)». 

6.  ( V2  +  V3  -  y/E)\ 

3V6-7V2 
3V5-7V2 

V2  +  VS-Vd 
V2+VS-VE 

45-21V1O 
-2l\/i0  +  98 

2  4.  V6  _  Via 
+  Ve          +  3  -  Vi5 

-  VlO        -  VT5  +  5 
10  +  2\/6-2VlO-2Vl5 

I43-42VIO 

7.  (V5  +  3>/2+ V7)». 

V/5  +  3V2- 

f  >/7 

\/5  +  3\/2- 

I-a/7 

5  +  3VIO  + 

V35 

+  3\/lO 

+  18  +  3VTi 

+ 

Vss 

+  3V14  +  7 

30  +  6VI0  +  2V35  +  6  Vl4 
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8.   (2\/5  -  V2  -  \/7)«. 

2V5-V2-\/7 
2V5-\/2-V7 


2O-2VTO-2V35 

-  2  ViO  +  2  +  Vli 

-2V35         +VI4  +  7 

29  -  4  VI6  -  4  V35  +  2Vli 


9.  (2Vx  +  V3^^^)«. 

2\/^+  V3-2a; 
2\/!k+  V3-2a; 


4a;  +  2V3a;-2a;* 

-f  2V'3a;-2a:«  +  3-2a: 

3  +  2a;  +  4V3x-2a:« 

10.  (2V5Mr^-3Va^^^«)^ 

2Va2  +  6»-3Va'''-6'' 
2Va«  +  6a-3v/^^^^ 


4(a«  +  6«)-6\/i*^^ 


-6Va*-6*  +  9(a«-6«) 


4o«  +  4  J«  -  12 Va*  -  6*  4-  9a»  -  96» 
=  13a»-56»-12  Vo*  -  b\ 

Exercise  89. 

1.  \/l62  +  V^  =  V^  =- 9. 

2.  \^-*-\^=  v^27  =  3. 

3.  V2a"  +  Va»  =  >/2a8 _  o*>/2. 

6.  Va+V|-VaxV|=V}|-j. 
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9.  ^-HVi»e^il-K^5^=^HxW--^ 


5* 


.  X2» 

=  iv^5*X3x2*. 

V3 

=  V6  +  2V6-2\/6=  V6. 

3v^ 


Exercise  90. 


2 


1.  -je_  =  I V3  =  i  of  1.732+ =  1.155+. 
V3 

2.  —  =  i V5  =  J  of  2.236+  =  0.447+. 
>/5 

3.  12^  =  }  V6  =  }  of  2.4494+  =  5.715+. 

V3 

4.  ?^  =  J  ViO  =  J  of  3.162+  =  1.054+. 

3>/j 

V7+V5  7-5  *'  ^ 

6.  ^-^  =  n2^i-V^  =  J(2V5+V6)=V5  +  }V6. 
2V5-V6  20-6 

7.  _«_  =  §i|iJV6)»30  +  12V6. 
5-2\/6         25-24 
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g    4-V2^(4-V2)(l-V2)^6-5V2^^^^e 
1  +  V2  1-2  -1 

g     \/5  + V2_(\/5  4- V2)«^9  +  2ViO     3      .^^ 
V5_V2  5-2  3 

jQ    7  +  2\/l0  _  (7  +  2  VlO)^  ^  89  +  28  VlO 
'   7-2>/T0        49-40  9 

jj      V5  -  Ve  _  ( V5  -  V6)(2V5  +  \/6)  _  4  -  \/30 
'  2V5-V6  20-6  14 

12      <^  +  ^   ^  (g  +  b)(a  +  Vb)  ^  a^  +  ab  +  (a  +  b)Vb 
a-Vb  a?-b  a^-b 

j3  1  V5-\/3+ V7_^(V5-\/3+V7)(9-2V35) 

'    V5  +  V3  +  V7  9  +  2  V35  81  -  140 

_  by/b  +  9  V3  +  \/7  -  2Vl05 
59 

j4  2  _^  2(V5  +  3 V2  +  V7)  _  V5  -t-  3  V2  +  V7 

v/5-3V2+V7  12  +  2V35  6  +  V35 

_  (>/5  -h  3  V2  +  \/7)(6  -  V35) 

1 

«18V2-\/5+  V7-3\/70. 


Exercise  91. 

1.  (^)*  =  ( ^)*  =  (2*)*  =  2^  =  2  v^. 

2.  (v^)«  =  (v^)»  =  (2*)»=2*  =  4v^. 

3.  (v^)a  =  (\/2»)2  =  (2')2  =  2*  =  2v^. 

4.  (a\/i)»  =  (a*)»  =  a*. 

6.   (a;  y/xf  =  (x*)»  =  x^  =  7?  y/^. 
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6.  (3\^3)«=.(3V'-3^  =  9v^. 

7.  ( v^56)*  -  (\/^)*  =»  2*  =  \/^. 
3      //if\3      /.a 

3^'         3' 

9.  (2 v/4a*6)i  =  (2 v^2V6)*  =  ^/¥^  =  ( y/^'M)^  =  (2*a*6*)* 
-  2^a^6TV  =,  2^V^6tV  =  v'256a*6. 


^  (f>^)'-d)'-tl->/i 


£XERCISE   92. 


1. 


Let      v^  + Vy  =  Vl4  +  6V5. 

Then    Vi  -  Vy  -  Vl4-6V5. 
By  multiplying, 

x-y  =  Vl96  - 180. 
.-.  a;  -  y  =  4. 
But  a;  +  y  =  14. 

.'.  jc  =  9, 
and  y  =  5. 

.-.  Vx  +  Vy  =  3-\-  Vs. 
.-.  Vl4  +  6  V5  =.  3  +  V5. 


2. 


Let      Vx-{-Vy  =  V17+4VI5. 

Then    VS-Vy  =  Vl7-4Vl5. 
By  multiplying, 

a;-y  =  V289-240. 
.*.  aj  — y  =  7. 
But  a?  +  y  =  17. 

.-.  x  =  12, 
and  y  =  5. 

.-.  V^  +  Vy  =  VT2  +  VE 
=  2  V3  +  Vs. 


3. 


Let      Vi-i- vy  =  VlO+2V21. 

Then    Vi- Vy  =  VlO- 2V2l. 

By  multiplying, 

x-y  =  VlOO  -  84. 
.-.  aj  — y  =  4. 
But  x  +  y  =  10. 

.-.  a?  =  7, 
and  y  =  3. 

.*.  Vi  +  Vy  =  V7  +  Vs. 
...  VlO  +  2  V2i  =  V7  +  Vs. 


4. 


Let 

Vx  +  Vy  = 

=  Vl6-h 

2V55. 

Then 
By  mi 

y/x  —  Vy  = 
nltiplying, 
x-y  = 

=  Vl6- 

.2V55. 

=  V256  - 

-220. 

.*.  x  —  v  = 

=  6. 

But 

x  +  y  = 

=  16. 

.'.  x  = 

=  11. 

and  y  = 

=  5. 

• 
«  • 

Vx  +^y  = 

-vn+ 

v§. 
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5. 


Let        VS-v^=V9-2\/i4. 

Then      Vi +Vy  =V9  +  2Vl4. 
By  multiplying, 

x— y  =V25. 

.',  x  —  y  =  5. 

But  ac  +  y  =  9. 

.'.a?  =7, 

and  y  =  2. 

.\Vx -Vy  =V7  -V2. 


8. 


Let     Vx  -Vy  =  V94  -  42 Vs. 

Then  Vx+Vy  =  V94  +  42V6. 
By  multiplying, 

a:-y=V8836-8820. 
.'.  a;  — y  =  4. 
But  X  +  y  =  94. 

.-.a:  =  49, 
and  y  =  45. 
.•.\/a;-v/y  =  7-3V5. 


6. 


Let        Vi-Vy  =V20-  8V6. 

Then      VS  +\/y  =V20  +  8  v/C). 
By  multiplying, 


a;-y=V400-384. 
.•.  x  — y  =  4. 
But  a;  +  y  =  20. 

.-.a;  =  12, 
and  y  =  8. 

.-.  Vi  -  Vy  -^12  -VS 

=  2(V3-V2). 


9. 

Let     Vx-Vy  =  Vl3  -  2 V30. 

Then  \/i'  +  Vy  =  Vl3  +  2  V30. 
By  multiplying, 

a;-y=Vl69-126. 
.*.  a;  — y  =  7. 
But  a:  +  y=13. 

.  •.  X  =  10, 
and  y  =  3. 
r.Vx -  Vy  =\/\0 ~V3. 


7. 


10. 


Let        \/i-Vy-V9-0\/2. 

Then      Vx  +  Vy  =  Vf)  +  (>  V2- 
By  multiplying, 

.r-y=V81-72. 

.*.  a:  — y  =  3. 

But  a;  +  y  =  9. 

.*.  a?  =  6, 

and  y  =  3. 

.-.  Vi  -  Vy  =  Ve  -  Vs. 


Let     Vc-Vy-Vll-6V2. 

Then  Vr+Vy=Vll  +  6V2. 
By  multiplying, 

X  -y=Vl21-72. 
.\  X-  y  =  7. 
But  .T+y=ll. 

and  y  =  2. 
.•.Va;-Vy  =  3-V2. 
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11. 

Let       Vx-V^  -ViI-4V6. 

Then    V^+Vy-Vl4+4V6. 
By  multiplying,       

.  ••  X  —  y  —  10. 
But  a;  +  y  =  14. 

and  y  =  2. 
,\Vx  -Vy  =  2V3  -y/2. 


14. 


Let     Va;  -V^  =  V57  -  12>/l5. 

Then  v^  +Vy  =V57  +  12Vl5. 
By  multiplying, 

x-y=V3249-2160. 

.•.  a;  —  y  =  33. 

But  a:  +  y  =  57. 

.•.  X  =  45, 

and  y  =  12. 

.•.Vx-v^-3>/5-2V3. 


12. 

Let       Vi-Vy=V38-12VlO. 

Then    v^+v^=V38  +  12VI6. 
By  multiplying, 

x_y=Vr444-1440. 
.'.  X  — y  =  2. 
But  X  +  y  =  38. 

.•-  x  =  20, 
and  y  =  18. 
.'.y/x-Vy  =  2\/5  -  3a/2. 


15. 


Let    \/i-\/5=Vj-VlO. 

Then  Vx  +Vy  =Vj  +\/iO. 

By  multiplying,      

a;_y=  Vy-lO. 
.-.  x-y  =  f. 
But  X  +  y  =  J. 

and  y  =  1. 
.-.V^-Vy^jVIO-l. 


13. 


16. 


Let       yTx-yfy  =  Vl03-12VIT. 

Then    Vx +Vy  =Vl03  +  12\/II. 
By  multiplying, 

x-y=VlO(>09-1584. 
.'.  X  — y  =  95. 
But  X  +  y  =  103. 

.  *•  X  ^  *'*'i 

and  y  =  4. 
.•.V^-Vy  =  3\/n-2. 


Let     Vx  +  Vy  =  V2a +2Va«-6«. 

Then  Vx-Vy  =V2a-2Va«-6«. 

By  multiplying, 

a;  _  y  =  V4a'C4i2:jr4i«. 

.'.  X  — y  =  26. 
But  X  +  y  =  2a. 

.'.  x  =  a  +  6, 

and  y  =  a  —  6.       

.'.  Vx +v5=Va+6+Va— 6. 
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17. 

Let 

yfx  -Vy  =Va«  -  26  Va«  -  6«. 

Then 

Vi  +  V^  =  Va»  +  26  Va^  -  ft*. 

By  multiplying, 

a;-y=Va*-4a26«  +  46*. 

.'.  »  — y  =  a'  — 26*. 

But 

a;  +  y  =  a*. 

.  •.  a?  =  a'  —  6*, 

and  y  =  6*. 

« 

.'.  Va;  —  Vy  =  Va*  —  6'  —  6. 

18. 

Let 

V^_v^=V87-12V42. 

Then 

a._y=V7569-6048. 

.•.a:-y  =  39.      * 

But 

a;  +  y  =  87. 

.•.a:  =  63, 

and  y  =  24. 

.-.  yJx  -  Vy  =  V63  -\/2i 

-3V7-2V6. 

19. 


Let  Vx  -  Vy  =  V(a  +  6)*  -  4(a  -  6)  VS. 

Then  y/x->fVy  =  V(a  +  6)«  +  4(a  -  6)  Va6. 


.-.  a;  - y  =  Va*  -  12a36  +  38a^6*^  -  12a6^  +  6* 
=  a«-6a6  +  6«. 
But  a;  +  y  =  a*  +  2a6  +  6*. 

.'.  a;  =  (a  — 6)*, 
and  y  =  4a6. 
.•.  V»— Vy  =  o  —  6  —  2Va5. 
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Exercise  93. 

3.  V^=ni4  +  V^^IuO  =  12 V^  +  lOV^  -  22\/=n[. 

4.  V^^2oG- V^n6=.16V^-4V=T=12V^. 

6.    \/r^+  Vi:TS-V-16a*-aV-^+2aV^-4a«V^ 


=  (2a-3a»)\/^. 

7.  V-  16a«  +  V- 49a»  +  V^^4a*  =  4aV^  +  7a\/^  +  2a«\/=n 

=  (4a»  +  7a  +  2a«)V^. 

8.  V^^+ V^- V^  =  m*\/^+n*V^-2\/^ 


9.   3aV^^T^  +  2a«\/=r49  =  6a«\/^+14a«\/^ 


=  20a«V^. 
10.    Vl8+ V^HS- V^  =3V2  +  3V^-2V^ 

=  3  V2  -  v^ = 3  V2  -  2*  v=n[. 
11.  (1  +  v^xi  -  ^^/^)  =  (1  +  2\/^xi  -  2>/=n') 

=  l-2(-l)  =  1  +  2  =  3. 

12.  (4  +  Vir3X4  -  V^)    =(4  +  3*V=^X4-3*\/^) 

=  16-3(-l)  =  16  +  3  =  19. 

13.  (V3-2V^X'v/3+'2V^) 

=  (V3  -  2  X  2iV^Xv^  +  2  X  2^  V^)  =  3-4x2x(-l) 
=  3  +  8  =  11. 
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14.  (V54- V-2)(V54+ V^) 

=  (3  VS  -  2*  VITlxS  v^  +  2*  V^)  =  54  -  2  (- 1)  -  54  +  2  =  56. 

15.  (>/I^  +  V^h){\r^  -  V^) 

=  (a*  V^n  +  6*  V^)(a^  V^  -  6*  V^)  =  a(-  1)  -  6(-  1) 
=  —  a  +  6  =  6  —  a. 

16.  (aV^=^^*)(a V^a*66)  =  (a^J^V^Xa^ft^ V^)  =  aS6*(-  1) 

17.  (2\/3-\/^)(2\/3  +  V^)  =  (2V3-5*V^)(2V3  +  5iV=0) 

=  12 -.5(-l)=*  12  +  5  =  17. 

18.  (\/^r[0)(\/=^)  =  (10*>/^)(2^V=n:)  =  (20)*(-l) 

=  4*x5ix(-l)  =  2x5ix(-l)  =  -2V5. 

v^nr2    12^V^n"_.J 


19. 


V-3     sV:^ 


4^  =  2. 


20 


\/l5       5^x3^         3* 


21. 


22. 


v^  =     5^^    =  Jl = 1. 

>/^^20     4*x5*V:ri     4i     2 
o  a  aV—  1 


=  -v:r3. 


V^     a*V^ 


1        -a 


i 


=  —  a-  V—  1  =  —  V—  o. 


23.  =^  =  ^A-  =  ^l^^=5W^=v:r5. 

.      V-5      5*V=n[  -5* 

24.  :i:^  =  il^^El  =  5i=V5. 

-V-5     5i\/:n: 


25. 


4V^^20  8V^    _8x5^\/^     8\/5 


iV5. 


-2V-25     _10\/^       _ioV-l         10 
26.  4+ V£2-(4  +  V^)(2+ V:^)_6  +  6v^r2_.^  ^  ^^ 


2  -  V-  2     (2  -  VI-  2)(2  +  V^) 


6 
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1. 


«« -  3  -  46, 
.:  a;  =  ±7. 


Exercise  94. 
6. 


2.  2(a!«-l)-3(a;«+l)+14  =  0. 

Simplify, 

2x«-2-3a:«-3+14  =  0. 

a:»  =  9. 
.'.  a:  =  ±3. 


3.         — -f__ 


1 
2 


4. 


3 
Simplify, 

2a:»-10  +  2a:*  +  l=3, 
ix'  =  12, 
a:»  =  3. 


=  8. 


J L=,I 

Simplify,  9-2  =  28  a;*, 
-  28a:«  =  -^  7, 

.'.  x  =  ±  J. 

6.  5a!*-9  =  2a:»+24, 

3ai»  =  33, 
a!»-ll. 

.'.  a:=»±VIT. 

7.  (x  +  2)«-4fl;  +  5. 
Simplify, 

a;'  +  4a:  +  4»=4aj  +  5. 
Transpose  and  combine, 

ai»-l. 

•  •.  x  =  ±  1. 


X 


«•  ¥ 


»    a:*-10 


=  7- 


50+a:« 


1  +  a:      1  —X 
Simplify, 

3-3a?  +  3  +  3a;  =  8-8a;», 
8a:a=.2, 
a;«  =  J. 
.'.  a;  =  ±  J. 


15  26 

Simplify, 

15a:'-5a;«+50  =  525-150-3x». 

Transpose  and  combine, 

13a;«  =  325. 

a^'  =  25. 
.'.  a;  =  ±  5. 


9    3^-^     90+j4^ _  ,7 

ar»  +  3  a^'  +  9 

Simplify,   (3  ar»  -  27)  (x^  +  9)  +  (90  -f  4 x^)  (a:*  +  3)  =  7  (a;»  +  3)  (a^  +  9). 

3ar*  -  243  +  4a:*  +  102a;2  +  270  =  7a;*  +  84a;"  +189, 

18a;«=162, 
a;«  =  9. 

•  •.  05=  ±  3. 


10. 


«^,  7     65a; 
oa?  +  -=  — — . 

X        7 
Simplify,  56  ar'  +  49  =  65  x\ 

Transpose  and  combine, 

-9ar»  =  -49. 


11. 


4x«+5    2a;«-5      7a;»-25 


15 


20 


X 


2  =  ji9 


.'.  a:  =  ±  J 
=  ±2i. 


10 

Simplify, 

24a;»+30-8a;«+20=  21a;*-75. 
24a;«-8a;«-2Ia;«  =  -75-30-20^ 
-5a;a  =  -125, 
ai»  =  25. 
.  •.  X  —  ±5, 
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12. 

IQg^  +  l?     12a;'  +  2_5g«-4 
18  llaj»-8  9 

Simplify,        llOar*  +  107 iB»  -  136  -  216x«  -  36  =  l]0ar*-168a:«  +  64. 
Transpose  and  combine,  59x^  =  230, 

x^  =  i. 
.'.  x  =  ±2. 

13. 

14g'  +  16      2ar«  +  8  _  23^ 
21  8a;2-ll       3  ' 

Simplify,  112.T*  -  26jc«  -  176  -  i2x^  -  168  =  1  12.t*  -  154a!*. 

Transpose  and  combine,  86 a;^  =  314, 

x^  =  4. 

.*.  .T=  i  2. 


14.       X*  +  bx -\- a  ^  bx{l  —  bx),  16.     x^  —  ax -}•  b  =  ax{x--l\ 

x^  +  bx-^a^bx-  b^x^,  ar^  -  ax  +  6  =  cu;^  -  ax, 

a^  +  b^x^^-a,  a^-ax^=^-h, 

^  =  -rf^-  x^(l-a)^-b, 

b 


^     l  +  6« 


x«- 


.-.  a;=  ±-V-7—l^-  a-l 

+ 


15.  m.T*  +  w  *=  5', 


•     •    it    —    i 


V- 


mx^  ^q  —n. 


Exercise  95. 

1.                     x«  +  4ic=12,  2.                     rr»- 6a;  =  16. 

Complete  the  square,  Complete  the  square, 

a:2  +  4a;  +  4  =  16.  .t*  -  6a;  +  9  =  25. 

Extract  the  root,  Extract  the  root, 

a;  +  2  =  ±4.  a;  —  3  =  ±5. 

.  •.  a;  -=  2  or  —  6.  .  •.  a;  =  8  or  —  2. 
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8.            a!*-12x  +  6-i. 

7.                   a*  -  a;  =  6. 

ar»-12ar--y. 
Complete  tlie  square, 

Complete  the  square, 

a:»  -  12a;  +  36  =  ifl. 

^  »+i-T 

Extract  the  root. 

4      4 

or  -  G  =  i:  y . 
.'.  x=  llf  or  }. 

Extract  the  root. 

.-1  =  .5, 

2        2 

4,                    ««-7x  =  8. 

X  = . 

Multiply  by  4, 

4j:«-28a:  =  32. 

2 
.'.  a;  =  3or  — 2. 

Complete  the  square. 

4a:»-()+ 49  =  81. 

Extract  the  root, 

8.              5a;*-3x  =  2. 

2a;- 7  =  ±9, 

2x  =  7  -b  9. 

Multiply  by  5, 

.•.  x  =  8or  — 1. 

25a;«-15a;=10. 

• 

Complete  the  square. 

6.                   3a:«-4a;  =  7. 

^^  -      ,  V      9     49 

Multiply  by  3, 

25^-0  +  j  =  f 

9a;«-12a;  =  21. 

Extract  the  root. 

Complete  the  square, 

9x2- 12a; +  4  =  25. 

2        2 

Extract  the  root, 

^<.     3±7 
ox  = . 

3a-- 2  =  ±6, 

2 

3x=7or-3. 

.'.  x=  1  or  — f. 

.'.  x=  2J  or— 1. 

1/ 

6.              12a;'»+a;-l  =  0. 

12x2  +  a;=l. 

9.            2a;2_27ar  =  14. 

Multiply  by  3, 

Multiply  by  8, 

36a;'»  +  3a;  =  3. 

16a;2_  216a;  =  112. 

Complete  the  square, 

36a;«  +  ()+  ^  =  ^^. 
^^      16      16 

Complete  the  square, 

16a;« -0  +  729  =  841. 

Extract  the  root. 

Extract  the  root, 

6a;  +  i  =  ±}, 

4a; -27  =  ±29,. 

6a?  =  for -2. 

4a;  =  56  or -2. 

.'.  x  =  |or  —  J. 

.'.  a;  =  14  or  —  J. 
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^^'       "^       3    ^12 

3  12 

Complete  the  square, 
o_2£     1_J^ 
3      9     36* 
Extract  the  root, 

1     ^1 
3        6 

3    6 

1  1 

2  6 


12.  3.     i.^13. 

4      3a?      6 
Simplify, 

9r»-26aj  =  -16. 
Complete  the  square, 

9         9 
Extract  the  root, 


3^-l?  =  .5. 
3         3 


8 


3a;  =  6  or" 
3 

•.  a?  =  2  or  -• 
9 


11.  |-|=2(a;  +  2). 

Simplify,  3a:»-2a;  =  12a:  +  24, 

3r»-14a;  =  24. 
Multiply  by  3, 

9a;»-42a;  =  72. 
Complete  the  square, 

9a;a_() +  49  =  121. 
Extract  the  root, 

3a;-7  =  ±ll, 
3aJ=18or  -4. 
•••  a?  =  6or  —  IJ. 


13. 


a;  +  l     2aj-l 


a;  +  4 

Simplify, 

(x  +  l)(ar  +  6)  = 

ar»  +  7a;  +  6  = 

a»-2a:*+7a;-7a;  = 

-a:»  = 


a;  +  6 

(2a;-l)(a;  +  4X 
2a;2  +  7a?-4, 
-4-6. 
-10, 
10. 
iViO. 


14. 


X 


aj  +  3 


a;  +  l      2(a;  +  4) 
Simplify,  18a:»  +  72a;  -  9a;«  -  36«  -  27 

Transpose  and  combine,  lOa;*  +  41a; 

Multiply  by  10, 

Complete  the  square, 
Extract  the  root, 


10a;«  +  41 
100a;»  +  410a;' 

100ar»  +  ()  +  ^  = 
4 

10a; 


18 
—  a;*  — 5a; 
23. 
230. 
2601 


2 
_41^51 
2      2' 


-4. 


.•.  »  —  J  or  —  4{. 
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16.  -£^ — 2-  + 


X—  1      x  —  2     a;  — 4 
Simplify,  2s^  -  12a;  +  16  -  3a!«  -  15a?  +  12  +  2a:«  -  Ga;  +  4. 

Transpose  and  combine,  — 3a*4-9x  =  0. 

Divide  by  -3,  a»  -  3x  -  0, 

orx(a;  — 3)  =  0. 

.  •.  X  =  3  or  0. 
16. 

hx{x  -  3)  -  2  (or'  -  6)  =  (x  +  3)(x  +  4). 
Simplify,  5a!*  -  15x  -  2a:»  +  12  =  a;*  +  7x  +  12. 

Transpase  and  combine,  2  a:*  —  22  x  «  0, 

x*-llx-0, 
orx(x~ll)=»0. 

.'.  x  =  11  or  0. 

17. 

3x  5^    3x*  23 

2(x  +  l)     8     x*-l      4(x-l)* 
Simplify,  12x*  -  12x  -  6x»  +  5  =»  24x*  -  46x  -  46. 

Transpose  and  combine,  17x*  —  34x  =  51, 

Divide  by  17,  x*-2x  =  3. 

Complete  the  square,  x*  —  ()  +  l  =  4. 

Extract  tbe  root,  x  —  1  =  ±  2. 

.'.  x  =  3  or  —  1. 

18. 

(x  -  2)(x  -  4)  -  2  (x  -  l)(x  -  3)  =  0. 
Simplify,  x*  -  6x  +  8  -  2x*  +  8x  -  6  =  0. 

Transpose  and  combine,  x*  —  2x  =  2. 

Complete  the  square,  x*  —  2x  +  1  =  3. 

Extract  the  root,  x  -  1  =  i  V3. 

.••  x  =  1  dbVS. 

19. 

l(x-4)~|(x-2)  =  l(2x  +  3). 
vox 

Simplify,  5x«  -  20x  -  14x«  +  28x  =  70x  + 105. 

Transpose  and  combine,  9x*  +  62x  =  — 105. 

Complete  the  square,  324x*  +  ( )  +  (62)*  =  64. 

Extract  the  root,  18  x  +  62  =  ±  8, 

18x  =  -54or-70. 

.*.  x  =  — 3  or— 3J. 
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a). 

2 (3aJ»  _  a._  5)  _  1  (a:2  _  1)  _  2(a;  -  2)«. 
5  3 

Simplify,  18x«  -  6a;  -  30  -  5a:«  +  5  =  30a:»  -  120ar  +  120, 

17  a;* -114a:  =  -146. 

Multiply  by  17,  289  ^  -  1938  a;  =  -  2465. 

Complete  the  square,  289a;2  -  ( )  +  3249  =  784. 

Extract  the  root,  1 7  a;  -  57  =  ±  28. 

.•.  aj  =  5  or  Iff. 

21. 

2a;      3a?-50  _12a;4-70 
16      3(10  + a;)  190 

Simplify,  760a;  +  78ar»  +  510a;  -  9500  =  38a;«  +  510a;  +  2100. 

40a;»  + 760  a;  =11600. 
Divide  by  10,  4ar»  +  76  a;  =  1160. 

Complete  the  square,  4x»  +  ( )  +  361  =  1521. 

Extract  the  root,  2a;  +  19  =  ±  39. 

.-.  a;  =10  or -29. 

22. 

X         15 -7a; 


or 


a;>-l      8(l-a;) 
X  7a;— 15 


(a;  +  l)(a;-l)     8(a;-l) 
Simplify,  8a;  =  7ar»-8a;- 15, 

7a;»-16a;  =  15. 
Multiply  by  7,  49  a;»  -  112  a;  =  105. 

Complete  the  square,  49  a;*  _  q  ^  64  =,  1 69^ 

Extract  the  root,  7a;  —  8=±13. 

.'.  a;  =  3or  —  f. 

23. 

2a; -1      l_2a;-3 
a;-l       6       a;-2' 
Simplify,  12a;»  -  30a;  +  12  +  a;«  -  3a;  +  2  =  12a;'-  30a;  +  18. 

Transpose  and  combine,  a;*  —  3  a;  =  4. 

Complete  the  square,  4  a;*  —  ( )  +  9  =  25. 

Extract  the  root,  2  a;  —  3  =  ±  5. 

.•.  a;  =  4  or  —  1. 
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a:  +  2     4-x     7 

oj  — 1        2x       3 
Simplify.  6.r*  +  12*  +  3*»  -  15a;  +  12  -  14a;«  -  14». 

TranspoBG  and  combiae,  Sx*  ~  11  a;  =>  12. 

Multiply  by  5.  25  a*  -  65  x  =  60. 

Complete  the  sqaare,  25  a:*  —  ( )  +  — —  =  -—— 

4         4 

11        19 
Extract  the  root,  5x  —  —  =  ±  — -t 

2  2 

5x=»15or— 4. 
.*.  x  =  3or  —  f. 

25. 

14x-9^x'-3 

8x-3       x  +  1 
Simplify.  8x"  +  5x*  -  3x  -  14x*  -  5x  +  9  =  8x»-  24x-  3x«  +  9. 

Transpose  and  combine,  — 6x*  +  16x  =  0. 

Divide  by  -  2.  3x«  -  8x  =  0. 

x(3x-8)  =  0. 

.'.  x  =  0  or  2|. 

26. 

1      a?  +  5  _ x~6 

2x  +  l     x-2 

Simplify,  2x«-3x~2-x«-3x4-10  =  2x»-llx-6. 

Transpose  and  combine,'  x*  —  5x  =  14. 

25     81 
Complete  the  square,  x*  —  ()+—  =  — 

4       4 

R  9 

Extract  the  root,      •  x  —  -  =  i 


2        2 

X  =  7  or  —  2. 


27. 


^     +^^^  =  21^5^. 


7  — X        X 

Simplify,  10x«  +  490  -  140x  +  10x«  =  203x  -  29a^. 

Transpose  and  combine,  49  x*  —  343  x  =  —  490. 

Divide  by  49,  a:«  _  7  a;  =  - 10. 

49     9 
Complete  the  square,  «*""()  +  -r'°T 

4      4 

7        3 
Extract  the  root,  aj  _  1  =  ±  — 

2        2 
.*.  x  =  5  or  2. 
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28. 

2a;-f3  7-a;       7-3x 


2(2a:-l)     2(x+l)     4-.3» 

Simplify,      -  14jc«  -  12x»  +  22a;  +  24  -  12x»  +  106a:«  -  162a:  +  56 

=  44x»-40x-24a:»-28. 
Transpose  and  combine,      48  a*  —  180  a?  =-  —  108. 
Divide  by  12,  4  ««  -  15  a;  =  -  9. 

Multiply  by  16  and  complete  tbe  square, 

.       64a!*-(  )  +  225  =  81. 
Extract  the  root,  8  a;  -  15  =  :i:  9, 

8x  =  24or6. 
.-.  a;  =■  3,  or  }. 

29. 

12a»--lla!«+10a;-78      ^.^      1 
8a:* -7a; +  6  2 

Simplify,  24a;»-22a:»+20a;-156  =  24a:»-2la;«  +  18x-8a:»  +  7a;-6. 
Transpose  and  combine,  7x'  —  5aj  =  150. 

Multiply  by  28,  196  x»  -  140  x  -  4200. 

Complete  the  square,     196a;»  -  ( )  +  25  =  4225. 
Extract  the  root,  14  a;  -  5  =»  ±  65. 

.'.  a?  =  5  or  —  4|. 


30. 

3a;-l     5-4a; 


=  3. 


7  — a;      2a:  +  1 
Simplify, 

(2a;  +  lX3a;  -  1)  -  (5  -  4a:)(7  -  a;)  =  3(7  -  a;)(2a;  +  1). 

6a:«  +  a:  -  1  -  (35  -  33a:  +  4a;*)  =  39a;  +  21  -  6a;*. 

6a:*  +  a;-l-35  +  33x-4a:*  =  39;r  +  21-6a:«. 

Transpose  and  combine,  8  a:*  —  54  =  57. 

Multiply  by  32  and  complete  the  square, 

256a^  -  ( )  +  25  =  1489. 

Extract  the  root,  16  a;  —  6  =  db  43. 

.-.  16  a; -48, 

or  16a; --38, 

and  a;  ^  3, 

or  a;  =  -  2f . 
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Exercise  96. 


1.  s*  +  2ax  -  a*. 

Complete  the  square, 

a*  +  2ax  +  a'  -  2a». 
Extract  the  root, 

a:  +  a  =  i  ay/2, 
.•.  a  =  — ai:aV2. 

Transpose, 

Complete  the  pquare, 
aj*  —  4cm:  +  4  a*  =  11  a*. 
Extract  the  root, 

x  —  2a  =  £aVii. 
.'.  x  =  2a±a\^. 


3. 


a:»  = 


7m' 


3ma;. 


43:*=  7m*  — 12ma;, 
4a:'  +  12mx=  7m', 
4a:'  +  ()  +  (3m)»-16m', 
2a:  +  3m  =  ±4m, 

2a;=  db4m  — 3m. 
7m 


•  » X 


m 
2^^ 


6. 


4.    ««- 


5na;    3n' 


0. 


2         2 
2a*-5na5-3n'  =  0, 
4a:'-10ruj«6n', 

4x'-()  +  35^'-i2^ 
4  4 

2  2 


.•.a? 


3nor~5. 


6. 


2a;»6nor  —  n. 
n 
2 

ft* 


(aj  +  a)*     (x-ay 
a'(a;-a)'  =  6'(a;  +  a)«, 
a(a:  —  a)  =  ±  5(a;  +  a), 
ax  —  a*  ^  ix  +  aft, 
x(a  —  ft)  =  tt'  +  ctft. 
a(a  +  ft) 


x  = 


a-b    • 
or  ax  —  a'  =  —  ftx  —  oft, 
x(a  +  ft)  =  a*  — ah. 
a(a  —  ft) 


a?  — 


a  +  ft 


ex  =  ox*  +  ftx*  — 


ac 


a  +  b 

OCX  +  bcx  =  a'x*  +  2aftx'  +  ft*x*  —  ae^ 
a'x*  +  2aftx'  +  ft'x'  -  acx  —  hex  =  ac, 
x'Ca'  +  2aft  +  ft2)_  x{ac  +  he)  =  ac, 

a:'(a*  +  2aft  +  ft*) - ( ) -I- ^ « if^l+f, 

4  4 


x(a  +  ft)  —  £=i± 


V4ac  +  c' 


«(a  +  ft)«- 


X 


c±  V4ac  +  c' 

2 

c  =b  ^4  ae-\-  (? 
2{a-\-h) 
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'    «  ■»  9      7.4     o   M  ox*  — (a'+ l)a;  =  -a, 

acx^h*,  .'.  a?  =  aor  — 


6> 

.'.  a;  =  — 
ac 


9. 

a      ,      6  2c 


a{x  —  b)(x  -c)  +  b(x  —  a)(x  —  c)  =  2c{x  —  a){x—  5), 
ax*—  abx — acx  +  ahc  +  oa^  -  abx — bcx  +  abc  =  2  ex*— 2  acx—2  bcx+  2  dbc, 
x\a  +  b-2c)-\-x(ac  +  bc-2ab)  =  0.       2ab-ac-bc 

.\  x  =  0  or  ; — 

a-\-b-2c 

10. 

a  +  b  -\-x     a     b     x 

abx  =  abx  +  6'x  +  Jx*  +  a'x  +  a6x  +  ax*  +  a'6  +al^  +  abx, 
x2(a  +  6)  +  x(a  +  5)2  =  -  a5(a  +  6). 
Divide  by  (a  +  5),       x*  +  (a  +  5)  x  =  -  a6, 

4x*  +( )  +  (a  +  6/  =  a*  -  2a6  +  b\ 
2x  +  (a  +  0)  =  ±  (a  -  6), 

2x  =  -26or  -2a. 
.'.  x  =  —  6  or  —  a. 

11. 

1  1  3  +  x* 


a  —  x     a  +x     a*  —  X* 

a  +  X  —  a  +  X  =  3  +  X*, 
x*-2x=-3, 
.^•*-2x  +  l  =  -2, 

.-.  .r-=  1  dbV— 2. 
12. 

a'  +  6* 
.'j;2  +  2a6  (a*  +  6*)  -  2x  (a*  +  6*), 
X*  -  2x  (a*  +  6*)  =  -  2a36  -  2a6», 
a;«  _  (  )  +  (a«  +  i*)*  =  a*  -  2a3&  +  20*6*  -  2a6»  -i-  //, 
a;i  ^  0  -I-  (a*  +  6*)*  =  (a*  +  h'){a  -Vf, 

X  -(a*  +  6^)  =  dz  (a-  5)V^^  +  t^    

.-.  X  =«  a*  +  6*  ±  (a  -  5)  Vo''  -f  6^ 
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13.   -i2x-ag_^^ 

4x»-2x(2a  f  6)  = -a'-oA  f  2A». 
l6z»-()+(2a+6)»  =  96«, 
4x-(2a  +  6)  =  ±36, 

4x  =  2a-26, 
or  2a  +  46. 
a-6^^a  +  26 
2 


15.  a^  -k-  ax  =  bx  +  ab. 

I*  -i-  (a  —  6)  «  =  oft, 
4a»+{)  +  {a-6)«  =  (a+5)». 
2«  +  {a-6)  =  ±(a  +  6). 
2x  =  -  2a  or  26. 
.•.  X  =  —  a  or  b. 


X  ^ 


or 


le. 


14.  X*  +  ox  =  a  +  X. 

X*  +  ax  —  X  =  a, 
.r*  +  (a  -  l)x-=a, 
4x»+()+(a-l)«  =  a«+2a  +  l, 
2x  +  (a-l)  =  i:(a  +  l). 

2x  =  -~(a-l)±(a+l). 
.'.  x  =  1  or  —  a. 


X     a     X     6 

-  +  -  =  T  +  - 

a     X     o     X 


x'ft  +  a*6  =  ox*  +  a6*, 
x*6  —  x*a  «  o^^*  —  a*6, 
x*(6  —  a)  =  a6(6  —  a). 
Divide  by  (b  —  a), 

X*  =  a6. 
.*.  x  =  ±  VoA. 


17. 


1 

-  + 

X 


1 


1         1 

=  —  -I . 

X  +  6     a     a  +  6 


a'x  +  a'6  +  abx  +  aJ*  +  a'x  +  a6x  =  aj;'  +  abx  +  Jx*  -f  ft'x  +  ax"  +  abx, 

2ax»  +  6x»  -  2a*x  +  6*x  =  a^i  +  aZ>', 

(2a  +  6)x»  -  (2a«  -  6«)  x  =  a«6  +  a6», 

4.i:»(2a  f  6)*-  ( )  +  (2a«  -  6»)«  =  4a*  +  8a»6  +  8a'6'  +  4a6»  +  6*, 

2x(2a  +  6)  -  (2a'  -  6')  =  ±  (2a'  +  2a6  +  6«), 

2x(2a  +  b)  =  (4a«  +  2a6)  or  -(2a6  +  26»). 

b(a  +  b) 
.•.  x.=  a  or  —    ^    ^  y- 

2a +6 


18.       ^  +  5£_i^  =  o. 
3       4       3a 

4a"+  15ax-4a''  =  0, 

4.t'  — 15aa'  =  4a', 

64x»-()  +  225a2  =  2S9a», 

8x  — 15a  =  ±  17a, 

8x  =  32aor-2a. 

»:  x=i4aor 


19. 

x  +  3 


x+3     ^^x-3 
=  a  + 


x-3 
x-3 


x+3 


=  a, 


X  —  3     x  +  3 

x'  +  Bx  +  G-x" 

+  6x-9  =  ax»-9a, 
ax*—  12x  =  9a, 
a*x»-12ax  =  9a«, 
oV  -  (  )  +  36  =  9  a'  +  36, 

ax-6  =  J:V9(a»+4), 

ax  =  G±3Va'  +  4. 

6±3\/SMT 

•  .  X  -*"  * 
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20. 

mn 
m^noc^  —  mn  =  x{w?  —  n*), 
m?  na^  —  (m*  —  n*)x  =  mn, 
4m*n«.'c2  _  ( )  _j.  (^8  _  ^iy  =.m^^  2m»n«  +  n\ 

2m^nx  —  (m'  —  n')  =  ±  (m*  +  n*), 

2m' na;  =  2  m'  or  —  2n'. 


m 

n 

• 
•    • 

a; 

= 

— 

or 

m* 

n 

21. 

(oaj—  6)(5a;  — a)  =  c', 
aha^  —  i'^.r  —  a*  a;  -\-  ab  =  c', 

a&.r^  —  (a*  +  b'^)x  =  c^  —  ab, 
^an^x^  -iab  {a^  +  b^)x  =  4tt&c=»  -  4an^ 
^a^b'^x^  _  ( )  +  (a2  +  62)«  =  (a« -6«y  +  4a5c«, 

2a6aj  -  (a^  +  6^)  _  j^  V(a2- fe2)2  +  4a6^._  _ 

a^  +  &»  i:  Via^'-b^f+iab^ 
,♦,  a;  =  ^ . 

2ab 

22  CM?  +  ft  _  ma;  +  n  03         ^     _l     ^     _  c 

6a; +  a     7ia;  +  m  m  +  a;     m— a; 

anoc^  +  bnx  +  aTTia;  +  6m  m'  —  ma;  +  m^  +  ma;  =  cm^  —  ca;', 

=  bma^  +  6na;  +  ama;  +  an,  ^2  ^  ^^s  _  2m^^ 

anx*  -  bmx^  =  an~  bm,  ^^  =  ±  m  Vc-2. 

a^  {an  —  bm)  =  an  —  bm,  /c— 2 

.'.  aj  =  ±  1. 

24. 

(o~l)«a;«  +  2(3a-l)a;__^ 

4a-l 
(o  -  Ifx^  +  2(3a  -  1)  a;  =  4a - 1, 
4(a-  l)*a:»  +  (  )  +  (6a-  2)«=  lGa», 

2(a  -  1)2 a;  +  (6a  -  2)  =  ±  4a  Va, 

2(a  -  l)*x  =  2  -  6a  ±  4a Va. 
_     1  —  3a±2a Va 
(a-l)» 
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26. 


(^^i^K^±iJ-2x. 


a' 


+  6« 


a?(a*  -  6«) 


X 


•  •  X 


2o'x  +  26'aj, 
6«  -  a», 

-a*  +  2o»6*--6*. 

(a  ±  6)». 

a— 6      a+6 


28. 

(m  +  n)»        ^  ^ 

X*  —  4  mn-x  =  m*  —  27n'  n*  +  n* 
«•-{)  +  4m2n2  =  m*  +  2m»n'  +  n*, 
«  —  2mn  =  ±  {w?  +  w^), 

X  =  2mn  ±  (m*  +  r?) 
=  (m  +  n)'  or  —  {m—rCf. 


27. 

.     a-6^14a'-5a6-106'     (2a-36)(r 

ai»  18o«6«  2a6 

18a»6*a:«  -  (18a*6  -  27a5«)x  =  -  4a2  +  13a6  -  106*, 
U^a'h':^  -  (144a»6  -  216a62).T  =  -  32a'  +  104a6  -  806*, 
l^aH'^a?  -  (  )  +  (6a -  96)'»  =  4a«  -  4a6  +  h\ 
I2ahx  -  {6a  -  96)  =  ±  (2a  -  6), 

12a6x  =  8a-106or  4a-86. 

4a  — 56      a  — 26 
.'.  x=  — r—. —  or 


6a6 


3a6 


a6x«  +  ^  = 
c 

ah(?x^  +  6' ex 

a6c»x«  +  (3a2c  +  6'c)x 

4a*62c2x=»  +  4a6cx  (3  a»  +  b') 

4a«6»c»x«  +  ()  +  (3a«+67 

2a6cx  +  3a2  +  62 


28. 

6«x     6a«+a6-262     3a»x 


l2  ^ 


X 


6a2  +  a6-262-3a2cx, 

6a''  +  a6-26«, 

24a»6  +  4a«62-8a6», 

9a*  +  24a'6+10a«6»-8a6«+6S 

±(3a2  4-4a6-6»). 

2a-6  3a  +  26 
or  — 


ac 


be 
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29. 


3m  — 2a     4a-Gm     2 
2^  4a«-m« 


a:, 


3m  — 2a     3m— 2a 

2a:*  —  4a*  +  m*  =  3maj  —  2a.T, 
2  a;*  +  (2  a  -  3  m)  oj  =  4  a*  -  m*, 
16jc>  +  (  )  +  (2a-  3m)«  =  (SGa*  -  12am  +  m«). 
4a;  +  (2a  —  3m)  ^±{joa-m\ 

4aj  =  — 8a  +  4m  or  4a  +  2m. 

.'.  a;  =  m  —  Ja  or  a  +  — • 

30. 

6a;  +  >    ^  ^ •  =  5(a  -  o)  +  -- — 
a;  ba; 

36a;«  +  6(a  +  6)«  =  30a;(a  -  6)  +  25ai, 
36x*  -  30a;  (a  -  6)  =  25ai  -  6  (a  +  6)«, 

36».-()  +  |(a-6)'  =  "'  +  y  +  ^'. 

6„  =  ___or— 2— 


•       •       W 


6  6 

31. 

f  (x*  +  a«  +  oh)  =  4a;(20a  +  46). 
8a;*  +  8a*  +  Sao  =  20aa;  +  46a;, 
8a;*  -  (20a  +  46)a;  =  -  8a*  -  8a6, 
16a;*  -  2(20a  +  46)a;  =  -  16a*  -  16a6, 
16aJ-  ( )  +  (5a  +  6)*  =  9a*  -  6a&  +  6*. 
4a;-(5o  +  6)  =  ±(3a-6), 

4a;  =  (5a+6)±(3a-6). 

o         a  +  6 
.'.  a; -2a  or——- 

32. 

a^  —  (6  —  a)  c  =  aa;  —  6a;  +  ex. 
a^  +  6x  —  ax  —  ca;  =  (6  —  a)c, 
X*  +  (6  —  a  —  c)x  =  (6  —  (jt)c, 
4x*  +  (  )  4-  (6  -  a  -  c)*  =  a*+  6*  +  c*-2a6-  2ac  +  26c, 
2x  +  (6  —  a  —  c)  =  ±  (a  -  6  -  c), 
2x=2a  — 26  or  2c. 
.'.  x  =  a  -  6  or  c. 
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a*— 2m« 
ar —  2tnx 


(n-p+m)(n-p-i 

±(71-/)). 


84. 

a*  -(m  +  n)x  =  t(/)  +  5  +  m  +  n)(p  +  g-m— n). 
4a:'-4(m  +  n)j:  =  (p  + j  +  m+n)(/)  +  5-m— n^ 
4««  -(  )  +  (m  +  n)'  =;>«  +  2pq  f  g', 
2x-(M+n)=  ±{p^qX 

2 


85. 

tnnx*— (m+n)(mrn-l)x+(m+n)*  =  0. 

wiTix*  —  (m*n  +  mn*  -\-  m  -\-  n)x  =  —  m*  —  2mn  —  n* 

4  m^n^s^—  4  mn  {m*n  +  mn'+  m  +  n)  x  =  —  4  riv^n  —  8  m*n'  —  4  wn*, 

4  m^v?x^  —  ( )  +  (w*^  +  ''*'**  +  m  -f  n)*  =  m*n' + 2  m'n'— 2  m'n— 4  m*n' 

+m*n*— 2  m»'  +m' +2  mn+n', 

2mna;  —  {w?n  +  ?»n*  +  m  +  n)  =  ±  {m^n  +  mn'  —  m  —  n), 

2mnx  =  27»*n  +  2m7i'  or  2m  -f  2n. 

m  +  n 


.'.  x  =  m  +  n  or 


IMi 


36* 


2b-af-2a     ^h-la 

bx  ax  —  bx 

4a6-aa;-2a»-26*  +  6x  +  46»-7a6 

a^  —  3ax  —  bx 

x*--(3a  +  6)x 

4a:*-4(3a+6)x 

4aj«-()  +  {3a  +  6)« 

2»-(3a  +  6) 

2x 


g  — 4a 

ab-h*' 

ar*  — 4flWJ, 

26«-3a5-2a«, 

26»-3a6-2a«, 

86«~12a6-8a«, 

db(a-36), 

4a -26  or  2a +  46. 

2a -6  or  a +  26. 


^  •! 
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37. 

23?{d*  -  i»)  -  (3a*  +  h'){x  - 1)  =  (36«  +  a«)(.T  + 1). 
2a*(a2-  6*)-  3  a'a;-  6«aj  +  3a»+  i«  =  SJ^a;  +  a«a;  +  36«  +  a«, 

2a:«(a' -  6«)  - 4a«a;  -  46«a;  =  26^  -  2a*. 
Divide  by  2,  ic*  (a*  -  6*)  -  2(a*  +  i*)  a;  =  6*  -  a*, 

a:*(a*  -  5*)*  -  2{a^  -  ¥)x  =  (6*  -  a*)(a*  -  6«). 
»*(a«  -  67  -  0  +  (a*  +  6*)*  =  4a*6*, 
a.(a*-6*)-(a«  +  6*)  =  ±2a6, 

a;(a«  -  6*)  =  (a  +  6)*  or  (a  -  6)«. 

.'.  a?  = or -• 

a  —  b      a  +  0 

38. 

a—  2b  -X       bb  —  X       2a  —  x—  196     ^v 
a*  —  4  i'-^       ax  +  2  6a;  2bx  —  ax 

a  —  2b—x 56  — a;    _2a^-x_—19b_ 


cue 


(a  -  26)(a  +  26) "  (a  +  2  6)a;         (a-26)a;  ' 

-  26aj  -^-  boh  +  aa?  +  106*  -  26aj  -  2a* 

+  aaj  +  15a6  +  26a?+  386*  =  0, 

3aa: -  26a;  -  ar^  +  10a6  +  486*  -  2a*  =  0. 

a;*  -  (3a-  26)a;  =  -2a*  +  10a6  +  486*, 

4ar»  -  ( )  +  (3a -  26)*  =  a*  +  28a6  +  1966*. 

2a;-(3a-26)  =  ±(a+146), 

2a;  =  4a+  126  or  2a -166 

.*.  a;  =  2a  +  66  or  a  — 86. 


39. 


a;  +  13a  +  36      ■.  ^a  — 26 

5a  —  36  — a;  a;  +  26 

a;»  +  13aa;+  56a;  + 26a6  +  66* 

-  5aa;  4-  56a;  +  ar*  +  66*  -  10a6  =  5a*  -  13a6-  aa;  +  66*  +  26a;, 

2a;*  +  (9a  +  86)x  =  5a*-29a6  -66*, 

16x*  +  8(9a  +  8  6)a;  =  40a* -  232a6  -  486*. 

16a;*  +0+  (9a  +  86)*=  121a*  -  88a6  +  166*, 

4aj  +  (9a  +  86)  =  ±(lla-4  6), 

4a;=  2a- 126  or  -(20a +  46). 

..,aj  =  ^-36or-(5a  +  6). 

2  ' 
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X  +  3& 


40. 

36 


a  +  36 


8a«-12a6     96«-4a«     (2a+36)(x-36) 

g-f  36  36 0  +  36 

4a(2a-36)     {2a-36)(2a  +  36)     {2a  +  36)(x-3 


o. 


o. 


+  432a6»  +  3246*. 
2(2a  +  36)x  +  12a6  =  ±  (8a«  +  12a6  +  186«), 

(2a  +  36)x  -  4a«  +  96«  or  -(4a*  +  12a6  +9^»«) 

...  X  =  laL±9^  or  _ /2a  +  36). 
2a+36  ^  ' 


41. 

na^  +  px  —px*  —  mx  +  m  —  n  =  0. 

nx^  —p^  -k-px  —  mx  ^n  —  m^ 
x^{n—p)-\-x{p  —  m)  =  n  —  m, 
4a:*(n  -;))«  +  (  )  +  Q)  -  m)«  =  4n'-4mn-4;)n+4pm+-/)'-2pm-fm«, 
2x(n-'p)-\-(p  —  m)  =  ±(2n— |j  — m), 

2x{n—p)  —  m—p-\-  2n—p  —  m, 

or  TO  - p  —  2n  +  j)  +  i». 


.*.  «  =  1  or 


m  —  n 
n— D 


42. 

(a  +  6  +  0)3:*  -  (2a  +  6  +  c)x  +  a 

(a  +  6  +  c)a^  —  (2  a  +  6  +  c)  ar 

4r»(a+6  +  c)«-()  +  (2a  +  6  +  c)'» 

2x(a  +  6  4-  c)  -  (2a  +  6  +  c) 

2a?(a  +  6  +  c) 

2aj  (a  +  6  +  c) 


►•.  a?  =  1  or 


0. 

6«  +  26(j  +  c», 
±  (6  +  c), 

(2a+6  +  c)±(6  +  c), 
2a +  26  + 2c  or  2a. 
a 


a  +  6  +  c 
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43. 

(ax  —b)(c  —  d)  =  (a  —  b)(cx  —  d)  x. 

aex  —  6c  —  adx  +  bd=  aca^  —  adx  —  bca^  -k-  bdx, 

bca^  —  acx^  +  acx  —  bdx  =  6c  —  bd, 

(be  —  ac)3^  +  (ac  —  bd)x  =  bc  —  bd^ 

\(bc-acfx'^  ^■()-{-(ac-  bdf  =  4:b^(^-^ab(^ -Uhd 

+  2a6c(/  +  oV  +  6W, 

2(6c  —  ac)x  4-  (ac  —  bd)  =  ±  (26c  —  ac  —  bd), 

2(bc  —  ac)x  =  —  (ac  —  bd)  ±  (2bc  —  ac  —bd), 

—  axi  ■}■  bd  +  2bc  —  ac  —  bd 


x  = 


or 


2(6c  — ac) 

—  oc  +  6cZ  —  26c  +  ac  +  6d 
2(6c-ac) 


1       b(c-d) 
jc  =  1  or  -^ -f- 

c(a  —  b) 


44.' 

2a:  + 


1      1/1      2\      3x+l 
6  a;\6     aj  a 

2a;  +  l     a-26_3a;-fl 
6  a6a;  a 

2a3^  -^  ax  —  a  +  2b  =  Sba^  +  bx, 

2aa^  —  Sb3^-\-  ax  —  bx  =  a  —  2b, 

a^  (2  a  -  3  6)  +  a;  (a  -  6)  =  a  -  2  6, 

4a;2(2a-36)2  +  4a;(a-6)(2a  +  36)  =  (4a-86)(2a^-36), 

4a,-2(2a  -  36f  +  ( )  +(a  -  bf  =  9a«  -  30 a6  +  25 6^, 

2a;(2a  -  36)  +  (a  -  6)  =  ±  (3a  -  56), 

2a;(2a-36)  =  -a  +  6±(3a-56), 

2a;(2a-36)  =  2a-46or  -4a +  66. 


a-26   ^,     T 

•  •  a:  =  'r TT  or  —  1. 

2a-36 
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£XERCISE   96. 


1.  a*  +  2oar«a«. 
'Complete  the  square, 

a:»  +  2oar  +  a'=.2a'. 
Extract  the  root, 

x-^a  =  :k  aV2. 
.«,  »=*  — o±aV2. 

2.  a:*  — 4aaj  +  7a'. 
Transpose, 

aj*  — 4aa:=  7a*. 
Complete  the  square, 
a^-4ax  +  4a«  =  lla«. 
Extract  the  root, 

X  — 2a  =  dbaVn. 
.".  a;=  2a±a\^. 


3. 


x«  =  ^'-3ma;. 


4x»  =  7m«-12ma;, 
4a:»-f-12wu:  =  7m«, 
4a:»  +  ()  +  (3m)2-16m«, 
2aj  +  3m  =  ±4m, 

2a;  =  ±4m  — 3m. 


X 


m 
2°' 


7m 


6. 


0. 


4.    jj   5na;    3n* 
2         2 
2a:»-5na:-3n«  =  0, 
4a:»-10na:  =  6n*, 

4x»-()  +  ?^'-:l?Z^ 
4  4 

2x-5Z*«^7n^ 
2  2 

2x  =  6nor 
.*.  aj  =  3nor  ~  — 


n. 

n 

2 


6. 


6« 


(x  +  a)*     (x-df 
a«(x-a)«  =  6«(x  +  o)«, 
a(x  — a)  =  i:6(x-f  a), 

ax  —  a'  =-  ix  +  aft, 
x(a  -  6)  =  a^  +  a6. 

or  ax  —  a'  =  —  6x  —  a6, 
x(a  +  ft)  =  a*  — aft. 
o(a  — ft) 


•    •  ••C  -^^ 


a  +  ft 


ex  =  ax'  +  fta:*  — 


ac 


a  +  ft 

acx  +  ftcx  =  a'x*  +  2al}x^  +  ft'x* 
a«x*  +  2aftx»  +  ft* or"  -  acx  -  ftcx  =  ac, 
x»(a»  +  2aft  +  ft2)-  x(ac  +  he)  =  ac, 

«»(a«4- 2aft  +  ft2)--( )  4-£*«l«l+£!, 

4  4 

V4ac  +  c' 


-a<^ 


x(a  +  ft)-.i=.± 


x(a  +  ft) 


x=» 


cA\/4ac  +  c' 

2 

c  ±  \/4  ac  +  c* 
2(a  +  ft) 
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oca?  —  0"  =  u,  -j^ 

aca;  =  6^  .•.  a;  =  o  or  — 

a 


.'.  a;  =  — 
ac 


^     -f 


9. 

2c 


a;  — a     x  —  h     x  —  c 

a(x  -  b){x  -c)  +  b{x-  a)(x  -  c)  =  2c(x  -  a){x-  6), 
ax^—  abx — acx  +  abc  +  oar*  -  abx —bcx-{-  abc  =  2  cs^—2  acx—2  6ca?+  2  a5c, 
x\a  +  b-2c)  +  x(ac  +  bc-2ab)==0        2ab~ac-bc 

.*.  a?  =  0  or  ; 

a  +  i-2c 

10. 


a  +  6  +  a;     a     b     x 

abx  =  abx  +  ¥x  +  Jx*  +  a*a;  +  abx  ■{■  ax^  +  a^b  ■\-  ab^  +  abx, 
3?{a  +  b)  +  a;(a  +hf  =  -  ab{a  +  6). 
Divide  by  (a  +  &),       .'c"  +(a  +  b)x  =  - ab, 

4:X^+()+{a  +  by  =  d^-2ab  +  b\ 
2a;  +  (a  +  6)  =  ±  (a  -  6), 

2.1;  =  -26  or  -2a. 
,\  X  =^  —  b  or  —  a. 

11. 

1  1  3  +  x^ 


a~x     a-\-x     a^  —  x^ 

a  +  a;— a4-a;  =  3  +  a;^, 
a;' -2a;  =-3, 
ii;2-2a;  +  l  =  -2, 


.-.  .r=l±>/-2. 

12. 

fuM:2a6(aMJ3__^^ 

x"  +  2ab  {a^  -f-  b^)  =  2  a;  (a^  +  &»), 
.T^  -  2a;  (a^  +  b^)^-  2a^b  -  2a63, 
a;2  -  (  )  -f  (a'^  +  62)2  =  a* -  2a36  +  2a^b^  -  2ab^  -|-  6* 
a;2  _  0  +  (a^  +  6«f  =  (a^  +  62)(a  -  6)^. 

a;  -  (a«  +  6^)  =  ±  (a  -  6)  V^N^^^. 

...  a;  =.  a'  +  6« ±  (a  -  6)  Va'^  4-  6^ 
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13. 


{^'-<^r  ^6, 


2x-a  +  26 
4x«  -  4aa:  +  o«  =  26.r-a6  +  26*. 
4j»-2x(2a  +  6)  = -a»-o6  f  2A», 
l6z»-()+(2a+6)«  =  96«, 
4x-(2a  +  6)  =  ±36, 

4x=2a-26, 
or  2a  +  46. 

2 


14. 


15.  I*  +  ojc  =  6x  +  oft. 

aj*  +  (a  —  6)  «  =  oi, 
4a!»  +  {)  +  (a-6)«  =  (a  +  5)», 
2«  +  (a-6)  =  db(a  +  6). 
2a;  =  -  2a  or  26. 
.'.  a:  =  —  a  or  6. 


x-^ 


or 


16. 


a:*  -f  oar  =  a  +  ». 
a-*  +  ox  —  X  =  a, 
.T*  +  (a  —  1 )  X  =  a, 
4x»+()+(a-l)'  =  a»+2a  +  l, 
2x  +  (a-l)  =  ±(a  +  l), 

2x  =  — (o-l)±(a+l). 
.*.  x=  1  or  --  a. 


X     a     X     6 

a     X     6     X 


x»6  +  a*6  =  ox*  +  a6», 
M  —  x*a  =  at'*  —  a^b, 
x'(6  —  a)  =  a6(6  —  a). 
Divide  by  (i  —  a), 

X*  =  a6. 
.•.  x  =  ±  VoA. 


1         1 

-  + j: 

X        X  +  0 


17. 

1         1 

=  -  + . 

a     a-{-  0 


a^x  +  a'6  +  a6x  +  ah*  +  a'x  +  a6x  =  ax*  +  a&x  +  Jx*  -i-  6'x  +  ox*  +  o^x, 
2ax2  +  6x» -  2a«x  +  6*x  =  a'6  +  ab\ 
(2a  +  6)x»  -  (2a«  -  6«)  X  =  a«6  +  aJ^, 
4.r»(2a  +  6)'-  ( )  +  (2a«  -  6»)«  =  4a*  +  8o»6  +  8a*6«  +  4a6»  +  6*, 
2x(2a  +b)-  {2a*  -  6«)  =  ±  (2a*  +  2aJ  +  6«), 

2x(2a  +  6)  =  (4 a*  +  2ab)  or  -(2a6  +  2b*). 


b(a'+b) 
.-.  x.=  aor  —  ■}:       J- 

2a +  6 


18.        «+i?-.£!.  =  o. 
3       4       3a 

4a"+  15ax-4a'  =  0, 

4x'  —  \bax  =  4  a*, 

64x«-()  + 225  a*  =  289a*, 

8x  — 15a  =  ±17a, 

8x  =  32a  or— 2a. 

A            a 
.'.  x=»  4  a  or 

4 


19. 

x  +  3 


X  +  3         ,  x-3 

=  a  + 


x-3 
x-3 


x+3 


=  a. 


X— 3     x+3 

x*  +  6x+9-x* 

+  6x-9  =  ax*-9a, 
ax*—  12x  =  9a, 
a*x*-12ax  =  9a*, 
a*x*  -  (  )  +  36  =  9  a*  +  36. 

ax-6  =  ±V9(a*+4X_ 

ax  =  6±3Va*  +  4. 

6±3VaM^ 
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20. 

mn 

m^noc^  —  mn  =  x{m^  —  n*), 

m'na;'  —  (m'  —  n^)x  =  mn, 

4w*n«.T«  -  (  )  +  (m'  -  ny  =  m«  +  2m'n«  +  n*, 

2m' na?  -  (m'  —  n')  =  ±  (m*  4-  n*), 

2m' na?  =  2m'  or  —  2n'. 

m  71 

.'.  a?  =  —  or =• 

n  m' 

21. 

{ax  —  b){bx  —  a)  =  (^, 
aha^  —  y^x  —  d^x  +  aft  =  c', 

a6.r'  —  (a*  4-  6"^)  ic  =  c'  —  a6, 
4a'62a'2  -  4a6  (a'  +  6')a:  =  ^ah<^  -  4a2  6», 
4a' 6' .t'  -  ( )  +  (a'  +  6')'  =  (a'  -  6')' +  4aj>c', 

2abx  -  (a'  +  6')  =  ±  V(a'- fe')' +  4a6^. 

a'  +  6'  ±  \/(a'-' &')'  +  4  ah<? 

,•,05  = ! i i . 

2ab 

22.  oj?-f-5^7yia;  +  n  gg^        ^      ,      ^     -f 

6a; +  a     7ia;  +  m  m  +  a;     m—  x 

aTirc*  +  ftno;  +  amx  +  6m  m'  —  mo;  +  ?w'  +  ma;  =  cm'  —  ex', 

=  Jma;*  4-  6na;  +  amj:  +  an,  ^2  _  ^m^  _  2m'^ 

ana:'  —  6ma;'  ==an  —  hm,  xVc  =  ±m  Vc-2. 

x^ian  —  bm)  =  an—  bm^  /c_2 

•*.  a?  =  ±  m-' 


a;»  =  l. 
,\  x  =  ±  1. 


.J 


6 


24. 


(a-l)'a;'  +  2(3a-l)a;_^ 

4a-l 
(a -  l)'a;'  +  2(3a  -  1) a;  =  4a - 1, 
4(a-  l)*a;'  +( )  +  (6a-  2)'=  16a', 

2{a  -  Ifx  +  (6a  -  2)  =  ±  iaVa, 

2  (a  -  1 )' a;  =  2  -  6  a  ±  4  a  Va. 
1  —  3a±  2a  Va 
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25. 


[a'-l^){^-^l)^2x. 


.r»(a«~6»)-2x(a»  +  6«)  = 
.4(a«  _  6«)«  -  {  )  +  (a*  4- 6«)^  > 

.'.  X 


2a'x  +  26««, 
6«-a«. 

i:2a5, 

a«  +  6«±2a6 

(a  ±  6)«. 

«  +  ^  ^«  <*  —  ^ 
or T" 

a  —  b      a  +  & 


««- 


28. 

^-^^^  =  (m-n)». 
(m  +  n)«       ^  ' 

«*  —  ^mnx  =  m*  —  2m'  n'  +  n* 
{  )  +  4m*7i'  =  m*  +  2rti?r?  +  n*, 
a;  —  2mn  =  ±  {w?  +  n'), 

X  «=  2mn  ±  (m'  +  w') 
«=  (m  +  n)'  or  —{m—vCf. 


a^  + 


a 


27. 

6     14a'-5a&-106«  ^  (2a-35)g 


a6«  18a«6«  2a6 

ISa'J'a:*  -  (18a*6  -  27a62)a;  =  -  4a«  +  13a5  -  10&2, 
lUa'b^x'  -  {lUan  -  21606^)0;  =  -  32a«  +  104a6  -  806«, 
U4.a'b^a^  -()  +  {6a-  9bf  =  4a«  -  4a6  +  6^ 
12a6a;  -  (6a  -  9  6)  =  ±  (2a  -  &), 

12a6a;  =  8a  -  106  or  4a -  86. 

_  4a  — 56  __a  — 26 


6ab 


or 


3a6 


28. 


a6a^  +  —  = 


b^x     6a«+a6-262     3a«a; 


ab(?3?  +  (3  a'  c  +  6'  c)  a; 

A:an^<?3?  4-  4a6ca;  (3  a«  +  h') 

4a26»c2a:*  +  ()  +  (3a2+6*/ 

2a6ca?  +  3a«  +  62 


a6c«a;'  +  h^cx  =  6a«  +  a6  -  26'  -  3a2ca:, 

6a2  +  a6-262, 
24a'6  +  4a2  6«-8a6», 
9a*4-24a»6+10a«6«-8a6H6*. 
db(3a«-|-4a6-6«). 

2a-6  3a  +  26 


a  — 


ac 


or  — 


6c 
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29. 


3m  — 2a     4a-Gm     2 
2^  4a^-m^ 


X, 


3m  — 2a     3m-2a 

2a:' -4a'  +  m'  =  3maj— 2a.T, 
2a^  +  (2a  -  3m)a;  =  ^a^  -  m\ 
16jc*  4-  (  )  +  (2a  -  3m)'  =  (SOa'  -  12am  +  m*). 
4a?  +  (2a  —  3m)  =  ±  (6a  —  m), 

4aj  =  —  8a  +  4m  or  4a  +  2m. 


a;  =  m  —  iiaora  +  — • 


30. 

(a +  6)'      K/       1.x  .  25a6 
6aj  +  ^^^-^i^-^=5(a-o)+  — — 

X  ox 

36a:'  +  6(a  +  6)'  =  30a;(a  -  6)  +  25ai, 
36 a*  -  30a;  (a  -  6)  =  25ai  -  6  (a  +  6)', 

ofi^     /\.25,       ,x,     a«  +  2a6  \  6' 
36a«-()  +  — (a-6)'  = J ' 

6aj--(a-6)  =  ±-Y"' 

6^^  6a -45^^40-66. 

...,  =  30-26^^^20-36. 
6  6 

31. 

f  (a«  +  a'  +  a6)  =  4a:(20a  4-  46). 
Sx*  +  8a'  4-  8a6  ^  zOoa;  +  46a;, 
8a;' -  (20a  +  46)a;  =  -  8a' -  8a6, 
16a:'  -  2(20a  +  46)a;  =  -  16a'  -  16a6, 
lea;*-  ( )  +  (5a  +  6)'  =  9o'  -  6a6  +  6'. 
4a;  -  (5a  4- 6)  =  ±  (3a -6), 

4a;  =  (5a  4- 6)  ±  (3a -6). 

.•.  a;==2a  or  — ^- 

32. 

a^  _  (5  _  a)  c  =  oar  —  6a;  4-  ca:. 
a^  4-  6a;  —  oa;  —  ca;  =  (6  —  a)  c, 
a:'4-(6-a-c)a;  =  (6-a)c, 
43;*  4-  (  )  4-  (6  -  a  -  c)«  =  a'4-  6'4-c'-2a6-2ac4-26c, 
2a;  4-  (6  —  a  -  c)  =  ±  (a  —  6  —  c), 
2a;  =  2a  — 26  or  2c. 
.*.  aj  =  a  -  6  or  c. 
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a*  — 2mx 


84. 

a*  -{m  +  n)a5  =  t(j)  +  5  +  w  +  n)(p  +  g-m— n). 
43:*  -  4(m  +  njx  =  (p  +  y +  m4- n)(|J  +  9— m— nX 
4a:»-(  )  +  {m-\-nf^p^  +  2pq  f  9', 
2x  -  (tA  +  n)  =  i:  (p  +  9), 

2a;  =  m+  n±(p  + j). 

2 


85. 

tnnx*— (m+n)(mn+l)ar+(m+n)*  =  0. 

wiTix* — (m*n  +  mn'  +  m  +  n)aj  =  —  m'  —  2mn  —  n* 

4  m^n^s^  —  4  mn  (m*n  +  mw' +wi4-w)aJ  =  — 4  m*»  —  8  w*n*  —  4  rnn', 

4  m'n'x* — ()  +  (w**n  +  mn^  +  m  4-  n)*  =  m*n^ +2  m'n'— 2  m*n— 4  »i*n' 

+m*n*— 2  mn'  +wi' +2  ??in+n', 

2mnx  —  (mhi  +  ?»n*  +  m  +  n)  =  ±(m*n  +  mn^  —  m  —  n), 

2mnx  —  2m*n  +  2mn'  or  2m  +  2n. 

m  +  ti 


a;  =  m  +  n  or 


fATl 


So. 


2h-x-2a     46-7a 

6a;  ojc  —  6a? 

4a6-aa;-2a'-26»  +  6a;  +  46«-7a6 

3^  —  Sax—bx 

a*-(3a  +  6)x 

4a:'-4(3a+6)a; 

4aj«-()+{3a  +  6)« 

20? -(3a +  6) 

2x 


gg  — 4a 

a6  -  6«' 

a;*  — 4aaj, 

26«-3a6-2a«. 

26»-3a6-2a«, 

86*-12a6-8a«, 

a«-6a6  +  96«, 

±(a-36). 

4a -26  or  2a +  46. 

2a-  6  or  a +  26. 
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37. 

23?{a?  -  ¥)  -  (3a'  +  b')(x  -  1)  =  (36»  +  a«)(.T  +  1). 

2a»(a'-  b^) -  3a*a; -  6*aj  +  3a'  +  6*  =  36«a;  +  a«a;  +  36*  +  a«, 

2a^(a' -  6')  -  4a'a;  -  46«aj  =  26«  -  2a'. 

Divide  by  2,  a:*  (a' -  6*)  -  2  (a' +  6')  a;  =  6' -  a', 

«' (a'  -  5')'  -  2(a*  -  b*)x  =  (6'  -  a'Xa'  -  6«). 

oj'Ca'  -  &2)*  -  ()  +  (a'  +  6')'  =  4a'6'. 

a;(a»-6')-(a»  +  6')  =  ±2a6. 

a;(a'  -  6')  =  (a  +  6)'  or  (a  -  6)«. 

a  +  6      a~6 
.*.  a;  =  — —;  or -• 

a— 0      a+b 

38. 

a  —  2b  -X       bb  —  x       2a  — a;— 196     ^v 

a*  —  4 h^       ax  ■\-  2bx  2bx  —  ax 

a  —  2b—x 56  — a;    _  2a  —  a;  —  196  _  ^ 

(a-26)(a  +  26)     (a  +  2  6)a;        (a-26)a;     ~    * 

oa;  ~  26x  -  a;'  -  5a6  +  aa;  +  106*  -  26x  -  2a« 

+  ax+  15a6  +  26a?  +  386'  =  0. 

3aa;  -  26aj  -  a:*  +  10a6  +  486'  -  2a'  =  0. 

a'  -  (3a  -  26)a:  =  -  2a'  +  10a6  +  486', 

4a^»  -  ( )  +  (3a  -  26)'  =  a»  +  28a6  +  196 6^ 

2a;-(3a-26)  =  ±(a+  146), 

2a;  =  4a+  126  or  2a -166 

.'.  a;  =  2a +  66  or  a  — 86. 

39. 

a?+13a  +  36     ^      a -26 

5a  —  36  —  a;  a; +26 

»'  +  13aa;+  56aj  +  26a6  +  66' 

-  5aa;  +  56a;  +  a:*  +  66'  -  10a6  =  5a«  -  13a6 -  aa;  +  66'  +  26a;, 

2x'  +  (9a  +  86)a;  =  5a'-29a6  -66', 

16t'  +  8(9a  +  8  6)a;  =  40a' -  232a6  -  48 6^ 

16a;'  +(  )+  (9a  +  86)'  =  121a'  -  88a6  +  166', 

4a?  +  (9a  +  86)  =  ±(lla-46), 

4a;  =  2a  - 126  or  -  (20a  +  46). 

.%a?-^-36or-(5a  +  6). 
2  ' 
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40. 

x  +  Sb 36 0  4-35 

8a«-12a6     96«-4a'     (2a+36)(a;-36) 


=  0. 


(2a  +  36)2x»  ■\-'l2abx  =  8a»  +  I2a«6  +  ISab*  +  27 6», 

4(2a  +  Sbyx"  +  (  )  +  (12a6)'  =  G4a*  +  192a»6  +  432a«6' 

+  432a6»  +  3246*, 

2(2a  +  36)a?  +  12a6  =  ±  (8a'  +  12a6  + 186«), 

(2a  +  3h)x  =  4a»  +  96«  or  ~(4a«  +  12a6  +  96«) 

...  a:  =  i^L±l^  or  -(2a  +  36). 
2a+36  ^  ' 


41. 

no?  +pir  — prr*  —  mrr  +  m  —  n  =  0. 

Tia:^  —  px*  +  px  —  mx  —  n  —  tti, 
x^{n—p)-\-x{p  —  m)  =  n  —  m, 
4ar*(n  —  p)*  +  (  )  +  (p  —  m)'  =  4n*-4mn-4/>n+4pwi+/)'-2pm+m^ 
2af(n— p)  +  (j>  — m)  =  ±(2n— p  — m), 

2a:(n— p)  =  m— j)  +  2n  — p  —  m, 

or  m  —  p  —  2n  4- ^  +  w. 

.*.  a?  =  1  or 


42. 

(a  +  6  +  c)ic'  —  (2a  +  6  +  c)a;  +  a  =  0. 

(a  +  6  +  c)a;*  —  (2a  +  b  +  c)x  =  —  a, 
4a^(a  +  6  +  c)»-()  +  (2a  +  6+c)«  =  6«  +  26c4-c», 
2aj(a  4  6  +  c)  -  (2a  +  6  +  c)  =  ±  (6  +  c), 

2a;(a  +  6 -f  c)  =  (2a  +  6  +  c)  ±  (6  +  c), 
2aj(a  +  6  +  c)  =  2a  +  26  +  2c  or  2a. 

••.  oj  «=  1  or ^ . 

a-f-6  +  c 


:n^ 


teachers'  edition.  315 


43. 


(ax  —  6)(c  —  d)  =  (a  —  b)(cx  —  d)  x. 

acx  —  be—  adx  -\-  bd=  acx^  —  adx  —  bco^  +  bdx, 

bca?  —  ac3^  +  acx  —  bdx  =  bc  —  bd, 

{be  —  ac)x^  +  {ac  —  bd)x  =  bc  —  bd, 

4(bc  -  acfx^  +  ()  +  (ac  -  bdf  =  46V  -4a&c«  -46«c<i 

+  2a6cd[  +  aV  +  6*d^ 

2(6c  —  ac)af  +  {ae  —  bd)  =  ±  (26c  —  ac  —  bd\ 

2(6c  —  ae)x  =^  —  {ae  —  bd)  ±  (2bc  —  ac  —  bd\ 

—  ac-^bd+2bc  —  ac  —  bd 

2{bc  —  ac) 

—  ac  ■{- bd  —  2bc -\- ac -V  bd 
or   ' 

2{bc-ac) 

1       b(c-d) 
.'.  a?  »=  1  or  — ^ -{' 

e(a  —  6) 


44. 

2*4- 


g+l      1/1      2\_3a;+l 
6  a;\6     a/  a 

2a;  +  l      a-26_3a;  +  l 
b  abx  a 

2a^  -^  ax  —  a  +  2b  =  Sba^  -{■  bx, 

2asi^  —  Sbx*  ■\-  ax  —  bx  =  a  —  2b, 

a^{2a  -  3  6)  +  a;(a  -  6)  =  a  -  2b, 

4r»(2a-36)2  +  4a;(a-6)(2a4-36)  =  (4a-85)(2a~-35), 

^x" (2a  -  36)=^  +  (  )  +(a  -  bf  =  9a»  -  30a6  +  25 6^ 

2  0?  (2  a  -  3  6)  +  (a  -  6)  =  ±  (3  a  -  5  6), 

2a;(2a-36)  =  -a  +  6±(3a-56), 

2a; (2a -36)  =  2a -46  or  -4a +  65. 

a— 26  1 

...  x='— — =^  or  —1. 

2a-36 
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46. 


1  _      a  26a; -1-6 


2x*  +  x-l      2a!*-3a;  +  l      2bx  —  b      as?— a 

1 1 ^        a 2  6a; +  6 

(2j;-1)(j:  + 1)      (2x--l)(x-l)      6(2x~l)     a(x- l)(a;  +  1)* 

L.C.D.  =  a6(x-l)(a:  +  l)(2x-l). 
Simplify,      ahx  —  a6  f  ahx  -{-  ah  =  a^s?  —  a'  —  46'x*  +  6', 

2  ahx  =  a^x*  -  a«  -  4  6 V  +  6», 
4  h^x^  -  a«x»  +  2  ahx  =  h^-  a\ 


:(46« -_,._„      .,_.       „,, 
2x(46« -  a«)  =  46«-2a6-2a« 

or2a«-2a6-46», 

26«_a6-a«      a*-a6-26« 
X  = or • 

46»-a"  46«-a« 

6  —  a  b  -\-  a 

.*.  x  =  — :: or  — 


26-a  26  +  a 


Exercise  97. 

1.    (x  +  l)(x-2)(x»4-x-2)  =  0. 
(x  +  l)(x  -  2)(x  -  l)(x  +  2)  =  0. 

.-.  x  =  -l,  2,  1,-2. 

2.  (x«-3x+2)(x«-x-12)  =  0.      4  2x»  +  4x»- 70x-0 
(x-2)(x-l)(x-4)(x  +  3)  =  0.      *•          «    ,/„        olx    ~^' 

•  x-2  1  4      3  .2x(x«  +  2x-35)    =0. 

..x-Al,4.-d.  2x(x4-7)(x-5)  =  0: 

3.  (x  +  l)(x  —  2)  (x  +  3)  =  —  6.         which  is  satisfied  if     x  =  0, 

x»  +  2x«-5x-6  =  -6,  a.+  7^0, 

x'  +  2x*  — 5x  =  0.  ^^-f                       «.     K     n 

x(x«+2x-5)«0;  ^^^^                      a:-5-0. 

which  is  satisfied  if      x  =  0,  .  •.  x  =  0,  —  7,  5. 

or  if  x»  +  2x-5  =  0. 

Bysolving      x»4-2x-5«0,  5..  (x»-x-6)(x»-x-20)  =  0. 

X  =  - 1  ±  Ve.  (x-3)  (x+2)  (x-5)  (x+4)  =  0. 

...  x^O,  -1±V6.  .-.  x-3, -2,  5, -4. 
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6. 

x{x  +  l)(x  4-  2)  =  a{a  +  l)(a  +  2). 

ar»  +  3ar»  +  2x  =  o^  +  3a2  +  2a, 

ar»  +  3a;»  +  2a;-a»-3a«-2a  =  0, 

(x^  -  a")  +  (3r»  -  3a*)  +  {2a;  -  2a)  =  0, 

(oj" +  00; 4- a'')(a;  -  a)  +  (3a;  +  3a)  (a;-a)  +  2(a?-a)  =  0, 

(a;*  +  aa;  +  a'^  +  3a;  +  3a  4-  2) (a;  -  a)  =  0. 

.  •.  a;  —  a  =  0, 

and  a;  =  a. 

Or,  a;*  +  aa;  +  a*  +  3a;+3a  +  2  =  0. 

a;'+aa;  +  3a;  =  —  a*  —  3a  —  2, 
a;»  +  a;(a  +  3)  =  -  a*  -  3a  -  2, 
4a;''  +  (  )  +  (a  +  3)«  =  1  - 6a-3a^ 

2x  +  (a  +  3)  =  ±  Vl  -  6a  -  3a* 

...  a.  =  _£±3±jVi-6a-3a^. 


7.       aJi_a;2_a;  +  l  =  0.  10.  a^-l  =  0. 

(a;*  -  1) (a;  -  1  )  =  0,  (a;*  +  l)(a;8  -  1)  =  0, 

(a;  +  l)(a;-l)(a;-l)  =  0.  (a;  +  l)(a;*-a;  +  1) 


.*.  a;=  1,  1,  —  1. 


8.  8a;3_i_o 


(a;-l)(a;*  +  a;  +  l)  =  0, 
and  «  =  —  1, 1. 


'(2a;-l)(4a;*+2a;+l)  =  0".  ^ro^i     a^»-a;  +  l  =  0. 


From  the  first  factor, 


a:;*  — a;  =  —  1, 


a;  =  i.  4a--()  +  l  =  -3 


or        4a^»  +  2a;  =  -l.  2a;-l  =  ±V-3, 

16a;*  +  ()  +  l  =  -3,  ,                         1±V=3 

A        1           I — n  ana                  x  — • 

...  a;  =  J(-l±V^).  From     a;*4-a;  +  l=0, 

a;*  +  a;  -=  —  1, 

9.                   8ar»+l=0.  4a;*  +  ( )  +  1  = -3, 

(2a;+lX4a^'-2a;+l)  =  0.  2x  +  1  =  ±V^ 

From  the  first  factor,  ,                         -1  i  V^ 

,  and                  X  = ' 

a?  =  -  i,  2 

or        4a;*  — 2a;  =  — 1.  I+a/^ 

4a;*-2a;  =  -l,  .•.a;  =  l,  -1,  '-\       . 

16a;*-()  +  l  =  -3,  2 

40.-1  =  ±V=3  ^^^               r.i±>El. 

.-.  a;  =  Kl±>J^)-  2 
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11. 


12. 

If 

or  if 

by  solving, 


1.  a;«  +  7ar»  =  8. 

4x« +  0+49  =  81, 

2a;»  +  7  =  ±  9, 

2a:»=.-7±9, 

a:»  =  -  8  or  1. 
Since  a:»  =,  _  8^ 

JB»  +  8  =  0, 
or  (a;+2Xa:*-2a;+4)  =  0. 
Whence     a;  +  2  =  0, 
and  a;  =  —  2, 

or         a;*  —  2  a;  +  4  =  0. 
a;* -2a;  =  -4, 
x«-()  +  l  =  -3. 


a;(«-aXa!"-6')=-0. 
a;(«  -  aX»  +  bXx  -  6)  =-  0. 

.'.  s  »  0,  a,  ±  6. 

n(a^  +  l)  +  (a;  +  l)-0. 
(x  +  l)(na;«  -  naj  +  n  +  1)  -  0. 
(n  +  lX»  +  lX«*-«+l)-0. 

aj  +  l«0, 
x  =  —  l  i 
noi*  —  n«  +  n  +  l  =  0, 

'     2n 

Exercise  98. 
2. 


n*  — 4n. 


a;*-5a:»  +  4 

a*  — Sx* 

4a;*-()  +  25 

2x«-5 

2x» 

a:« 


3. 


/.  x  =  l±  y/^. 
Since  a*  =  1, 

a;»  -  1  =  0, 
or(a;-lXa;Ha;+l)  =  0. 
Whence     a;  —  1  =  0, 
and  a;=l, 

or  a*  +  a;  +  1  =  0, 

a;'  +  a?  =  —  1, 
4a»  +  ()  +  l  =  -3, 

2a;  +  1  =  db  V^. 
.-.  aj=J(-UV=3). 
.-.  a;  =  -2,  1,  1±  V^s, 
and  H-  .1  ±  V'^). 


37a;«-9 

4a:*-37a;a 

64a;*-()  +  (37)2 

8a;»-37 

8a;» 

ar» 


4.  16a;8  = 

16a;8_i7a4, 

1024a*-()  +  (17)*  = 

32a;* -17  = 

32a;*  = 

ar*  = 

Since  a;*  = 

a;*—  1  = 

or(a;»+lXa;+lX£::l) 

/.  x  =  ±  V-  1,  - 

Since  i* 

or(a;»+JXaJ+J)(x-i) 

.'.  a;  =  db  V—  i,  - 
.'.  the  roots  are 

±  1,  ±  V 


=  0. 
--4, 

=  9. 
=  ±3, 

=  5±3, 

=  4  or  1. 

=  ±  2,  ±  1. 

=  4a;*. 
=  -9. 
=  1225, 
=  ±35, 
=  72  or  2, 
=  9  or  J. 
=  ±  3  or  ±  J. 

=  17a;*-l. 

=  1. 
=  225, 
=  ±15, 
=  32  or  2, 
=  1  or  A. 

~  -^1 
=  0, 
=  0. 

- 1,  or  1. 

=  A. 

=  0, 
=  0. 

• },  or  }. 


•« 


1,  ±  J,  ±  V^. 
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5.   32.c»0-33ar^  +  l=0. 

320^0- 33 ar^  =  -l, 
4096a;"-()  +  (33)"  =  961. 
64a:S-33  =  ±31, 
64ajS  =  64or2, 
iB*  =  1  or  ^. 
.'.  oj  =  1  or  |. 

Other  roots  may  be  found  by 
methods  given  lauer. 


6.  (x«  -  2f 

aj*  — 4a!*  +  4 

4a:*-16x»4-16^ 
4a?*-17a;« 
64ar*-()  +  (17)« 

8a;V 


\{f  +  \2). 
a;»  +  12 

x*+12, 
-4. 
225, 
±15, 
2  or  32, 
i  or  4. 
±  J  or  ±  2. 


7.  o*"- 


5a:2»     25 


=  0. 


3         12 

12x*»»-20a;2»-25  =  0, 

12ar*«-20a;2«_25, 

36aj*»- 0  +  25  =  100, 
6a:2n_5_±10, 

6a:2*=15or-5, 

OjSn  =  5  Qj. 
Sn 


.'.  a;=  Vf  or  V— | 


8. 


(a;»  -  9)« 

a,-*-18a:»4-81 

ar*-29a^» 

4a:*-()  +  (29)a 

2a:»-29 


X 


a  _ 


3+ll(ar«-2). 

lla;»-19, 

-100, 

441, 

±21. 

25  or  4. 

±  5  or  ±  2. 


9. 


a*  +  14aJ»  +  24  =  0. 
aJ«  +  14ar»--24, 

a*  +  ( )  +  49  =  25, 
ar*  +  7  =  ±  5, 
ar>  = -2  or 

.-.a;  =^5^  or  y/^T2. 


10.  19a;*  +  216a;T  = 
216a;^  +  19aj*-a?  = 
a;(216a*+19ar»-l)  = 
a;(27ar^-l)(8a;*+l)  = 

a?(3a;-lX9a;'-'+3a;+l) 
(2a:+l)(4a:2-2a;+])  = 

From 

9a:»  +  3a;  +  l  = 

9a;2  4-3a;  = 

9a;«  +  ( )  +  i  = 

3a;  +  i  = 

3a;  = 


X. 

0, 
0, 
0, 

0. 
0, 

-1. 

-i 

±iV=^3^ 

-J±jV-3. 

i(-l±V=3). 


From 

4ai»-2a;  +  l  =  0, 

4a;»-2a;  =  -l, 
4x«-2a;  + J  =  -|,  

2a;-}  =  ±jV-^ 

2a;  =  J±iV-3. 


.'.  roots  are  0,  J,  - 
i(-l±Vr3), 


}(l±V-3). 

■J. 
i(l±\/^> 


11.  a;8  +  22a?*  +  21  =  0. 

3^  +  22a;*  =  -  21, 
a*  +  (  )  +  121  =  100, 
a;*  +  11  =  ±  10, 

a;*  = -lor- 21. 

.'.  a;  =  ±V— 1 

or±\/^2r. 

That  is,  the  roots  are  imaginary. 


12.    a;2m^3aj«_4 

4.r2«  +  12a;"»-16 

4a,-2»  +  ()  +  (3)'^ 

2a*»  +  3 

12.  2a?» 


=  0. 


x  = 


0. 

25, 

±5. 

2  or  -  8. 

1  or  v^ 
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13. 

4  j^  -  20jb*  +  23  a;*  +  5af  =  6. 
4a;*-20j:*  +  23it»+5af-6-0. 

4y» -  20a:»  +  23x*  +  5« - 6l2^-5«-i 
4x*  ' 


4i«-5x 


-  20.t*  +  23x« 

-  20j:»  +  25x» 


4a;»-10x-i 


-2x«  +  5«-6 
-2j*  +  5g4-  ^ 


y 


If  ^  were  added  to  both  members  the  square  would  be  complete, 
and  the  equation  would  read 

4ar*  -  20a;"  +  23  «*  +  5ar  +  J  =  y. 
Extract  the  root,        2.r*  —  5a:  —  J  =  ±f, 

2x'-5x  =  3or-2, 
16aj«-()  +  25-49or9, 

4a:-5=.±  7' or  ±3, 

4x=12,  or-2,  or8,  or2. 
•  '•  a;  =  3,  —  2*  A  I* 

14. 

JL  +  A  _  20  =  0. 

1  +  3j«  -20x**  =  0, 
20.i-2«-3.r»=l, 
1600^-2" -()  4-9==  89. 

40a;«-3^f\/89. 

15. 

a^  _  4  jB«  - 10  »«  +  28  X  - 15  =  0. 
Extract  root  of  left  side, 

a^-4a:S_iQaJ^28g~15ix'-2g-7 
ar* 


2x»-2x 


-4a:»-10a:« 
-4ar»  +  10a;« 


2x»-4x  -7 


-14x2  +  28x^15 
-14x*  +  28x  +  49 


-64 


Add  64  to  both  sides  to  complete  the  square, 

x*-4x»-10x«  +  28x  +  49  =  64. 
Extract  the  root,  x*  —  2x  —  7  =  ±8, 

x'-2x=15or-l, 
4x*-()+4  =  64or0, 
2x-2  =  ±8or±0, 
2x=10, -6,  2,  2. 
.%  x  =  5,  —  3,  1,  1. 
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16. 

ar*  _  2x»  -  13a^  +  Uaj  =  -  24. 
Extract  root  of  left  side, 

oj* -  2ar» -  13ic»  +  14a;  +  24|a;»--a?-7 


a?* 


2aj>-4 


-2r»-13a» 

-23?+       s? 


-14x2  + 14a; +  24 
-14a;2  +  14a;  +  49 


-25 

Add  25  to  both  sides  to  complete  the  square, 

a:*  _  2ar>  -  13a»  +  14a;  +  49  =  25. 

Extract  the  root,  a;'  —  a;  —  7  =  ±5, 

ai»  -  a;  =  12  or  2, 
4iB»_()  +  1^49or9, 
2a;-l  =  ±7or  ±3. 
.-.  a;  =  4, -3,  2,  -1. 

17. 

108  a;*  =  20  a;  (9a;«  -  1)  -  51  a;»  +  7. 
108a;*-  lOSa;*  +  51a;»  +  20a;  =  7. 

Multiply  by  12,  and  add  16  to  both  sides, 

1296a;*-  2160a;'  +  612a;2  +  240a;  +  16  =  100. 

1296a;*-  2160 a;*  +  612a;*  +  240a;  +  16|36a;2 -30a;-4 
1296  a;* 


72a;" -30a; 


-  2160  a!»  +  612a? 

-  2160ar>  +  900a;> 


72a;»-60a;-4 


-288a;»  +  240a;  +  16 
-288a;»  +  240a;  +  16 


36a;»-30a?-4  =  ±10, 

36a;»-30a;=14or-6, 
144a;>-()+25  =  81orl, 

12a;-5  =  db9or±l, 
12a;-14, -4,6,  4. 

'''   X  ='  1^,  -y,  J,  J. 

18. 

(a;»  -  l)(a;«  -  2)  +  (a;«  -  3)(x»  -  4)  =  a;*  +  5. 
Simplify,  a:*-3a;«  +  2+a;*-7a^»  +  12  =  a;*  +  5. 
Transpose  and  combine,  a;* — 10  a;*  =  —  9. 

16. 

±4, 

9orl. 

i:  3  or  ^  1. 


Complete  the  square,    i* — ( )  +  25 
Extract  the  root,  a? —  5 


a? 

a    9   X 
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Exercise  99. 
1. 


afi  -  3af «  6Vaj«-3a;-3 
Add  —  3  to  both  Bides, 

(x»-3«-3)-6(a!«-3»- 
(aJ_3a;~3)-() 

(aj«-3»-3)* 

(aJ_3x- 

a:»-3x 

4*«-() 
2a; 


+  2-0. 


3)* 

+  9 

-3 

3)* 
-3 
-Zx 
+  9 
-3 

2x> 

\   X' 


-5. 

4, 

'  5  or  1, 

25  or  1, 
.  28  or  4, 

121  or  25, 

i:  11  or  i:  5, 

14,  -  8,  8,  -  2. 
7,-4,4,-1. 
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2. 


X      3?      36 

Subtract  2  from  lx^-\ — Y  and  from  — • 

V        x^y  36 

(-4)'-'(-4)-i 


(-9 


■+()  +  9-f. 
+  3-4 


{-:) 


9^     2         5  ^^      13 
zx = or 1 

a:         3  3 

%a?^Q 5a;or-13aj, 

6a;*  +  5a;  =6, 
\^3?  +  ( )  +  25  =  169, 
12a;  +  5  =  ±  13. 
.'.  a;  =  f  or  —  IJ. 

From  Qa?-^ 13a?, 

6a;»  +  13a;  =  6, 

144a;» +  0  +  169  =  313. 

12a;  +  13  =  ±\/313. 

.-.  a;  =  A(-13±V313). 


3. 

(2ar»  -  3a;)«  -  2(2ar» -  3a;)  =  15. 
(2ar»-3a;)«-()  +  l  =  16, 
(2a;«-3a;)-l  =  ±4, 

2a,'«-3a;  =  5or-3, 
16a;2-()  +  9  =  49or-15, 


4aj  -  3  =  db  7  or  ^V-TTS. 
4a;  =  10, -4.  3j:V^Il5. 
.•.aj-2J, -1,  J(3±V-16). 
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4. 

4 

^ax  -  bf-k-Uaiax-b)  -  9a«. 

4(aa:  -  6)'  +  (  )+  16a«  -  25a\ 

2  (a*  —  6)  +  4  a  =»  ±  6  a, 

2(ax  —  6)  =  a  or  —  9a, 

2aa;  =  a  +  26or26-9a. 

.  •     a  +  26_26-9a 
.'.  x  -■  — - —  or  > 

2a  2a 

5. 

3(2x«-«)-(2«»-x)4  =  2. 

36(2x»-a:)-(Ul-25, 
6(2a:»-x)*-l=±5. 
6(2K»-x)4  =  6or-4, 
(2x»-.t;*=  lor -I, 

2a:»  — a;  =  1  or  f, 
16x»-8a;  =  8or  V. 

16«»-()  +  l  =  9orV. 

4a;-l'=±3or±jV41. 

.•.a?-l.-iJ(l±iV41> 

6. 

15aj  -  Sjb*  +  4(a^  -6aj  +  5)4  =  16. 

Change  signs  and  add  15  to  both  sides, 

(3  a»  - 1 5  a;  +  1 5)  -  4  (a;«  -  5  a;  +  5)  4  -  -  1 , 
3(x*-5a;  +  5)-4(a^-5a;  +  5)4  =  -l, 
36(aj»--5a;  +  5)-()  +  16  =  4, 

6(a;«-5x  +  5)4  =  6or2, 

(x»-5a;  +  5)4  =  lor  J, 

OJ*  — 5a; +  5  —  1  or  J, 

aj«  —  6aj  =  —  4  or  —  4f , 
4aj«-()  +  25-9or  V, 
2aj  — 5  =  ±3  or  ±|. 

.•.«  =  4,  i.aj.ij. 
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7. 

X*  +  a;"'  +  a;  +  x'^  =»  4. 

4(a:  +  iy+()  +  l  =  25. 
Extract  the  root,  2  f  re  +  -  J  =  4  or  -  6, 

a;  +  -  =  2  or  —3, 

X 

a^  ■^l  =  2x  or  —Sx. 

For  first  value,  a;'^  -i- 1  =  2a;, 

x»-2a;  =  -l, 
a;2-2a;  +  l=0, 
a?  -  1  =  0. 

For  second  value,  a;'*  +  1  =  —  3x, 

a;^  +  3  a;  =  —  1, 
4a;2  +  ()  +  9  =  5, 

2a;  +  3  =  ±\/5. 

.-.  ar  =  i(-3±V5). 

8. 


a;2+Va;=»-7  =  19. 
Subtract  7  from  each  side, 

(ar*  -  7)  +  (a;2  -  7)i  =  12, 
4(a;2-7)  +  ()  +  l  =  49, 
2(ar»-7)^  +  l  =  ±7, 

2(a;2-7)i  =  6or-8, 
(ar»_7)i  =  3or-4, 
a^a  -  7  =  9  or  16, 
a^  =  16  or  23. 
.%  a;  =  i4or+\/23. 
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9. 

144(j»  +  ar)  +  (^  + 1-169, 
12(j^  +  a:)*  +  l-±13, 

(x»  +  a;)*  =  l  or-}, 
(«»  +  «)-loriJ. 
4a*+4a:  +  l-6or  J^^, 

2aj  +  1  -  iVS  or  i:  J  >/68. 
.-.  a;  =  }(-l±V5)orJ(-l±Jv^> 

10. 

(aj  +  l)*  + («-!)*  =  5. 
Squaring.     «  +  l +2(a:»- l)*  +  ar-l  =  26, 

2(a:«-l)i  =  25-2a:, 

4aj«-4  =  625-100a:  +  4a!«, 
lOOx  =  629. 

11. 

»-l=»2  +  2a;-4 

a;-l  =  2+-^. 

a;* 
re*- 2  =  3a:*, 
a^-3x*  =  2. 
Squaring,  x^-Gx'  +  dx^i, 

a:»-6x*  +  9a;-4  =  0, 

(a;-l)(a:»-5a;  +  4)  =  0. 

.•.  (x -- 1)  or  (a:«  -  5a;  4- 4)  =  0. 

I^  (a:-l)  =  0, 

a?=l. 
I^  ar»-5a;  +  4  =  0, 

a;'  — 5ar  =  — 4, 
4a:2_20a;  =  -16, 
4x2 -20  a; +  25  =  9, 
2x-5  =  ±3, 
2x  =  8or2. 
X  =«  4  or  1. 
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12. 
V3aT5  -V3a;-5  =  4. 


V3x  +  6  -V3a;-5  +  4,  

(3a;  +  5)  =  (3a; -5)  +  8V3.T-5  + 16, 
6  =  8\/3«^, 
36=  192a; -320. 
-  192x  =  -  366. 

.•.«  =  !«. 

13. 

(a;*  +  l)-a;(a;»  +  l)=-2a!«. 
Transpose,  a;*  +  2a;»  +  1  -  xlx^  +  1)  =  0, 

(a;»  +  l)«-a;(a:«  +  l)  =  0. 
Multiply  by  4,  and  complete  the  square, 

(ai»  +  1)*  -  (  )  +  a;«  -  a;«. 
Extract  the  root,  2(a;*  +  1)  -  a;  =  ±  a;, 

2a;»  +  2  =  2a;  or  0. 
For  first  value,  2a;*  -  2a;  =»  -  2. 

Multiply  by  2,  and  complete  thft  square, 

4jt«_()  +  l  =  _3. 
Extract  the  root,  S^a^  —  1  =  ±'\/—^. 


.-.  a;=  J(l  ±V^). 
For  second  value,  2a^  =  —  2, 

x»  =  -l. 
.%  x  =  ±V^^. 

14. 

23;*  -  2V2ai»-5a;  =  5(a;  +  3). 

2a;«  -  5x-  -  2V2a;«-5a;  =  15, 
(2a;«  -  5a;)  -  2(2a;»  -  5a;)4  +  1  =  16, 
(2a;»-5x)4-l  =  ±4. 
(2a:»-5x)*  =  5or-3, 
2a;»-5x  =  25or  9, 
16a;*-() +  25  =  225  or  97, 

4a;  — 5  =  ±15  or  ±\/97,  _ 

4x  =  20,  -10,  (5  +  V97),  (5-\/97), 
«  =  5,  -2i,  J  (5+  \/97),  i  (5-  V97) 


•  • 
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16. 

Complete  the  square, 

{.T  ♦  2)  -  4xVxTl  +  4x*  = 
Vx  f  2-  2xj- 

Vx~i2  = 

^  a?  +  2  = 

r)l«4a:«-141x  = 
5l84x»-()  +  l  = 
1  = 

72x  = 


Also, 


y2x 


o 


4x'  —  X  = 

64x«-ir>x  = 

64x»-()+  1- 

8x-l  = 


12«». 
16x*. 

i:4x, 

Ox  or  —  2«, 
3(5  x»  or  4x*. 

2. 

2^<S, 

2.S9, 

±17. 

18  or -16. 

J  or  -  }. 

4x». 

2. 

32. 

33, 

±v/33.  _ 

i(liV33). 


16. 


V2.C  f  a  f  V2x  -  a  =  6. 
2x  +  a  +  2\/4.t'^  -  a^  +  2x  -  a  =  &», 


2>/4x«-a'»  =  6»-4x. 
10x«  -  4a«  =  6*  -  8&«x  +  16x", 

8^;*x  =  4a«  +  6*. 
4a»  +  M 


x  = 


86« 


17. 

V9a'  +  21x  +  1  -  V9x'-'  +  ()x  +  1  =  3x. 

9x«  +  21x  +  l-2\/81.T^  +  243.x'«4-144x^  +  27x-Hl+9x«-f-6x  +  l=9a'. 

2\/81x*+  243x»  +  144x«  +  27x  +  1  =  9x«  +  27x  +  2, 
324x*  +  972x»  +  576x2  +  108x  +  4  =  81x*  +  729x*  +  4  +486x» 

243 X*  +  486x»-  189x»  =  0,  +  ^^^  "*"  ^^^^' 

27x»(9x«+18x-7)  =  0. 

.  •.  X  =  0. 
l).x*''4-18x  =  7, 
9x^4- 0  +  9  =  16, 
3»  +  3  =  ±4, 
3x  =  lor-7. 
.•.»  =  }  or  —  2J, 


Or, 
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ajl  _  4ajl  +  3.-1 4. 4a.-l  =:  _  j^ 

(•'*7.)-H4)-'- 

Since  x^-2  +  —  =  lx^ J . 

('•-7.)'-H-'-a-* 

(^-i)-2-.,. 

(-'-71)-'""* 

2a;*-2  =  3x'or5a;', 

2a;* -3a*  =  2, 

16a;*- 0  +  9  =  25, 

4a;»-3  =  ±5, 

4a;' =  8  or  -2, 

a;i  =  2  or  -  J, 

a**  =»  8  or  —  J. 

.-.  x=±2\/2or  dbj\/^. 

Also,  2a;* -2  =  5a;' 

2a;*-5a;'  =  2, 

16a;*  -0  +  25-41, 

4x^-5  =  ±VU, 

a;'  =  }(5±\/41). 

.r,iS=[J(5±V4T)]». 
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19. 

VxTl  +  V«  +  16 


X  +  1  +  2Vx*  +  17x  +  1(3  +  «  +  16 

2Vj:»+17«  +  16 

4x»  +  G8a:  +  64 

3x*  +  84x 

x*  +  28x 

x(a;  +  28) 

.'.  a; 

20. 

•\/2T+T-  Vx  +  4 
2«  +  1  -  2v'2xM-9x  +  4  +  a:  +  4 

27x  +  45  -  18V2x»  +  9«  +  4 

18\/2x»  +  9x  +  4 

9V2x»  +  9x  +  4 

162x»  +  729x  +  324 

-7x»+105x 

x»-16x 

4a:«_()  +  225 

2x-15 

.'.  x=» 

21. 

\/x  +  3  +  Va:  +  8  = 
X  +  3  +  2Vx>  +  llx  +  24  +  X  +  8  = 

2\/x2  +  llx  +  24  = 

4x'  +  44x  +  96  = 

525x«-550x  = 

21x«-22x  = 

1764x» -0  +  484  = 

42x-22  = 

.-.  x  = 


VxT25. 

x  +  25, 

8-x, 

64-16x  +  x«, 

0. 

0. 

0. 

Oor-28. 


lVx-3. 
x-3 
"T' 
x~3, 

26X  +  48. 

13X  +  24. 

169x»  +  624x  +  676. 

252. 

-36,  • 

81. 

±9. 

12  or  3. 


SVx. 

25  X, 

23X-11. 

529x»-506x  +  121, 

-25. 

-1. 
400. 
±20. 
1  or  ^. 


1 
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22. 

V3  +a;+\/x  = 


VsTx 

Clear  of  fractions,     3  +  a?  +  VS  x  +  a""*  =  6, 

VSa;  +  a;*  =  3  -  .r, 
3a;  +  ic2_9_6a.^a^^ 

9a:  =9. 


23. 


16 


36a:«  -  36  =  289  -  34a;«  +  a^, 
ar*-70a;«  =  -325, 
a*-()  +  (35)»  =  900, 
a«  -  35  =  ±  30, 
a^  =  65  or  5, 
.',  X  =  ±V65  or  iVS. 

24. 

112 


V.r  +  1       Va;—  1       v^x^  —  1 

Va;— 1  +Va;  +  1  =  2, 

\/x^l  =  2-Va;  +  1, 
a;  — 1  =  4  -  4^3;  +  1  +  a;  +  1, 

2  V^Ti  =  3, 
4a: +  4  =  9. 
.'.  a:=  1}. 

25. 

y/x  +  2a  — Va;  — 2a_  a: 
Va:-2a+Vj:  +  2a      2a 

2ay/x  +  2a  —  2a  Va:  —  2a  =  xVx  —  2a  +  a:  Va;  +  2a, 
(2a  —  a;)Va;  +  2a  =  (2a  +  a;)Va;  — 2  a, 
(4a'  -  4aa:  +  a:2)(a;  +  2a)  =  (4a«  +  4aa;  +  3^){x-  2a) 
a?  -  2aa;»  -  4a*a;  +  8 a»  =  a:»  +  2aar^  -  4a'a;  -  8a», 

4aa;'  =  16a'. 
,\  x=  ±  2a. 
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86. 

3x-V'4x-x* 


3«+V4x-x* 

4ar  —  .t' 

2ar'  -4x- 

2x{x  -  2) 


Gx  -  2V4x  — aj«, 

a?, 

a'. 

0. 

0. 

Oor2. 


7. 


27. 

v/7.rM~4  -  2V3x-  I 

V7.i'  +  4  +  2>/3x^-  7V7PT4  -  iWSx^U 
16V3x-l=-- 


4(63.r)» 


8V3.T-  I- 

192.T-r>4  = 

r,3a:«-192a:  = 

()4(192)'  = 
12Ga;-iy2  = 


OVT.r'^  +  4, 
3  Vt'x*  +  4, 
63  X*  +  36, 
-100. 
11664, 
±108. 
2  A  or  f . 


28. 

V(x-af  +  2ab  +  b^ 
a»-2oa;+a»  +  2a&  +  6' 

26.T 
2x 


x  —  a  +  b. 

a^  +  a^  +  h^-2ax-2ab  +  2bx, 

4  aft, 

4  a. 

2  a. 


29. 


V{x-\-ay-\-2ab  +  b^  = 
a?  +  2aa;  +  a^  +  2a6  +  ft^  _ 

26x  = 


6  —  a  —  X. 

i«  +  a«+a:«-2a6  +  2ax-26a:. 

—  4a&. 

-2a. 
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30. 

VSx+SQ  +V3a;-36  ==y/Sx, 
3a;  +  36  +  2  V9^^^^96  +  3aj  -  36  =  8a?. 

2V9a:*-1296=:2aj, 
V9a>-1296«aj, 
da^  -  1296  =  aj«, 
a;»  =  162. 
.-.  a;  =  ±9V2. 

31. 

4a;*-  3(«*  +  l)(a;4  -  2)  =  a;*(10  -  3»*). 
4a;*  -  3a;  +  3a;*  +  6  =  10a;*  -  3a;, 

3a;*  =  6, 
9a;  =  36. 
•  •  a?  ^*  ^. 

32. 

(a;»  -  2)(a;^  -  4)  =  a;*(a;»  -  If  - 12. 
a-l  _  2a;*  -  4a;»  +  8  =  a;*  -  2a;*  +  a;*  -  12, 
5a;»  =  20, 

a;»  =  4. 
Raise  to  third  power,  a;*  =  64. 

.   .'.  a;  =  ±8. 


334  ALGEBRA. 


£XERCISE    100. 

1.  Tlie  sum  of  the  squares  of  three  consecntiye  numbers  is 
305.    Find  the  numbers. 

L<'t  a;  =  firet  number, 

«  +  !'='  Hccond  number, 
and  2  +  2  =«  tliird  number. 

.•.  x"  4  **  4  2a;  -I-  1  +  a:*  4  4  j:  f  4  =  365, 

3a-»  + 0x^360, 
a:*  +  2  J  =  120, 
a:>  +  (  )  +  1  =  121. 
a?  +  l  =  J:ll. 
.-.  x  =  10  or -12. 
Hence,  the  numbers  are  10,  11,  12. 

2.  Three  times  the  product  of    two  consecutive  nmnbers 
exceeds  four  times  their  sum  by  8.    Find  the  numbers. 

Let  X  =  first  number, 

and  a;  +  1  «=  second  number. 

3  a:*  +  3  a:  =  three  times  pcoduct, 

8  a;  +  4  =  four  times  sum. 

.-.  3a:»  +  3x-(8a:  +  4)  =  8, 

3x'-5x  =  12, 

36a;»-()  +  25  =  169, 

6x-5  =  ±  13, 

6a;  =18  or -8. 

.'.  a:  =  3  or  —J. 
Hence,  the  numbers  are  3,  4. 

3.  The  product  of  three  consecutive  numbers  is  equal  to  three 
times  the  middle  number.    Find  the  numbers. 

Let  z  a  first  number. 

Then  a?  +  1  =  second  number, 

and  X  +  2  =  third  number. 

.•.  x(x  +  l)(x  +  2)  =  3(x  + 1), 
x»+3x»  +  2x  =  3x  +  3, 
x»  +  3a^-aj-3  =  0, 
(x  +  l)(x-l)(x  +  3)  =  0. 

.-.  x  =  l, -1, -3. 
Hence,  the  numbers  are  1,  2,  3. 
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4.  A  boy  boaght  a  number  of  apples  for  16  cents.  Had  he 
boaght  4  more  for  the  same  money  he  would  have  paid  ^  of  a 
cent  less  for  each  apple.    How  many  did  he  buy? 

Let  X  =  number  of  apples  bought. 

16 
Then         —  =  number  of  cents  one  apple  costs, 

X 

Ifi 
and =  number  of  cents  one  apple  costs  when  he  gets 

^  +  ^         four  more. 

16        16    ^1 
'  '  X      a;  +  4     S' 
48a;+192-48a;  =  aj»  +  4a;, 
rr*  +  4a;  =  192, 
x«  +  ( )  +  4  =  196, 
a; +  2  =  ±14. 
.-.  aj  =  12or-16. 

Hence,  12  =  number  of  apples  bought. 


5.  For  building  108  rods  of  stone-wall,  G  days  less  would  have 
been  required  if  3  rods  more  a  day  had  been  built.  How  many 
rods  a  day  were  built? 

Let  X  =  number  of  rods  built  in  a  day, 

108 

—  =  number  of  days  in  which  the  whole  wall  was 

*  built, 

108 

=  number  of  days  it  would  have  taken  to  build 


*  +  3         the  whole  wall  if  3  rods  more  a  day  had 
been  built. 

Then  10§_J0i  =  6. 

X       X  +  3 

108x  +  324  -  108a;  =  6ar»  +  18a:, 

6a:«  +  18x  =  324, 

a:»  +  3a;  =  54, 

4a:»+()  + 9  =  225, 

2a;  +  3  =-  ±  15, 

2a;  =12  or -18. 

.•.  a;  =  6  or  —  9. 

Hence,  6  =  number  of  rods  built  in  a  day. 


336 


ALGEBRA. 


6.  A  merchant  bought  some  pieces  of  silk  for  $900.  Had  he 
bought  thriHS  pieces  more  for  tiic  same  money,  he  would  have 
paid  $  15  less  for  each  piece,    liow  many  did  he  buy? 

Let  X  -B  number  of  pieces  bought. 

900 
Thon       —  «  number  of  dollars  each  piece  cost, 

X 

900 
an«i  '     --  —  number  of  dollars  each  piece  would  have  cost 

•*•'  ^  ^         if  he  had  received  three  more  for  $900. 

Then  ^..^.^...15, 

X       «  +  3 

900x  +  2700  -  9(X)  J  =  15a:»  +  45a;, 

15j:*  +  45x  =  2700. 

a?*  +  3aj=180, 

4x»  +  ()  +  9  =  729, 

2x  +  3  =  ±  27. 

.  %  X  =  1 2  or  — 15. 

Hence,  12  =-  number  of  piecca  bought. 


7.  A  merchant  bought  some  pieces  of  cloth  for  $168.75.  He 
sold  the  cloth  for  $  12  a  piece,  and  gained  as  much  as  1  piece  cost 
hhn.     How  much  did  he  pay  for  each  piece? 

Let  X  =  number  of  pieces, 

12  X  =  number  of  dollars  received  for  all, 
168.75 


X 


Then 


=  number  of  dollars  paid  for  one  piece. 

12  X  —  168.75  «=  number  of  dollars  gained. 
•.  12x- 168.75 


168,75 


12x»-168.75x=  168.75. 

Multiply  by  J,  16x2  -  225  x  =  225, 
1024  x«  -  (  )  +  (225)*  =  65025, 
32x  -  225  =  ±  255,, 

32x  =  480  or  -  30. 
15 


.*.  x==  15  or  — 


16 


and 


168.75 
15 


=  11.25. 


Hence,  one  piece  cost  $11.25. 
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8.  Find  the  price  of  eggs  per  score  when  10  more  in  62J  cents' 
worth  lowers  the  price  31 J  cents  per  hundred. 

Let  X  =  number  of  eggs  at  62^  cents. 

62  5 
Then     — l-  =»  cost  of  one  egg  in  cents, 

X 

62  5 
and        '—-  =  cost  of  one  egg  in  cents,  if  he  had  received  ten 

0?  + 10         more. 

6250       6250       .-„  u     j     j 

.*. =  difference  in  price  per  hundred. 

a?        a: +  10  i         r 

.   6250       6250  ^125 
'  '     X        a;  + 10       4 

Divide  by  125,   52  _  _^  ^  1, 
^  a;      re +  10     4 

200aj  +  2000  -  200x  =  a:*  +  10a:, 
a;*  +  10  a;  =  2000, 
a«  +  (  )  +  25  =  2025, 
X  +  5  =  ±  45. 
.-.  a:  =  40. 

Hence,  one  eeg  cost  — '—  cents,  and  20  eces  cost  — '—  x  20 
°°  40  40 

=  31 J  cents. 

9.  The  area  of  a  square  may  be  doubled  by  increasing  its 
length  by  6  inches  and  its  breadth  by  4  inches.    Determine  its 

side. 

Let  X  =  Iho  side  of  the  square. 

(a;  +  4)(a;  +  6)  =  2a;2, 
a:*  +  10a;  +  24  =  2a;', 
3^  -  10.T;  =  24, 
»*-()  +  25  =  49, 
a;  -  5  =  ±  7. 
.•.  a?  =  12  or  —  2. 
HencOi  the  side  of  the  square  is  12  inches. 

10.  The  length  of  a  rectangular  field  exceeds  the  breadth  by  1 

yard,  and  the  area  is  3  acres.    Determine  its  dimensions. 

Let  X  =  number  of  yards  in  breadth, 

a;  +  1  =  number  of  yards  in  length, 
and  x{x  +  1)  =  number  of  square  yards  in  area. 

But  area  is  3  A,  or  14,520  square  yards. 

...  a;' +  a?  =  14,520. 
4x»  +  ( )  +  1  =  58,081, 
2a;  +  1  =  ±  241. 

.-.  a;  =120  or -121. 
Hence,  the  field  is  121  yards  long  by  120  broad. 
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11.  There  are  three  Hoes  of  which  two  are  each  ^  of  the  third, 
and  the  sum  of  the  squares  described  on  them  is  eqaal  to  a 
square  yard.    Determine  the  lengtlis  of  the  lines  in  inclies. 


Let 
and 


X  a  nnmber  of  inches  in  third  line. 


ix 


--r  »  number  of  inches  in  each  of  the  others. 
7 

Then  «•  + + =  the  sum  of  the  squares. 

1  square  yard  =  1296  square  inches. 

...aJ  + 1^  +  1?-^  =  1296. 
49        49 


81^ 
49 


=  1296. 


ir-±36. 

7 

.%  x  =  ±28. 
Hence,  the  lengths  are  IG,  16,  and  28  inches. 

12.  A  grass  plot  9  yards  long  and  6  yards  broad  has  a  path 
round  it.  The  area  of  the  path  Is  equal  to  that  of  the  plot. 
Determine  the  width  of  the  path. 


Let  X  =  number  of  yards  in  width  of  path. 

Then  (9  +  2a?)  2  +  6  X  2  =  entire  length  of  path  in  yards. 
Also,  [(9+2a;)  2+6x2]  a; 
or  (30  -\-4iX)x  =  area  of  path  in  square  yards, 

and  9x6  =  area  of  grass  plot  in  square  yards. 

But  area  of  path  equals  area  of  grass  plot. 

.-.  (30  +  4a;)a;  =  54. 
4«»  +  30a?»64, 
16a!»  + 0  +  226  =  441, 
4a; +  15  =  ±21. 
.*.  a;=  IJ  or  —  9. 
Hence,  the  width  of  the  path  is  1}  yards. 
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13.  Find  the  radius  of  a  circle  the  area  of  which  would  be 
doubled  by  increasing  its  radius  by  1  inch. 

Let  X  =  radius  of  circle, 

and  X  +  1  ==  radius  increased. 

The  ratio  of  the  circles  is  the  same  as  the  ratio  of  the  squares  on 
^^  radii.  ...  2o^  =  a;^  +  2a;  +  1, 

ar»-2a;=l, 
a;»-()  +  l  =  2, 

x-l  =  ±V2,_ 

2;-l±V2, 
a;  =  2.4142. 

14.  Divide  a  line  20  inches  long  into  two  parts  so  that  the 
rectangle  contained  by  the  whole  and  one  part  may  be  equal  to 
the  square  on  the  other  part. 

Let  X  =  one  part. 

Then  20  —  a;  =  the  other  part. 

.-.  20(20-a:)  =  a;2, 
400-20a;  =  x», 
x^  -I- 20a;  =  400, 
x'  +  {)  +  (10)2  _  500^ 

x  +  io  =  ±VEob, 

'  a;  =  -  10  ±  22.36, 

X  =  12.36. 

Hence,  one  part  is  12.36  inches,  and  the  other  is  7.64  inches. 

15.  A  can  do  some  work  in  9  hours  less  time  than  B  can  do  it, 

and  together  they  can  do  it  in  20  hours.     How  long  will  it  take 

each  alone  to  do  it? 

Let  a;  =  number  of  hours  it  takes  B. 

Then  x  —  9  =  number  of  hours  it  takes  A, 

and  -  =  part  B  could  do  in  1  nour. 

X 

=  part  A  could  do  in  1  hour. 

x-d     ^ 

.-.1+  '     1 


X     x-9     20 
20a;  -  180  +  20a;  =  x^  -  9a;, 
a;2-49a;  =  -180, 
4a;2  _()_,.  (49)2  =  1681, 

2a;-49  =  ±41, 
2a;  =  90  or  8. 
.'.  a;  =  45  or  4. 

Hence,  B  can  do  the  work  in  45  hours  and  A  in  36  hours. 


340  ALGEBRA. 


16.  A  vessel  which  has  two  pipes  can  be  filled  in  2  hours  less 
time  by  one  than  by  the  other,  and  by  both  together  in  2  hoars 
55  minutes.    How  long  will  it  take  each  pipe  alone  to  fill  the 

vessel? 

Let  X  =  number  of  hours  it  takes  first  pipe, 

a?  —  2  =  number  of  hours  it  takes  second  pipe. 
2  hours  55  minutes  equals  ff  hours. 

..,1  I      1         12 
''x     x-2     35 

35a:  -  70  +  35a;  =  12a»  -  24a;, 
12a;»-94a;  =  -70, 
144a;»-()  + (47)^=1369. 
Extract  the  root,        12  x  —  47  =  ±  37, 

12  a;  =  84  or  10. 
.•.  a;  =  7  or  J. 

Hence,  one  pipe  will  fill  it  in  7  hours,  the  other  in  5  hours. 

17.  A  vessel  which  has  two  pipes  can  be  filled  in  2  hours  less 
time  by  one  than  by  the  other,  and  by  both  together  in  1  hoar 
52  minutes  30  seconds.  How  long  will  it  take  each  pipe  alone  to 
fill  the  vessel? 

Let  X  =  number  of  hours  it  takes  first  pipe. 

Then       a;  +  2  =  number  of  hours  it  takes  second  pipe. 

-  =  part  first  pipe  fills  in  1  hour, 
a; 

and =  part  second  pipe  fills  in  1  hour. 

x  -\-  ^ 

1  hour  52  minutes  30  seconds  equals  ^^  hours. 

.1.1  8 

.  .  -  i =  —  .  I 

»     a;  +  2      15  I 

15a;  +  30  +  15a:  =  8ar»  +  16a;, 
8a;«-Ua:  =  30, 
64a;*  -  112  a;  =240,  ' 

.    ^^a;«--()  +  49  =  289, 
8a;-7  =  ±17, 

8a;  =  24  or -10. 
.*.  x  =  3or-li. 
Hence,  one  pipe  will  fill  it  ^^  3  ^^^^^^  ^he  other  in  5  hours. 

18.  An  iron  bar  weighs  3e  pounds.    If  it  had  been  1  foot 

longer,  ^^f ^^ J^^^^h^t  ^     J^  ^^'Shed  i  a  pound  less.    Find  the 
length  and  the  weight  per  foot,    "^        ^     ^ 
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Let 

X  =  number  of  feet  in  length. 

Then 

—  =  weight  in  pounds  per  foot, 

X 

and 

Of*          1 

=  weight  per  foot  if  it  had  been  1  foot  longer. 

X      2 

But 

Of* 

7  =  weight  per  foot  if  it  had  been  1  foot  longer. 

JC  +  l 

.36     1_    36 

' '  X      2     x+1 

72x  + 12 -x^-'X=72x, 

oj*  +  a;  =  72, 

4a:»  +  ( )  +  1  =  289, 

2a;  +  l  =  ±17. 

.  \  x  =  S  or  —  9, 

36      ,, 

X 

Hence, 

the  bar  is  8  feet  long,  and  weighs  4}  pounds  per  foot. 

19.  A  number  is  expressed  by  two  digits,  the  unit's  digit 
being  the  square  of  the  other,  and  when  54  is  added  its  digits 
are  interchanged.    Find  the  number. 

Let  ^  =  <iigit  in  tens'  place, 

Then  s?  —  digit  in  units'  place, 

lOjc  +  re'  =  number, 
and  lOa:^  +  a;  =  number  with  digits  reversed. 

.-.  ICr  +  a;2  +  54  =  lOa:*  +  a;, 
-9x2  + 9a;  =  -64, 
a;*  —  a;  =  6, 
4ar»-()  +  l  =  25, 
2a:- 1  =  ±5. 
•  •  a;  =^^^  o. 
Hence,  the  number  is  39. 

20.  Divide  35  into  two  parts  so  that  the  sum  of  the  two  frac- 
tions formed  by  dividing  each  part  by  the  otlier  may  be  2^2. 

Let  X  =  one  part. 

Then  35  —  a;  =  the  other  part. 

X      ,35 -a;     25 

35  — a?        X         12 
12x»  +  14700 -840a;  +  12a;«  =  875  a; -25a^ 
49  a;'' -1715  a;  =  -14700, 
a;2-35a:  =  -300, 
Ax^-{)+{35y  =  2o, 
2a;-35  =  ±5. 
.  •.  a;  =  20  or  15. 
Hence,  the  parts  are  20  and  15. 
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21.  A  boat's  crew  row  8^  miles  down  a  river  and  back  again 
in  1  hoar  40  minutes.  If  the  current  of  the  river  is  2  miles  per 
hour,  determine  their  rate  of  rowing  In  still  water. 

Let  X  =  rate  in  Btill  water, 

X  +  2  »  rate  down  stream. 
1  boar  40  minutes  equals  }  hours. 

-  -^  =  number  of  hours  going  down  stream, 

3J  4"  ^ 

— *—  =  number  of  hours  going  up  stream. 
7.75 


2(x  +  2)      2(a;-2)     3 

21x-42-f  2l2;  +  42  =  10a:»-40. 
10a:«-42a?  =  40, 
400a;*  -  (  )  +  (42)«  =  3364.  '' 
20x-42  =  ±68, 

20x  =  100or-16. 
.'.  a;  =  5  or  —  f. 

Hence,  the  rate  of  rowing  in  still  water  is  5  miles  an  hour. 

22.  A  detachment  from  an  army  was  marching  in  regular 
column  with  5  men  more  in  depth  than  in  front.  On  approach- 
ing the  enemy  the  front  was  Increased  by  846  men,  and  the  whole 
was  thus  drawn  up  in  5  lines.    Find  the  number  of  men. 

Let  X  =  number  of  men  in  front, 

and  a;  +  5  =  number  of  men  in  depth. 

Then  x*  +  6x  =  number  of  men  in  all. 

But  X  +  845  =  number  of  men  in  front, 

and  5  =  number  of  men  in  depth. 

THen  5x  +  4225  =  number  of  men  in  all. 

.'.  x«-f  5x  =  5x  +  4225, 
X*  =  4225. 
.•.  x  =  ±65. 

Hence,  the  whole  number  of  men  is  4550. 

23.  A  jockey  sold  a  horse  for  #  144,  and  gained  as  much  per 
cent  as  the  horse  cost.     What  did  the  horse  cost? 
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Let  X  —  number  of  dollars  the  horse  cost. 

Then  -^  =  gain  per  cent, 

100     ^       ^ 

-^  of  X  =  whole  gain, 
100  ^ 

and  X  H =  amount  received. 

100 

ar»  + 100  a;  =14400, 
a*  4-  (  )  +  2500  =  16900, 
X  +  50  =  ±  130. 
.-.  a?  =  80  or -180. 
Hence,  the  horse  cost  $80. 


24.  A  merchant  expended  a  certain  snm  of  money  in  goods, 
which  he  sold  again  for  $24,  and  lost  as  much  per  cent  as  the 
goods  cost  him.    How  much  did  he  pay  for  the  goods? 

Let  X  =  number  of  dollars  paid  for  goods. 

Then  —  =  per  cent  lost, 

100     ^  ^ 

and  —  of  X  =  whole  loss. 

100 

.-.a?-  —  =  24, 
100 

100  a;  -a^  =  2400, 
x^  -  lOOx  =  -  2400, 
«>-()  + (50/ =  100, 
x-50  =  ±10, 

a;  =  60  or  40. 
Hence,  the  goods  cost  either  $60  or  $40. 

25.  A  broker  bought  a  number  of  bank  shares  ($100  each), 
when  they  were  at  a  certain  i*ate  per  cent  discount^  for  $  7500 ; 
and  afterwards  when  they  were  at  the  same  rate  per  cent  pre- 
mium, sold  all  but  60  for  $  5000.  How  many  shares  did  he  buy, 
and  at  what  price? 
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Let  X  »  number  of  shares  bought, 

7500 

»  number  of  dollars  each  share 

*  cost, 

and  100 »  number  of  dollars  discount  on 

*  each  share. 
Then 

100-!^ 

100a: —  7500        *     *j-  . 

or =  rate  of  discount. 


100  lOOx 

Also,  z  —  60  =  number  of  shares  sold. 

5000 
Then  ;-  =  number  of  dollars  received  for 

rQQQ*  ~  ^         each  share, 

and  -^ 100  =»  number  of  dollars  premium  on 

rnAA  oj—  60  each  share. 

'"^^  -100 


g-60  11000 -lOOx         ,  ^  ,    . 

,,,,,         or -  =  rate  per  cent  of  premium. 

100  100  a; -6000  ^  ^ 

But  rate  per  cent  discount  was  equal  to  rate  per  cent  premimn. 

.  100  a;  -  7500  _  11000 -100  a; 

lOOai  100  a; -6000* 

a»  -  135  a;  +  4500  =  110a;  -  a;». 

2a;»-245x  =  -4500. 
16  a:«  -  (  )  +  (245)«  =  24025. 
Extract  the  root,     4  x  —  245  =  ±  155, 

4x  =  400or90. 
.-.  a;  =  100  or  22}. 

Hence,  the  broker  bought  100  shares  at  75. 

26.  The  thickness  of  a  rectangular  solid  is  }  of  its  width,  and 
its  length  is  equal  to  the  sum  of  its  width  and  thickness ;  also, 
the  number  of  cubic  yards  in  its  volume  added  to  the  number  of 
linear  yards  in  its  edges  is  f  of  the  number  of  square  yards  in  its 
surface.    Determine  its  dimensions. 

Let  3  a;  =  number  of  yards  in  width, 

2  a;  =  number  of  yards  in  thickness, 
and                                        5  a;  =  number  of  yards  in  length. 

30a;»  +  40a;  =  f(62a;2), 
90ar»--310a;2  =  -120a;. 
Divide  by  10 a:,      9ar»-31a;  =  -12, 

3  a;  =  9  or  ♦. 
.  •.  a;  ==  3  or  |. 

Hence,  the  dimensions  are  15  x  9  x  6  yards. 
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27.  If  a  carriage-wheel  16J  feet  round  took  1  second  more  to 
retolve,  the  rate  of  the  carriage  per  hour  would  be  1 J  miles  less. 
At  what  rate  is  the  carriage  travelling? 

Let  X  =  number  of  seconds  it  takes  the  wheel  to 

revolve, 

=  number  of  revolutions  it  makes  per  liour, 

X 

59400       -^.      3600  .        .....  , 

or  16J  X =  number  of  feet  it  goes  per  hour, 

X  X 

59400 
—^  =  number  of  feet  it  would  go,  if  it  took  one 

X 


— —  =  number  of  feet  it  would  go,  if  il 
+  ^  second  more  to  revolve, 


Then    §?^_??^  =  9900,  number  of  feet  in  1 J  miles, 
a*       .  x-\-l 

59400a;  +  59400  -  59400a;  =  9900a;»  +  9900a;, 
9900a-2  + 9900  a;  =59400, 
a;*  +  a;  =  6, 

X  +  J  =  ±  f . 

.'.  a;  =  2  or  —3. 
s^^^a^  _  29700. 

Since  29700  feet  equal  5J  miles,  the  carriage  is  travelling  at  the 
rate  of  5f  miles  per  hour. 


Exercise  101. 

1.  a;  +  y=13         (1)*  2.  a;+y  =  29         (1) 

xy  =  SQ         (2)  a!y  =  ]00       (2) 

Square  (1),  Square  (1), 

x^  +  2xi/-\-y^  =  169       (3)  a;«  +  2.t?/ +1/2  =  841       (2) 

(2)x4is        4a;y         =144       (4)   (2)x4is        4a;y  =400       (4) 

Subt.,  ar^  -  2a;y  +  y^  =    25  Subt.,  x^-2xy+y^  =  Ul 

Extract  root,    a;  —  y  =  ±  5       (5)  Extract  root,    a;  —  y  =  ±  21      (5) 

Add  (1)  and  (5),  2a;  =J8  or  8.  Add  (1)  and  (5),  2x  =  50  or  8. 

.'.  a;  =  9  or  4.  .•.  a;  =  25  or  4. 

Subtract  (5)  from  (1),  Subtract  (5)  from  (1), 

2y=-8or  18.  2y  =  8  or  50. 

.'.  y  =  4  or  9.  .•.  y  =  4  or  26. 
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3.  s  —  y  * 

Sqi»re  (1), 

z*  —  2xy  +y*-» 

(2)x4i8        4xy 


19 
66 


(1) 
(2) 


361      (3) 
264      (4) 


6.  «-y»10 

a»+y«=178 
Square  (1), 

a^-'2xy-k-y^='  100 
{2)iB  aj»  +y«=l78 


Add,   3^  -k-2xy  +y'- 

Extract  root,  x  +  y  ^ 
Add  (5)  and  (1),  2aj- 

Subtract  (1)  from  (5), 

-y  - 
.-.  y- 


625 

±  2ry  (5) 
44  or  -6. 
22  or -3. 

6  or  -  44. 
3  or -22. 


Subt.,  2xy         =78 

(2)iB   a:»  +y»=178 


(1) 
(2) 

(3) 

(4) 


Add,   a»  +  2iEy  +  y*  = 

Extract  root,  x  +  y  = 
Add  (5)  and  (1),  2«  = 

Subtract  (1)  from  (5), 

2y 

.-.  y 


25C 

±  16  (5) 
26  or  -6. 
13or  —  3. 

6  or -26. 
3  or -13. 


4.  a?-y  =  45        (1) 

xy  =  250      (2) 
Square  (1), 

a*  —  2ay  +  y*  =» 

(2)x4i8        4a:y 


6. 


2025     (3) 
1000    (4) 


Add,   a:*  +  2Ty+y*  = 

Extract  root,  x  -^  y  ^ 
Add  (5)  and  (1),  2x  = 

Subtract  (1)  from  (5), 

2y  = 
.-.  y  = 


3025 

±  55  (5) 
lOOor-10. 
50  or  -5. 

lOor-lOO. 
5  or  -50, 


»  — y  = 

Square  (1), 

x'-2xy+y*  = 
Subtract  (2)  from  (3), 
—  2a?y  = 
Subtract  (4)  from  (2), 
a.-*  +  2.Ty  +  y*  = 
Extract  root,  x  +  y  = 
Add  (1)  and  (5),  2a?  = 

Subtract  (1)  from  (5), 

2y  = 
.-.  y- 


14 
436 


7. 


Square  (1), 
Subtract  (2)  from  (3), 
Subtract  (4)  from  (2), 
Extract  root, 
Add  (1)  and  (5), 

Subtract  (5)  from  (1), 


oj  +  y  =  12 
.T«  +  y«  =  104 
x^  -\-2xy-^y^  =  144 
2.iy  =  40 
x*-2a:y +y«  =  64. 
x  —  y  =«fc  8 

2a;  =  20  or  4. 

.*.  a;  =  10  or  2. 

2y  =  4  or  20. 

.-.  y  =  2  or  10. 


2) 
196      (3) 

-240  (4) 

676. 

±26     (5) 

40  or -12. 
20  or -6. 

12  or -40 
6  or -20. 


(1) 
(2) 
(3) 
(4) 

(5) 


1 
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8.  i  +  i  =  ?  (1) 

a;     y      4 

1+1=^        (2) 
Square  (1), 

i+l  +  i  =  ^        (3) 
x"     xy     y^     16        ^  ^ 

Subtract  (2)  from  (3), 

— ^  -        (4) 
ay     16        ^  ^ 

Subtract  (4)  from  (2), 

a^     xy     y^     IQ 

Extract  root,  1-1  =  ±i        (5) 
X    y        4 

Add  (1)  and  (5).     -  =  1  or  }. " 

.*.  a;  =  2  or  4. 

Subtract  (5)  from  (1), 

2      1       1 
-  =  *  or  1. 

y 

.*.  y  =  4  or  2. 


9. 


Square  (1), 


lip: 

X     y 
i  +  i  =  13 


(1) 
(2) 

(3) 
(4) 


x^     xy     y* 
Subtract  (2)  from'  (3), 

1  =  12 
xy 

Subtract  (4)  from  (2), 

l-A  +  i  =  i. 

X*     xy     y^ 

Extract  root, =  ±1        (5) 

x    y 

Add  (1)  and  (5).     ?  =  6or4. 

X 

.*.  aj  =  J  or  }. 
Subtract  (5)  from  (1), 

?  =  4-or6. 

y 

.•.  y=ior  J. 


10.         7a;2-8a;y  =  159      (1) 

5aj  +  2y  =  7  ^2) 

2y  =  7-5a;. 

7-6x 
^         2 
Substitute  in  (1),  , 

14aJ._56aj  +  40a;«  =  318, 

54a«-56a;  =  318. 

Divide  by  6, 

9a.2_2jaa;  =  53. 

Complete  the  square, 

Extract  root, 

3a;-Y  =  ±V-. 

3a;  =  -Vor-V-. 
.'.  a;  =  3or— Iff. 

Substitute  value  of  x  in  (2). 

.*.  y  =  -4or8if 


11.  a?  +  y  =  49        (1) 

a:»  +  y*  =  1681     (2) 

Square  (1), 

a;2  +  2a;y+y'  =  2401     (3) 

Subtract  (2)  from  (3), 

2iry  =  720      (4) 

Subtract  (4)  from  (2), 


x' 


-2a:y  +  y2  =  961. 


Extract  root,  x~y  =  ±  31     (5) 
Add  (5) and  (1),  2a;  =  80  or  18. 

.'.  a;  =  40  or  9. 
Substitute  value  of  x  in  (1). 

.'.  y  =  9  or  40. 
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12.  ar»+y» 

x  +  y 
Divide  m  by  (2). 

Sq.  (2),  ^+2^+y«  = 
Subt.,        -ixy '      « 

Add  (3)  and  (5),  ^ 

a:»-2ary +y'  = 
Extract  root,  x  —  y'=- 
Add  (2)  and  (0),  2x  ^ 

Subtract  (G)  from  (2), 


341      a) 
11        (2) 


31 

121 


-IK) 
-30 


(5) 


■^y 
••y 


1. 

i  1      (r>) 

12  or  10. 
6  or  5. 

10  or  12. 
5  or  6. 


13. 


s 


«»+y>  =  1008 
x  +  y  =  12 

Divide  (1)  by  (2), 

25*-  ^y+y^=^     84    (3) 
Sq.(2),   x'+2xy+y^=    144     (4) 


Snbt,       —  Zxy       = 
.•.  —xy=' 
Add  (3)  and  (5), 

ar*  — 2a;y +  y'  = 
Extract  root,  x~y  = 
Add  (2)  and  (6),  2x  = 

Subtract  (6)  from  (2), 

2y  = 
.-.  y  = 


-60 
-20     (6) 

64. 

±8       (6) 
20  or  4. 
10  or  2. 

4  or  20. 
2  or  10. 


14.  r»-y>  =  98 

..T  —  y  =  2 

Divide  (1)  by  (2), 

x*+  xy-'t-y'^  =  49 
Sq.  (2),  a:»-2a^-Hy'»=   4 

Subt., 


(3) 
(4) 


3a:y        =45 
.'.  aw  =  15         (5) 
Add  (3)  and  (5), 

a:'  +  2ajy-f-y*  =  64. 
Extract  root,  a;  +  y  =  ±  8       (6) 
Add  (2)  and  (6),  2  a;  =  10  or  -  6. 
,\  x=   5  or— 3. 
Subtract  (2)  from  (6), 

2y  =  6or-10. 
,-.  y  =  3  or  — 6. 


16.  x»-y»-279 

x-y  =  3 

Divide  (1)  by  (2), 

«*+  xy+y*  =  93 
Sq.(2).a:*-2xy  +  y«=    9 

Subt..         3  ay        =84 
.-.  ay  =  28 
Add  (5)  and  (3), 

x*^2xy  +  y*  =  121. 
Extract  root,  a;  +  y  =  ±  11 
Add  (6)  and  (2),  2  a:  =  14  or 
•*.  a?  =  7  or  — 
Subtract  (2)  from  (6). 

2y  =  8  or  - 
.*.  y  =  4  or  - 


16. 


(5) 


(6) 
-8. 

-4. 

-14. 

-7. 


a.-3y  =  l  (1) 

xy+y»  =  5  (2) 

Transpose  (1),       a;  =  l  +  3y. 
Substitute  in  (2), 

y(l+3y)  +  y»  =  5, 

y  +  3y«+y»  =  5. 

4y*  +  y  =  5, 

4y'+()+A  =  «. 

.•.  y  =  1  or  — 1|^. 
Substitute  value  of  y  in  (1), 

x  =  4or-2i. 


17. 


4y  = 
2xy  = 

y  = 


Substitute  value  of  y 
10x^4- 2x_ 

4 

14x«  +  2x  = 
Divide  by  2, 

7x«  +  x  = 
196x*  +  ( )  + 1  = 
Extract  root, 

14x  +  l  = 
14x  = 

Substitute  value  of  x 
.-.  y  = 


5x  +  l  (1) 
33  -x«  (2) 
5x  +  l 

4 
in  (2). 

33 -x». 
132. 

1849. 

±43, 

42  or -44. 
3  or  -  ^. 
in  (1). 
4or-3||. 
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la              1^1  =  3 

• 

(1)     19-         l-7r 

2i 

(1) 

X     y 

X     y 

i-i  =  21 

^    y' 

81 

(2) 

Divide  (2)  by  (1). 

Divide  (2)  by  (1). 

1      1      »r 

-  +  -  =  7 

«    y. 

(3)                            Ul  = 
^  '                           X    y  . 

7 

;  — 

2 

(3) 

Add  (3)  and  (1),       -  =  10. 

X 

Add  (1)  and  (3),  ?  = 

X 

12 
2 

,\  x  =  i. 

»  »  X  ^^ 

■J. 

Subtract  (1)  from  (3), 

Subtract  (1)  from  (3), 

?  =  4. 

?  = 

=  1. 

y 

y 

.-.  y  =  i. 

.-.  y  = 

20. 

=  2. 

1 

a^  —  2icy  —  y^  =  l 

(1) 

X  +  y  =  2 

(2) 

Square  (2), 

«*  +  2a;y  +  y*  =  4 

(3) 

Add  (3)  and  (1), 

2x'  =  5, 

x*  =  2J. 
.-.  a;  =  ±\/2J, 

Substitute  value  of  x  in  (2), 

2/  =  2tV2J. 

Exercise  102. 

ar^+    xt/+2y'=    74 

(1) 

2ar»  +  2rM/+    y'' =    73 

(2) 

Add. 

3x^  +  3xy-\-3y^  =  U7 

Divide  by  3, 

a^  +  »y  +  y*  ^  49 

(3) 

Subtract  (3)  from  (1), 

y'  =  25. 

.•.  y  =  ±5. 

Substitute  value  of  y  in  (3), 

a:»±5a;+ 25  =  49, 

a:2db5x  =  24. 

4x2  ±20x4- 25  =121. 

Extract  the  root, 

2x±5-±ll, 

2x=  ±6  or  ±16. 

,%  X  =  db  3  or  i:  8. 
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2. 

a»+ary  +  4y««6  (1) 

3;^  +  8y«-14  (2) 


Suhfltitnte  vx  for  y  in  both  equations. 
From  (1),  x*  +  i;j«  +  4  t»ar«  =  6. 

6 


.  .  *  ~ 

l  +  v+4t;» 

From  (2). 

3j«  +  8t;»j«  = 

^4. 

.-.«>- 

14 

3  +  8i;» 

Equate  values  of  «>, 

■ 

6 

14 

1  +  t;  +  4t* 

3  +  8t;»' 

18+48i;»  = 

a4  +  14v  +  56t;», 

8i;»4-14t;  = 

=  4 

64t«  +  ()+49- 

'81. 

8i;  +  7- 

'±9, 

8t;  = 

•  2  or  -  16. 

.'.  v  = 

.  J  or  -  2. 

Substitute  values  of  t;  in  (4).  x*  =- 

14    _     14 
'  - — -  or 

3  +  i       3  +  32 

Then 

a?  = 

'4or  j. 

.:  x  = 

■'  ±  2.   i:  V|. 

From  (2), 

y  = 

±i±2Vi, 

(3) 


(4) 


(5) 


3. 

i«  -  rcy  +  3/2  =  21  (1) 

y»-2a:y  =  -15  (2) 

Substitute  vx  for  y  in  both  equations. 
From  (I),  x^-vx'i-  v^x^  =  21. 

••••^  =  r^T^  (3) 

1  —  V  +  v' 

From  (2),  r»jr»  -  2i;x»  =  -  15. 

Equate  values  of  .»,   J-,  =  -^  (5) 

21 T*  -  422;  =  -  15  +  15  v  - 15  v», 
36t>«-57v  =  -15, 
5184v*-()  +  (57)«=1089, 
72v  -  57  =  ±  33. 


.'.  V  =  J  or  J. 
:),  a:»  =  Ie       - 


Substitute  values  of  t;  in  (4),  a:*  =  l6  or  27. 

.•.  a;  =  ±4  or  iSVS. 
.*.  y  =  ±5  or  ±>/3. 
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4. 

xy  +  2y^-3=>0. 

a;2_4y«  =  9  (1) 

Transpose.  xy  +  2y^  =  S  (2) 

Substitute  vx  for  y  in  both  equations. 

From(l),  x^-iv^x'  =  9. 

•••^  =  134^  <^> 

From  (2),  x^^^  2a;«v«  =  3. 

9               3 
Equate  values  of  ic*,       ; -—  = — -. 

30t;2  +  9v  =  3. 
10t;«  +  3x;=l. 
400i;«  +  ( )  +  9  =  49. 
20i;  +  3  =  ±  7. 

20v  =  4  or  - 10. 
.*. '»  =  Jor— J. 
Substitue  values  of  t>  in  (3),    x"^  =  7^  or  co. 

.*.  x^  ±  5Vf. 


5. 

x^  —  xy  =  35  (1) 

a:7/+y'=18  (2) 

Substitute  vx  for  y  in  both  equations. 

From  (1),  x^-vx'^=-  35. 

...  a;2  =  _§^  (3) 

1  — V 
From  (2),  vs? -\- 1^  o^  ^^^  18. 

.r^2^_18  (4) 

v  +  tr 

Equate  values  of  x^. 


\  —  v     V  +  v^ 
35v2  +  53u=18, 
4900v»  +  ( )  +  (53)»  =  5329. 
lOv  +  53  =  ±  73. 

70v  =  20  or  -  126. 


t>  =  #  or  —  * 


Substitute  values  of  v  in  (3),  o^  =  49  or  ^-. 

.•.  a;  =  ±  7  or  ±5>/j. 
.-.  y  =  db  2  or  =F  9Vj. 
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a:»  +  ay  +  2y«  -  44  (1) 

2a:«-ay  +  y««16  (2) 

SubBtitute  txr  for  y  in  both  equations. 

From  (1),  x*  +  tu:*  +  2v*x*  =  44. 

From  (2).  2a:«  -  «fc«  +  t»j»  -  16. 

.  •.  X"  =» -• 

2-fi  +  ti» 

Equate  values  of  ac», ^ « i^— . 

^  l+v  +  2t;«     2-w  +  ti* 

88  -  44t;  +  44t;»  =  16  +  16t;  +  32»», 
12t;»-60v--72, 

4«»-()  +  25»l, 
2t;-5-±l. 
.•.  t;=  3  or  2. 
Sub«tituto  values  of  t>  in  (3),   x*  =»  2  or  4. 

From  (3),  .•.  a;  =  ±  V2  or  ±  2. 

.*.  y  =  ±3  V2or  ±4. 


7. 

a:*  +  xy  =  15  (1) 

a;y-y«  =  2  (2) 

Substitute  vx  for  y  in  both  equations. 
From  (1),  a:*  +  rx*  =  15. 

.  _.       15 


•  •  *  — 

l  +  v 

From  (2), 

vx*- 

.•.x«  = 

»2. 
2 

, 

Equate  values  of  x* 

1 

1^ 

1  +  t; 

2 

15v- 

-15t;«  = 

:  2  +  2t;, 

15 1;* 

-13v  = 

=  -2, 

900 1;* 

-() 

+  169  = 

=  49. 

Extract  the  root, 

30i;-13  = 

=  ±7, 

30  v  = 

»  20  or  6. 

.'.  v  = 

»Jori. 

Substitute  values  of 

i;in(3),  x'  = 

=  9  or  V-. 

9     •     Jb    •~^ 

:  db  3  or  ± 

5\/J, 

.-.  y  = 

=  ±  2  or  ± 

v^. 

(3) 


(4) 
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8. 


ar'  -  an/  +  y»  =  7  (1) 

3a:«  +  13a^  +  8y«=162  (2) 

Substitute  vx  for  y  in  both  equations.  \. 

From  (1),  a-*  —  vx  -f  v't*  =  7. 


l-v+v^ 

From  (2),  3a:»  +  13t;  +  Sv^a^  =  162. 

162 


•'^'  =  r4T3  (3) 


•    •  0v     — ^ 


S  +  13v  +  Sv^ 


Equate  values  of  a,"*, = — (4) 

^  1-v  +  v^     3  +  13t;  +  8«»  >  ' 

.-.  106T;2-253t;  =  -141, 

44944  !;*-()  +  (253)«  =  4225. 

Extract  the  root,        212t>  -  253  =  ±  65. 

.-.  t;  =  }orff 

Substitute  values  of  v  in  (3),     a:*  =  4  or  ^^^-. 

.'.  a;  =  db  2  or  ±21^. 

.•.  y  =  ±3  or  ±2^. 

9. 

2x»  +  3a:2/  +  y«  =  70  (1) 

6a:*  +  a:y-y*  =  50  (2) 

Substitute  vx  for  y  in  both  equations. 

From  (1),  2x^ -^  Sva^ -h  v^x^  =  70. 

•   a^  =         ^^  (s\ 

2  +  3v  +  t;«  ^^ 

From  (2),  6  a^  +  va*  -  t;»a:»  =  50. 

...  a:»  =  _J2 (4) 

Equate  values  of  a;*, 


24-3t7  +  v'     6  +  v  — t^ 
420  +  70t;  -  70v^  =  100  +  150©  +  60t>», 
12v»  +  8v-32, 
36t;»  +  (  )  +  (2)«  -  100, 
6i;  +  2  =  ±  10. 
.•.  i;  =  IJ  or  —2. 
Substitute  value  of  v  in  (3),      a:'  —  9  or  oo. 

.'.  a;  =  ±3. 
•%  y  -  ±  4. 
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10. 

Substitute  vx  for  y  in  both  eqaations. 
From(l),  x*-ia»-»*a:««5. 


.-.  z» 


From  (2), 


28 


(1) 

(2) 


(3) 


Equate  values  of  s*, 


2  +  3t;  +  t» 
28 


l-v-«»     2  +  3t;  +  t>» 
10+  16i»  +  5t;«  =  28-28v-28t;». 
33v*  +  43v  =  18, 
43o6c»  +  (  )  +  (43)«  -  4225, 
66v  +  43  -  i  65. 

.•.  v«Jor-}f 
Substitute  values  of  v  in  (3),     x*  «  9  or  — 121. 

.'.  a:  =  ±  3  or  ±  11 V^. 
.'.  y  =  ±  1  or  T  18  >/^^. 


(4) 


11. 

4ay 
of  +  y 


Let 

X 

and 

y 

From  (2), 

V.  +  t;  +  w  — 1> 

2u 

u 

From  (1), 

4(U»-T*) 

4u«-4t;« 

Substitute  value  of  m,     t/*  —  22 1;* 

4tJ»-()  +  (22)> 

2»*-22 

2«» 

«» 

.*.  V 

.•.  a; 

and  y 

96~a^y« 
6 

.{tt-V> 

6, 
■6. 

3. 

=  96-«*+2iiV-v*, 
=  96-m*  +  2mV-v*. 

-21. 
^400, 
=  ±20, 
»22±20, 

2l0£l. 

.±V21  or±l. 
w  +  t;  =  3db\/2T,  4,  2, 
w-?  =  3tV2T,  2,  4, 


(1) 

(2) 
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12. 

a:»+y*=18-ar-y  (1) 

ajy  =  6  (2) 

Put  u  +  v  for  X,  and  u  —  v  for  y. 

(1)  becomes  (u  +  vf  +  (w  —  vf  =  18  —  2u, 

2tt«  +  2v2_j.  2i4=i8, 

M^  +  u*  +  w  =  9  (3) 

(2)  becomes  {u  +  v)  (w  —  v)  =  6, 

or  M«  _  v^  =  6  (4) 

Add  (3)  and  (4),  2  m*  +  w  =  15. 

Complete  the  square,  16  m'  +  ( )  +  1  =  121, 

4m+1  =  ±11. 
.%  M  =  2J  or  —  3. 
Substitute  v.alue  of  u  in  (4),      - 1;«  =  6  —  J^  or  6  —  9. 

.'.  t;  =  ±}  or  ±\/3. 

.-.  a;  =  w-f-t>  =  3,  2,  or-3±V3, 
and    y  =  M  - 1;  =  2,  3,  or  - 3  tVS. 


13. 

2{x'  +  y^)  =  bxy  (I) 

4(a?  — y)  =  ary  (2) 

Put  M  +  v  for  a;,  and  u  —  t;  for  y, 

2(2M«+2v«)  =  5(M«-t;5r)  (3) 

4(2i;)  =  M«-t;»  (4) 

Transpose  and  combine,      Qv'  —  m'  =  0  (5) 

+  u«  -  t;2  =  8 1;  (6) 

Add  (5)  and  (6),  8v*  =  8t> 

8t;»--8i;  =  0. 
.•.  i;  =  0  or  1. 
Substitute  value  of  v  in  (6),         m^  =  8  v  +  tr*, 

w«  =  0  or  9, 
M  =  0  or  ±  3. 
.«.  a;  =  M  +  2;  =  0,  4,  —  2. 
and  y  =  tt  —  V  =  0,  2,  — 4. 
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3.  x  —  y 

Square  (1), 
(2)x4i8        4ay 


19 
66 


(1) 
(2) 


6. 


361       (3) 
264      (4) 


a:-y  =  10 

Square  (1), 

a:»-2ay  +  y«  =  100 
(2) IB   ^ +ya=i78 


Add,   3^  +  2xy  +  y»  = 

Extract  root,  «  +  y  = 
Add  (5)  and  (1),  2a:  = 

Subtract  (1)  from  (5), 

2y  = 
.-.  y  = 


626 

±  25  (5) 
44  or  -6. 
22  or  -3. 

6  or  -  44. 
3  or  ~  22. 


Subt, 
(2)  is   a? 


2xy         =    78 

+  y'  =  178 


(2) 
(3) 

(4) 


Add,   a^  +  2ay  +  y«  =  25G 
Extract  root,  a;  -f  y  =  ±  16     (5) 
Add  (5)  and  (1),  2a?  =  26  or  -6. 

.-.  05  =  13  or —3. 
Subtract  (1)  from  (5), 

2y  =  6or-26. 
.-.  y  =  3  or  - 13. 


4. 


x-y  = 
xy  = 


Square  (1), 

s?  —  2xy  +  y* 
(2)x4i8        ^xy 


45  (1) 

250  (2) 

2025  (3) 

1000  (4) 


6. 


Add,   x»  +  2ary-f  y*^3025 
Extract  root,   a;  +  y  =  ±  55      (5) 
Add  (5)  and  (1),  2a;  =  lOOor-10. 

.  •.  a:  =  50  or  —5. 
Subtract  (1)  from  (5), 

2y  = 


,-.  y  = 


lOor-lOO. 
5  or  -50^ 


x-y  =  14         m 

a:'  +  y«  =  436       (2) 
Square  (1), 

x»-2iy+y«  =  196       (3) 
Subtract  (2)  from  (3), 

-2ay  =  -240  (4) 
Subtract  (4)  from  (2), 

a.-*  +  2.Ty  +  y«  =  676. 
Extract  root,  a;  +  y  =  ±  26     (5) 
Add  (1)  and  (5).  2x  =  40  or  -12. 

.-.  a;  =  20  or -6. 
Subtract  (1)  from  (5), 

2y  =  12or-40 
.*.  y  =  6or— 20. 


7. 


Square  (1), 
Subtract  (2)  from  (3), 
Subtract  (4)  from  (2), 
Extract  root, 
Add  (1)  and  (5), 

Subtract  (5)  from  (1), 


a;  +  y  =  12 
.T«  +  y^  =  104 
a:*  +  2a:y-f-y«  =  144 

2ay  =  40 
x*-2a:y+y2  =  64. 
x~y=*^  8 

2a;  =  20  or  4. 

.-.  a;  =  10  or  2. 

2y  =  4  or  20. 

.*.  y  =  2or  10. 


(1) 
(2) 
(3) 
(4) 

(5) 
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8. 


a;     y      4 


(1) 

i  +  l=A        (2) 
x^     y^     16        ^  ' 

(3) 


9. 


Square  (1), 

1     1.     1  =  -?. 
30^     xy     y^      IQ 

Subtract  (2)  from  (3), 

— ^  -        (4) 
3^2/16        ^  ^ 

Subtract  (4)  from  (2), 

i  _  A  +  i  =  i.. 
ac*     jcy     y^      16 

Extract  root.  1-1  =  ±i       (5) 
a;    y        4 

Add  (1)  and  (5).     ?  =  lor}.- 

.'.  a;  =  2  or  4. 

Subtract  (5)  from  (1), 

2      1       1 
-  =  *  or  1. 

y 

.*.  2/  =  4  or  2. 

1      1      K 
a?     y 

i+i  =  13 


10.         7a;2-8a:y  =  159      (1) 
5a;  +  2y  =  7  ^2) 

2y  =  7  — 5a;. 
7-5a? 


^     f 


1.2.1 


Square  (1), 

x^     ocy     y^ 
Subtract  (2)  from'  (3), 

1  =  12 
a^y 

Subtract  (4)  from  (2), 

4-l  +  Vi. 


(1) 

(2) 
(3) 

(4) 


X 


xy     y' 


Ex  tract  root, =  ±  1        (5) 

x    y 

Add  (1)  and  (5),     -  =  6or4. 

X 

.*.  a;  =  J  or  }. 
Subtract  (5)  from  (1), 

?  =  4or6. 

y 

.•.  y  =  ior  J. 


.-.  y-= 

Substitute  in  (1),  , 
7<c2_8a:(^^]  =  159, 

14a:*--56a;  +  40a;»  =  318, 

54a;«-56a;  =  318. 

Divide  by  6, 

9a;2-VaJ  =  53. 

Complete  the  square, 

9«'-()+(W  =  *iF- 

Extra,ct  root, 

3a;-J^  =  i:V-, 

3a;=Vor-V-. 
.'.  X  —  3or— Iff. 

Substitute  value  of  a;  in  (2). 

.*.  y  =  -4or8if 


11.                 a;  +  y  =  49  (1) 

x«  +  y*=1681  (2) 
Square  (1), 

a;'  +  2a:y+y'  =  2401  (3) 

Subtract  (2)  from  (3), 

2a;y  =  720       (4) 

Subtract  (4)  from  (2), 
a:*-2a^  +  y«  =  961. 

Extract  root,  a;— y  =  ±  31      (5) 

Add  (5)  and  (1),  2a;  =  80  or  18. 

.*.  a;  =  40  or  9. 
Substitute  value  of  x  in  (1). 

.*.  y  =  9  or  40. 
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341      (I) 
11        ( 


31 

121 


2) 


(3) 
(4) 


(5) 


12.  a*  +  y»- 

ar  +  y« 

Divide  (1)  by  (2). 

3^—  acy+y'  = 
Sq.  (2),  a:»-f2jyty»-^ 

Subt.,        -3ay        « ~  1)0 
.•.-xy  =  -30 
Add  (3)  and  (5), 

a?  — 2ary-f  y'  =  1. 
Extract  root,  x  —  y  ^^  ±  1       (fi) 
Add  (2) and  (6),  2x  =  12  or  10. 

,\  x  =  G  or  5. 
Subtract  (6)  from  (2), 

2y=10orl2. 
.•.  y  =  5  or  6. 

13.  x»+y"  =  1008 

aj  +  y=  12 

Divide  (1)  by  (2), 

Sq.(2),   a'+2jy-fy«  = 

Subt,       —  3jry        = 
.*.  —xy  = 

Add  (3)  and  (5). 

ar  —  2a:y  +y*  = 
Extract  root,  x~y  = 
Add  (2)  and  (6),  2x  = 

Subtract  (6)  from  (2), 

2y  =  4  or  20. 
.*.  y  =  2  or  10. 


§ 


84 
144 

(3) 
(4) 

-60 

-20 

(5) 

64. 

±8 
20  or 

4^^^^ 

10  or 

2. 

14.  ar»-y»  =  98 

a;  — y  =  2 

Divide  (1)  by  (2), 

3^-\-  xy+y^  =  49 
Sq.  (2),  a;«-2rry+y»=    4 

Subt.,  3xy       =  45 

.'.  a;y  =  15 
Add  (3)  and  (5), 

a*  +  2icy  +  y'  =  64. 
Extract  root,  a:  +  y  =  ±  8 
Add  (2)  and  (6),  2  a;  =  10  or  -  6. 
.',  x=   5  or —  3. 
Subtract  (2)  from  (6), 

2y  =  6or-10. 
••.  y  =  3  or  — 5. 


(2) 

(3) 
(4) 

(5) 


(6) 


16.  x»-y»  =  279 

x  —  y  =  3 

Divide  (1)  by  (2), 

«*+   ay+y'  =  93 
Sq.(2).a;«-2ay-|-y'=   9 

Subt.         Sxy        =84 
.  •.  asy  =  28 
Add  (5)  and  (3), 

a:«i|-2a:y  +  y»  =  121. 
Extract  root,  a;  -f  y  =  ±  11 
Add  (6)  and  (2),  2aj  =  14or 
.',  a;  =  7  or  - 
Subtract  (2)  from  (6), 

2y  =  8  or  - 
.\  y  =  4  or  - 


16. 


(6) 
-8. 

-4. 

-14. 

-7. 


aj-3y  =  l  (1) 

a^  +  y«  =  5  (2) 

Transpose  (1),       a?  =  1  +  3y. 
Substitute  in  (2), 

y(l+3y)  +  y»  =  5. 

y  +  3y«+y«  =  5, 

4y*+y  =  5, 

2y  +  t  =  ±f. 
.*.  y  =  1  or  —  IJ. 
Substitute  value  of  y  in  (1), 

a;  =  4  or  —  2}. 


17.  4y  = 

2a^  = 

y  = 

Substitute  value  of  y 
10g^  +  2a;_ 

4 
14a:*  +  2a;  = 
Divide  by  2, 

7a:'  +  a;  = 
196a^  +  ()  +  l  = 
Extract  root, 

14a;  + 1  = 
14a;  = 

Substitute  value  of  a; 
.-.  y  = 


5a;  +  l  (1) 
33  -a;*  (2) 
5a;  +  l 

4 
in  (2). 

33 -a;*, 
132. 

1849. 

±43, 

42  or -44. 
3  or  -  31. 
in  (1). 
4or-3J|. 
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la              1-.1  =  3 

(1)         19.                1-1  = 

2J 

(1) 

X     y 

X     y 

^    y' 

Wr 

8i 

(2) 

Divide  (2)  by  (1), 

Divide  (2)  by  (1), 

aj    y. 

(3)                             Ul  = 

7 
'2 

(3) 

Add  (3)  and  (1).       -  =  10. 

X 

Add  (1)  and  (3),  ?  = 

X 

12 
2 

.-.  x  =  \. 

.*.  x  = 

=  J. 

Subtract  (1)  from  (3), 

Subtract  (1)  from  (3), 

?  =  4. 

2^ 

=  1. 

y 

y 

•••  y  =  J. 

.-.  y  = 

20. 

=  2. 

• 

Q?-2xy-y'^^\ 

(1) 

a;  4-  y  =  2 

(2) 

Square  (2), 

«•  +  2xy  +  2/=^  =  4 

(3) 

Add  (3)  and  (1), 

2a;»  =  5, 
a;«  =  2J. 

Substitute  value  of  x  in  (2), 

t/  =  2=FV2i. 

Exercise  102. 

0*+    {ry+2y2=    74 

(1) 

2a2  +  2a;y+    3/'=    73 

(2) 

Add, 

3a2  +  3a;y+3y«  =  147 

Divide  by  3, 

a*  +  ojy  +  y'  =  49 

(3) 

Subtract  (3)  from  (1), 

y»  =  25. 
.•.  y  =  ±5. 

Substitute  value  of  y  in  (3), 

i«±5a:+25  =  49, 

a:*db5a;  =  24, 

4ar«i:20a;  +  25  =  121. 

Extract  the  root, 

2a;d:5»i:ll, 

2a;- ±6  or  ±16 

> 

,%  a;  =  ±  3  or  ±  8. 
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2. 


«■  +  ajy  +  4y«  =  6  n) 

3a?  +  8y«-=14  (2) 

Substitnto  tsc  for  y  in  both  equations 
From  (1).  x'  +  vx^-^  iv^z»  =  6. 

From  (2).  3x"  +  8t;»x»=  14. 


.  -.         14 

9     »     A 


(4) 


Equate  values  of  z^, 

6  14 

l  +  t;  +  4t;»     3  +  8t;«' 

18  +  48t;»  =  14  +  14i;  +  56t;« 
8r»+14t;  =  4  (5) 

64t;»  +  ()4-49«81,  ^^ 

8t;+7  =  ±9, 

8t;  =  2or-16. 
.•.»=  J  or  -2. 

Substitute  values  of  v  in  (4),  a*  =»  -li-  or     ^^ 

TK  •     ^  +  i      3  +  32 

Then  a:«  =  4  or  f 

^^om  (2),  y  =  ±  J,  ±  2v/|. 

3. 

^  -  ^  +  y'  =  21  (1) 

y»-2a^  =  -15  (2) 

Substitute  vx  for  y  in  both  equations. 
From  (I),  x^-vx^  -\-  v^x^  =  21. 

^  21 

From  (2),  v^x'  -  2vx'  =  -  15. 

Equate  values  of  ic*.    — ?1 =    ~"  ^^  /k\ 

21r*  -  42v  =  -  15  +  15t>  -  16v». 
38i;»-57v  =  -15, 
5184i;2_()_^  (57)2^1089, 
72t;-57  =  ±33. 
.'.  t;  =  4  or  I. 
Substitute  values  of  v  in  (4),  a;»  =  16  or  27. 

.-.  aj  =  ±4or  ±3  Vs. 
.*.  y  =  ±5or  ±\/3. 
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4. 

icy  +  2y»  -  3  =  0. 

aJ«-4t/«  =  9  (1) 

Transpose,  jcy  +  2y*  =  3  (2) 

Substitute  va;  for  y  in  both  equations. 
From(l),  a*-4v2aJ8_9 


l-4v2 
From  (2),  a^t;+ 2a:"tr»  =  3. 


.  ^ ^-,  (3) 


v  +  2ir 
9  3 


9                3 
Equate  values  of  3?, -—  = -—» 

30t^»  +  9v=3, 
10i;»  +  3t;  =  l, 
400i;»  +  ( )  +  9  =  49. 
20v  +  3  =  ±7, 

20t;  =  4or-10. 
.*.  t;  =  4  or  —J. 
Substitue  values  of  v  in  (3),   x^  =  y-  or  c». 

.*.  a;  =  ±  5V|. 

.-.  y  =  ±Vf. 


5. 

x^  —  xy  —  35  (1) 

a:y+y«  =  18  (2) 

Substitute  vx  for  t/  in  both  equations. 

From  (1),  a*  -  va;«  =  35. 

...  a:«  =  -5^  (3) 

1  — t; 

From  (2),  vx^-\-v^a^^  18. 

.r^2^_18  (4) 

Equate  values  of  a;',  ; = -» 

1  — V     v  +  tr 

35v«  +  53u=18, 

4900v«  +  ( )  +  (53)«  -  5329. 

70v  +  53  =  db  73. 

70v  =  20  or  -  126. 

.'.  t;  =  I  or  —  f. 

Substitute  values  of  v  in  (3),  a*  =  49  or  ^-. 

.-.  a;  =  db  7  or  ±5>/j. 

•  •.  y  =  ±  2  or  T  9Vj. 
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6. 

a;*  +  ay  +  2y«  =-  44  (1) 

2a:»-ay+y«=16  (2) 

Sabstituie  vx  for  y  in  both  equations. 

From  (1),  x*  +  vx*  +  2v*x«  =  44. 

From  (2),  2a:«  -  vd:»  +  t;»a:»  =  16. 


2-t;  +  t>» 

Equate  values  of  a:*, — = i5 — , 

l+v  +  2»*     2-v  +  t;* 

88  -  44 1>  +  44 1>'  =  16  +  16v  +  32t>». 
12t;»  -  60v  =  -  72, 
t;*--5t;  =  -6, 
4«»-()  +  25  =  l, 
2v-5  =  ±l. 
.'.  v=:3  or  2. 
Substitute  values  oft;  in  (3),   i*  =  2  or  4. 

From  (3).  .  •.  a-  =  ±  V2  or  ±  2. 

.-.  y  =  ±3\/2or±4. 


7. 


Substitute  vx  for  y  in  both  equations. 
From(l),  a:='  +  va;*=15 


a*  +  ay  =  15  (1) 

xy-y^  =  2  (2) 


l+v 
From  (2),  va;*  -  v^  ^j  ^  2. 


.a:»--^  (3) 


v— t;* 
Equate  vahies  of  a^, 


•^=A  w 


it  2 


l  +  v     V  — t;* 

15t;-16v«  =  2  +  2t;, 
15i;»-13i;  =  -2. 
900v»-()  +  169  =  49. 
Extract  the  root,        30t;  -  13  =  i  7, 

30v=20or6. 
,\v  =  i  or  J. 
Substitute  values  of  v  in  (3),  o^  ^  9  ^^  ^ 

.*.  ar  =  ±3  or  ±  5  \/J. 
,\  y  =  ±2or  ±V}, 
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8. 

X*  -  jry  +  y'  =  7  (1) 

3x^  +  13xy  +  Sy^  =  162  (2) 

Substitute  vx  for  y  in  both  equations.  <. 

From  (1),  a^  —  vx  +  v^x^  =  7. 

From  (2),  Sa-*  +  13t;  +  Sv^x^  =  162. 

.    «  162 

3  +  13v  +  8t;« 
Equate  values  of  a,*^,       = (4) 

.-.  106«2_253t;  =  -141, 
44944  V*  -  ( )  +  (253)«  =  4225. 
Extract  the  root,        212t;  -  253  =  ±  65. 

.-.  t;  =  Jor^. 
Substitute  values  of  v  in  (3),     x*  =  4  or  ^ft^-. 

.'.  a;  =  ±  2  or  ±  2J4. 
.-.  y  =  ±3  or  ±2^. 

a 

2a:*  +  3a:y  +  y«  =  70  (1) 

6a:"  +  0^  -  y«  =  50  (2) 

Substitute  vx  for  y  in  both  equations. 

From  (1),  2a»  +  3t;a:"  +  v^a:*  =  70. 

.  x^  =         '^  /3\ 

2  +  3v+i;»  ^' 

From  (2),  6a^  +  va»  - 1;*^*  =  50. 

.-.^-rr^  (4) 

Equate  values  of  a*. =» -. 

^  2  +  3t;  +  v*     6  +  t;~v* 

420  +  70t;  -  70v»  =  100  +  150v  +  50«». 

12i;»  +  8i;  =  32, 

36t^  +  ()  +  (2)«  =  100, 

6t;  +  2  =  ±10. 

.'.  t;=  IJ  or  —  2. 

Substitute  value  of  v  in  (3),      a:"  —  9  or  oo, 

.•.  aj  =  ±  3. 

,••  y«±4. 
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Subfltitute  vx 
From  (1), 

10. 

««-«y-y«- 

2a!*  +  3ay  +  y*- 

for  y  in  both  equatio 

2a:»  +  3vx»  +  w»x»=. 

.5 
•  28 

D8. 
'5. 

5 

From  (2). 

1- 

28. 

28 

Eauate  value 

2  +  3t;  +  t;« 
28 

(1) 

(2) 


(3) 


l~t;-t>»     2  +  3t;  +  »»  ^^ 

10+  15t>  +  5i;»  =  28~28v-28t;», 
33i;*  +  43Tt  =  18, 
4356t;»  +  (  )  +  (43)«  -  4226. 
66v  +  43  «  ±  65. 

.«.  v  =  Jor-}f 
Substitute  values  of  v  in  (3),     a;*  =  9  or  — 121. 

.*.  ar  =  i3  or  illV^. 
.'.  y  =  ±  1  or  T  18  V^. 

11. 

4ay-96-ai»y»  (1) 

«  +  y-6  (2) 

Let  X  =s  (u  +  v\ 

and  y  =s  (u  —  v)i 

From  (2),  w  +  t;  +  M-t;  =  6, 

2u  =  6, 
tt  =  3. 
From  (1),  4(tt»  -  t;«)  =  96  -  u*  +  2ttV -»*. 

4u«  -  4t;«  =  96  -  M*  +  2uV~tr*. 
Substitute  value  of  u,     t/*  —  22  v*  =  —  21, 

4ii«-()  +  (22)>  =  400, 
2v»-22  =  ±20, 
2»»  =  22  db  20, 
«»-21or^l. 
.*.  t>=dbV21  or  ±1. 
.-.  a?  =  M  + 1;  =  3  ±V21,  4,  2, 
andy«w  — v=3=fV21,  2,  4, 
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12. 

aj'+3/'=18-a;-y  (1) 

xy  =  6  (2) 

Put  w  +  V  for  aj,  and  u  —  v  for  y. 

(1)  becomes  {u  +  vf  +  (u  -  vf  =  18  ~  2w, 

2u«  +  2v2_^.  2,^=18^ 

M*  4-  v^  +  w  =  9  (3) 

(2)  becomes  (u  +  u)  (w  —  t;)  =  6, 

or  w2  ~  v2  =  6  (4) 

Add  (3)  and  (4),  2^^  +  w  =  15. 

Complete  the  square,  16u*  +  ( )  +  1  =  121, 

4w  +  l  =  ±ll. 
.'.  M  =  2}or  — 3. 
Substitute  v,alue  of  u  in  (4),      —v^  =  Q  —  i^QYQ  —  ^, 

.*.  v  =  ±  J  or  ±V3. 

.'.  a;  =  w  + v=3,  2,  or  -3±V3, 
and    y  =  u  - 1;  =  2,  3,  or  -3  t  VS. 


13. 

2(ir»  +  y«)  =  5a;y  (1) 

Hx-y)  =  xy  (2) 

Put  M  + 1;  for  a;,  and  m  —  t;  for  y, 

2(2u»+2t;«)  =  5(w«->«»)  (3) 

4(2v)  =  w»-i>«  (4) 

Transpose  and  combine,      9v^  —  u^  =  0  (5) 

4-M«-v«  =  8t;  (6) 

Add  (5)  and  (6),  Sv^  =  Sv 

8i>«-8i;  =  0. 
.*.  v  =  0  or  1. 
Substitute  value  of  v  in  (6),         liy^Sv  +  v^, 

M*  =  0  or  9, 
M  =  0  or  db  3. 
.%  aj=-=M  + v  =  0,  4,  —  2. 
and  y  =  t*  —  V  =  0,  2,  —  4. 
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14. 

4(x  +  y)"3xy  (1) 

«  +  y+«*+y«  =  26  (2) 

Put  tt  f  r  for  J,  and  u  —  r  for  y. 

(I)  becomes  8tt  =  3u'  — Sv*. 

.-.  8tt-3ti«  +  3t>»  =  0  (3) 

(2)bei-omea  2tt  +  2t^»+ 2tt«  =  26  (4) 

Multiply  (4)  by  3,  6tt  +  6tt»  +  6i;*  =  78 

Multiply  (3)  by  2,         16tt-6u«  +  6t?««»   0 

Subtract,  12u»  -  10m  =  78 

Complete  the  square,     144u«  -  ( )  +  25  =  961, 

12u-6  =  ±31, 

12u  =  36  or  -  26. 

.-.  u  =  3or-2i. 
Substitute  value  of  u  in  (3),  3  «•  =  3. 

.•.  v  =  ±  1. 
Substitute  -  2i  for  u  in  (3),  3tJ«  =  ^H^. 

.-.  v  =  ±iV377. 

.-.  «  =  M  +  «  =  4,  2,  or  i(-13  ±  V377), 

and    y  =  u-v«-2,  4,  or  J(~13tV377). 


16. 


4a;»+rry+4y*  =  58 
5i«  +  5y«  =  65 

s 

Multiply  (1)  by  5, 
Multiply  (2)  by  4, 

20x*  +  5xy  +  20y«  =  290 
20a:»             +  20y»  =  260 

s 

Subtract, 

5ay             =   30 
.*.  ory  ==6 

(6) 

Divide  (2)  by  5. 
Substitute  u  + 1;  for 

Multiply  (7)  by  2, 

a:"  +  y«  =  13 

aj,  and  t*  —  i;  for  y  in  (5)  and  (6), 

u»-v«  =  6 

2M«  +  2t>»  =  13 
2w»-2«»  =  12 

(6) 

(7) 
(8) 
(9) 

Add, 

4u«           =  25 

Subtract  (9)  from  (8),                       4t^  =  1, 

t;»  =  }. 

.*.  a;  =  M  +  t;  =  ±|±J  =  ±3 
and    y  =  M  —  t;  =  ±|T}  =  ±2 

or  ±2, 
or  ±3. 

n 
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16. 

a^  +y^ 
Substitute  w  +  u  for  x,  and  u  —  v  for  y. 

(1)  becomes    (u-\-v) {u~v){{u-\-v)  +  (u-v)} 
or  2u^  —  2uv^ 

(2)  becomes  {u  +  vf  +  (u  —  vf 


30 
35 


01 


Multiply  (3)  by  3, 
(4)  is 

A.dd, 


Substitute  value  of  u  in  (3), 


30, 
30 
35, 
2w»  +  6itt;'=35 

Gu^^Guv^=    90 
2iz'  +  6mv2=    35 


Su' 


=  125 


250 


2« 

i( 

lOv' 

8  2 

250-40^2 

40v«  = 

.'.  i;  = 


5. 


30, 

240, 
10. 

u  +  v 


3  or  2, 
and    y  =  u  —  v  =  2oTS. 


(1) 
(2) 


(3) 
(4) 


Exercise  103. 


1.  a;~y  =  7  (1) 

x^  +  xy  +  y^  =  13         (2) 

Square  (1), 

a^-2xy'{-y^  =  49         (3) 
Subtract  (2)  from  (3), 

-3xy^S6. 
Divide  by -3,    xy==-12     (4) 
Add  (4)  and  (2), 

a;'  +  2xy  +  y«  =  l. 
Extract  root,  a;  +  y  =  ±  1        (5) 
Add  (5)  and  (1),  2a;  =  8  or  6. 
.'.  a;  =  4  or  3. 
Substitute  value  of  x  in  (1), 

y  =  —  3  or— 4. 


2.  X^  +X7/  = 

xy^y'^  = 
Substitute  vx  for 

From  (1),      a;2  = 
From  (2),      x^  = 

'  '  l  +  v 

35ij2-29v  = 

4900  v2-(  )+(29)2  = 

VOt;  -  29  = 

70v  = 

.*.  v  = 

Substitute  value 

a;2  = 

.1;  = 

y  =  vx  — 


(3) 
(4) 


35 
6 

35 

1+v 
6 

6 

-6, 
1. 

±1. 

30  or  28. 

f  orf 

of  V  in  (3), 
Y-  or  25. 
±  7\/j  or  ±5. 
±3\/ior±2. 
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3.  a^-12 

TraoBposo  id  (1),      xy 


0 
5 

12. 
12 


Substiluto  value  of  i/in 

a?  — 

X 

.Simplify,  ar»  -  24  « 

Tntnsitoso,         x'  — 5x 
(Vuiiplfto  tho  squaro, 

4x«-()  f  25  = 

2x-5  = 

2a;  = 

Substituto  value  of  a:  in 


X 

(2). 
"  5  a:. 


a21. 
.±11, 
=  16  or 
=  8or- 

(-'). 
^lior 


-.6. 
-3. 

-4. 


L  ay —  7  = 

Transpose  in  (1),  ary  = 

Multiply  (3)  by  2, 

22y  = 
Add  (4)  and  (2). 

a:*  +  2xy  +  y*  = 

,\  X  -\-y  — 

Subtract  (4)  from  (2), 

a*  -  2ay  +  y«  = 

.*.  a:  -y  = 

Add  (5)  and  (6),  2a;  = 

.*.  ar  = 

Subtract  (6)  from  (5), 

2y  = 

•••y  = 


0        (1) 

50         (2) 
7  (3) 


14 

64. 

±8 


(4) 


(5) 


36. 

±a  (6) 
±14  or  i  2. 
±7or±l. 

±2or±14. 
±  lor ±7. 


2a:-5y-9 
oj*  —  xy  -I-  y'  =  7 

From(l),  «  =  ^-^ 

Substitute  value  of  x  in  (2), 

r-^)-»(s^)*v-'- 

Simplify,  19y«  +  72y  =  -  53. 

Complete  the  square, 

1444y«  +  ( )  +  (72)»  =  1156, 
38y  +  72  =  ±  34, 

3<Sy  =  -38or-106. 


(1) 
(2) 

(3) 


Substitute  value  of  y  in  (1), 


Transpose  (2), 

Square  (1), 
Multiply  (3)  by  4, 

Add,   . 

Extract  root, 
Add  (1)  and  (4), 

Subtract  (1)  from  (4), 


.-.  y  =  -l  or-2^^f 

2x  =  9  +  (-5)or9  +  (- 
.'.  X  =  2  or  —  2^5. 

6. 


13H). 


X  — y  =  9 

xy  +  8  =  0 
xy  =  -8 

x»-2xy+y'*=     81 
4xy         =-32 

x'  +  2xy  +  y''^=      49 

x  +  y  =  ±  7 
2x=16or2. 

.'.  X  =  8  or  1. 
2y  =  -  2  or  -  16. 

c%  y  =  —  1  or  —  8. 


(1) 

(2) 
(3) 


(4) 
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7. 


5x-7y  =  0  (1) 


5 


From  (1), 
SimpLfy  (2). 

Substitute  value  of  x  in  (4), 

25  5  ^  • 

1225  y2  =  400, 

352/  =  ±  20. 

.-.  y=±f 

Substitute  value  of  y  in  (1), 

5a?  ±  V=0. 


(3) 


(4) 


9.         ac*  +  4a;y  =  3 

4a:y+y«  =  2J 

Substitute  vx  for  y, 
x^  +  Uj^^^ 

4va;»4-vV  =  2} 

From  (3)  and  (4), 


l+4i> 
9 

16u+4v2 
9 


(I) 
(2) 

(3) 
(4) 

(5) 
(6) 


1  +  4u      16v  +  iv^ 
4Sv  +12v«  =  9  +  3Cv, 
12i;2  +  12tJ  =  9, 
4i;2  +  4r  =  3, 
4t;»  +  ()+l=4. 
2v  +  1  =  ±  2. 
.'.  v  =  J  or  —  IJ. 
Substitute  values  of  v  in  (5), 

a:  =  ±  1  oriV— |, 
and  y  -■=  ±}or  +  .J  V-f. 


8, 


x-y 
a?  +y' 


Square  (1), 

x^  —  2xy  +y* 

(2)  is      a;'  +y' 

Subt.,         —  2a!y 

Subtract  (4)  from  (2). 

x*  +  2a!y  +  y'  = 
Extract  root,  as  +  y  — 
Add  (5)  and  (1),      2  a;  = 

Subtract  (5)  from  (1 ), 

.•.y  = 


1  (1) 

8}  (2) 

1  (3) 
8J 


=  -7i     (4) 


16. 

±4       (5) 
5  or  -  3. 
2Jor-U. 

-  3  or  5. 
lJor-2J. 


10.      .T«  -  ary  +  y'  =  48  (1) 

a;  _  y  _  8  =  0  (2) 

(1)  is  a;'—  a?y+y*  =     48 
Sq.(2),  ar»-2a^+y«  =      64 

Subt.,       xy        =  - 16 

Multiply  by  3, 

3a!y  =  -48      (3) 

Add  (3)  and  (1), 

a*  +  2  ly  +  y*  =  0. 

Extract  root, 

a;  +  y  =  0  (4) 

Add  (4)  and  (2), 

2a;  =  8. 

.'.  a;  =  4. 

Subtract  (2)  from  (4), 
2y  =  -8. 

.-.  y  =  -4. 
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Subtract  (1)  from  (2). 
Divide  by  2, 

Subtract, 

Add  4  X  (1)  to  (4), 
Extract  the  root, 
Divide  by  2, 
Add  J  of  (4)  to  (3), 

Add  (G)  and  (7). 

Subtract  (7)  from  (6), 


Substitute  va  for  y. 
From  (1), 
From  (2), 

Whence 


and 


Divide  by  —9, 
Complete  the  square, 
Extract  the  root, 


11. 

a»  +  3ajy +  y*— .1 
3a!«  +  ay +  3y*-13 
2a!*-2ay +  2y«=12. 

a*  —    ay  +  y'  «  6 
1*  +  Sxy  +y*  — 1 


-4iy 

4x*  +  8a:y  +  4y» 

2x  +  2y 

x  +  y 

oj*  — 2ay  +  y' 

a:-y 

12. 

a!»-2a!y +  3y* 
I*  -f  xy  —  y* 

a*  -  2va:*  +  3v^x^ 

a* 


5 

9 

±3. 

±JV29 

±}±J\/29. 

K±3±\^). 

±iTi\/29. 

J(±3t>/29.) 


1» 


=  V- 


1 


11 


a»  = 


11 


9~18v  +  27v« 

99  +  99t;-99t>» 

-126i;»  +  117t> 

14t;»-13v 

784t;»-()  +  169 

28t;-13: 

28t;  = 


Substitute  value  of  v  in  (4), 


9-18t;+27v» 
1 

9  +  9v-  9t;* 

1 
9+9t,_9v2' 

:9-18i;+27i;». 
-90. 
10. 
729. 
±27. 

40  or  - 14. 
Y-or-}. 


(1) 

(2) 

(3) 

(4) 
(5) 

(6) 

(7) 


(1) 
(2) 


(3) 
(4) 


=  _4_9. 


AV  or  f 


and    y  = 


±-Vv^orTj. 
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13.  oj  +  y  =  a  (1) 

4ay  =  a«-46»  (2) 
Square  (1), 

a;*  +  2a:y+y«  =  a«  (3) 

(l)i8  4ay         =a'— 46* 

Subt.,  x^-2Qpy-{-'if'^  46«(4) 
Extract  root,  a;  —  y  =  ±  26  (5) 
Add  (5)  and  (1),   2a;  =  adb26. 

.',  x  =  -±o. 
2 

Subtract  (5)  from  (1), 

2y  =  aT26. 

^     2 


14. 


a;-y=l 
?  +  ?^  =  2i. 


(1) 

(2) 


In(l).  aj-y  +  1. 

Substitute  in  (2), 


y  +  1 


y 


13 

r 


y      y  +  i 

6y«  +  12y  +  6  +  6y«  =  13y2+13y, 

y»  +  y  =  6. 
Complete  the  square, 

4y«  +  ()  +  l  =  25. 
2y  +  1  =  ±  5. 
.'.  y  =  2  or  —3. 
.  •,  a;  =  3  or  —  2. 


Subtract  (2)  from  (1), 


15. 

a;«  +  9rcy  =  340  (1) 

7a:y-y«  =  171  (2) 

iB«  +  2a!y +y2  =  169, 

a;  +  y  =  ±  13  (3) 

.-.  a;  =  13  -  y  or  -  (13  +  y). 

Substitute  in  (1)  the  first  value  of  a?,  » 

(13  -  y)«  +  9  (13 -y)y  =  340, 

169  -  26y  +  y«  +  117y  -  9y«  =  340, 

8y»-91y  =  171. 
Complete  the  square, 

256y»^()  + (91)^  =  2809, 

16y-91-±53. 

.-.  y  =  9or2}  (4) 

Substitute  in  (1)  the  second  value  of  a?, 

(13  +  y)»  -  9  (13  +  y)y  =  340. 
169  +  26y  +  y»  -  117y  -  9y2  =  340, 

8y«4-91y  =  -171. 
Whence,  y  =  —  9  or  —  2f . 

Substitute  values  of  y  in  (3),  a;  =  ±  4  or  ±  lOf . 
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Let 

(1)  becomes 


(2)  becomes 


38. 

10a:»+15ay  =  3a6-2a» 
10y«  +  15jcy  =  3a6-26« 

lOx*  +  15a!*M  =  3a6-  2a\ 

^_3a5-2o« 

10  +  15tr 

lOsW  +  15a;*u  =  3  aft  -  26*, 

^^3aft-2y 

""  10w«+l5u 

3aft-2a«_3a6-26« 

10  +  15u      10tt»+15t*' 


(1) 
(2) 


(3) 


(4) 


Equate  values  of  z*, 

Simplify, 

30aftt4«  -  20aV  -  30a*u  +  306»u  =  30a6  -  206«. 

Divide  by  10, 

SaM  -  2aV  ~  3a«M  +  ZhH  -  3aJ  -  26>, 

or  M»(3a6  -  2a«)  -  3u(a«  -  6*)  =  3a6  -  26». 

Complete  the  square, 

4  w»(3a6  -  2a»)«  -  (  )  +  9(a»  -  6»)«  =  9a«-24a»64-34a»6»-24a6»+96* 

Extract  the  root, 

2u(3a6  -  2a«)  -  3(a»  -  6*)  =  ±  (Sa^  -  4a6  +  36»). 

2w(3a6  -  2a«)  =  Ga*  -  Aah  or  4a6  -  66>. 

3a-26          6 
.  •.  tt  =  — ; or 

36-2a  a 

Substitute  value  of  1 .  ~  .     for  u  in  (3), 


36-2a 


Extract  the  root. 


Substitute  —  for  u  in  (3), 
a 


25 


a" 


a:«  =  -^. 


Since  ux  --  y, 


3tt-  26^  ^  / 


36 -2a 


} 


,-.  y  =  ± 


3a-26 


ory  =  --x(±a\/- J), 
a 
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21. 

7?-y^^0  (1) 

3a»- 40^  +  53/' =  9  (2) 

From(l),  3?  =  y^. 

.\y  =  ±x. 
Hence,  in  (2),  3  ic^  ±  4  a-''  +  5  a:^  =  9, 

12ar^or4a:2  =  9. 

.  •.  x  =  ±i  VS  or  ±  f , 

and  y  =  ±  J  V3  or  ±  |. 

22. 

g  +  y  I  a;-y_10  (1) 

a;  — y     a?  +  y      3 

a^^y^  =  A5  (2) 

From  (1),       3 {x'-\-2xy+y^)+S (3^-2xy-{-y^)  =  10a;«  -  10y«, 
3a;'  +  6xy  +  33/''«  +  Sx^-6xy  +  3y*  =  10a»  -  I0y\ 

-4a:«  +  16y*  =  0, 

-a* +  43^2  =  0  (3) 

Add  (2)  and  (3),  5y^  =  45. 

.'.  y  =  ±  3. 
Substitute  values  of  y  in  (2),  a*  +  9  =  45. 

.•.  ar=  ±  6. 

23. 

1         1         K 

-  +  -  =  5 
a?     y 

1     ^     1         17 


rc  +  l      y  +  1      12 

Clear  of  fractions  and  unite,  a;  +  y  =  5a:y  (1) 

5a;  +  5y  =  7-17a:y  (2) 

Divide  (2)  by  (1),  5  =  Il^ll£2^  (3) 

25a:y  =  7-17ay  (4) 

42a:y  =  7, 

an/  =  i  (5J 

From  (1),  re  +  y  =  f  (p) 

Square  (6),  x"  +  2xy  +  y^  =  ii 

Multiply  (5)  by  4,  .  4a;y  =H 

Subtract,  a:*  -  2  a:y  4-  y"^  =  t^V 

aj-y  =  ±i  (7) 

Add  (7)  and  (6),  2aj  =  lor  J. 

.',  x  =  i  or  J. 
Subtract  (7)  from  (6),  2y  =  J  or  1. 

.-.  y  =  -}or  J. 
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x«-a^+y«  =  7  ri) 

Subtract  (l)lrrom  (3).  "2:^=12. 


«*+ajy+y*'=133  (2) 

Divide  (2)  by  (1).  «»  +  ay  +  y» «  1 9  (3) 


.-.  ajy  =  6  (4) 

Ada  (4)  to  (3),  and  subtract  (4)  from  (1), 

x*  H  2xy  +y'=  25, 
a*--2xy  +y«=  1. 
Wlience  a:  +  y  =  ±  5,  . 

at  —  y  =  ±  1. 

.  •.  X  =  ±  3  or  -fc  2, 
and  y  «=  ±  2  or  ±  3. 


25. 

X  +  y  =  4  (1) 

X*  +  3^^  =  82  (2) 

Put  u-\-v  for  X,  and  ii  —  v  for  y. 

(1)  becomes  2w  =  4. 

.'.  u  =  2. 

(2)  becomes  u*  +  6u*v'  +  t;*  =  41  (3) 
Substitute  2  for  u  in  (3),       16  +  24  v»  -i-  v*  =  41, 

v*-f  24i;»  =  25. 
Complete  the  square,  v*  +  ( )  +  144  =  169, 

t;»  +  12  =  i:  13, 

v»  =  1  or  -  25. 

.•.  t;  =  i:  1  or  iV-25. 

.-.  x  =  3,  1,  or  2±V-~25, 

and    y  =  l,  3,  or  2t\/^^. 


Divide  (1)  by  (2), 
Square  (2), 

Subtract, 

Add  (3)  and  (4), 
Extract  the  root, 
Subtract  (2)  from  (5), 

Add  (2)  and  (5), 


26. 

x'-y^^c^ 

(1) 

x-y  =  a 

(2) 

X*  +    xy  -\-y^  '^a^ 

(3) 

X*  -  2xy  +  y2.=  a? 

3xy         =0 

xy  =  0 

(4) 

x*  +  2xy  -\-y^  =  a?. 

X  -\-y  =  ±a 

(5) 

2y  =  0  or  -  2a. 

.*.  y  =  0  or  — a. 

2x  =  2a  or  0. 

.*.  x  =  a  or  0. 
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27. 

x^  —  xy  =  a^  +  b'^ 
xy  —  y^  =  2ah 
Subtract  (2)  from  (1),  x'-^xy +y^  =  a^ -2ab +  h\ 

Extract  root,  x-y  =  ±{a-b), 

(l)i8  x{x-y)  =  a^-\-b\ 

Substitute  value  of  a;  -  y  in  (1),  ±x[a  -b)  =  a«  +  b\ 

a^  +  b^ 


(2) 


x  =  ± 


(2)18 

Substitute  value  of  (x  -  y)  in  (2), 


a  —  b 
y{x-y)  =  2ab. 


±y{a  —  b)  =  2ah. 
,   2ab 

•••^  =  "^6 
28. 
25*  —  y*  =  4  aft 
xy  =  0^  —  b^ 


y  = 


a' 


6« 


x 


In  (2), 

Substitute  value  of  y  in  (1),    x^  -  ^^  ~      =  4  ab, 

jB*  -  a*  +  2a26«  -  6*  =  4a6a;', 

IB*  -  4a6a;«  =  a*  -  2a«6«  +  6*. 

Complete  the  square,  ib*  -  ()  +  4  a^'i'  =  a*  +  2  a^ft'  +  6*. 

Extract  root,  »» -  2  a6  =  ± 

a:* 
.',  a;  =  db(a  +  6). 

(a  +  5)»-y«  =  4a6, 

y«  =  a«-2a6  +  6*. 

.-.  y  =  ±(a-6). 


=  ±  (a«  +  6«). 

=  ±(a«  +  2a6  +  6«). 


Substitute  value  of  x  in  (1), 


29. 


(2) 
(3) 

(4) 
(5) 
(6) 


jBy  =  0 
JB*  +  y«  =  16 

Multiply  (1)  by  2,  2a;y  =  0 

Add  (3)  and  (2), 

a:»  +  2a;y  +  y*  =  16 
Extract  root,      a?  +  y  =  ±  4 
Multiply  (1)  by  4, 4a;y  =  0 

Subtract  (6)  from  (4), 

a;»-2jEy  +  y*  =  16 

Extract  root,     x-y  ='± 4       (7) 

Add  (5)  and  (7),      2  a;  =  ±8  or  0. 

••.  a;  =  ±4  or  0. 

Subtract  (7)  from  (5), 

2y  =  0  or  ±  8. 

.%  y  =  0  or  db  4. 


• .. 


30.       a;2  _,.  a^  _|.  yi  =  37 
a^_l_a;y +y*  =  481 
Divide  (2)  by  (1), 

a:*  —  ay  +  y'  ==     13 
(l)i8    g'  +  icy  +  y'^     37 

Subt.,    -2a;y         =-24 
.'.  —  aiy  =  —  12 
Add  (3)  and  (4), 

0*  —  2a:y  +  y'  =  1. 
Extract  root,  a;  -  y  =  ±  1 
Subtract  (4)  from  (1). 

a;»  +  2a:y+y»=49. 

Extract  root,  a?  +  y  =  ±  7 

Add  (5)  and  (6),  2  a;  =  ±  8  or  ±  6. 

.•.  aj  =  ±4  or±3. 

Subt. (5) fr. (6),   2y  =  ±6ordb8. 

.•.  y  =  d=3  ordbi. 


(3) 

(4) 
(5) 
(6) 
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31.  1 

x*  -  ax  •+  6y  0) 

y«  =-  ay  4-  hx  (2) 

If  X  «  0,  y  muttt  equal  0. 

If  X '  y,  and  (UK'S  not  <>qQal  0,  then  x  -=  a  +  6,  and  y  =^a  -^^h. 

If  X  do<«  not  equal  y,  subtract  (2)  from  (1),  and  divide  by  x  —  y. 

X  -\-  y  =  a  —  b  (3) 

Add  (1)  and  (2),  x*  +  y*  «  a(x  +  y)  +  6(x  +  y). 

Substitute  a  -  6  for  X  +  y,  •=  a(a  —  6)  h-  ft(a  —  5). 

That  is.  x»  +y»-a»  -    6»  (4) 

Square  (3),  x»  +  2xy  +  y'  -  a»- 2a6  +    6»  (5) 

Subtract  (4)  from  (5),  2 ay         =      -2a6  +  26»  (6) 

Subtract  (0)  from  (4),  x"-  2ay  +  y«  =  a*  +  2a6  -  36«. 

Extract  root,  x  -  y  =»  ±  Va'*  -H2a6-36«  (7) 

Add  (7)  and  (3),  2x  =  a  -  6  i:Va«  + 2a6-36'. 

.-.  x=}(a-6±Va2  +  2a5-36»). 
Subtract  (7)  from  (3),  2y  -  a  -  6  t  Va«  +  2a6-3Z»«. 

.-.  y  -  }(<»-^=f  ^«'  +  2a6- 36"> 


x-y-2=0 

(1) 

15(x»-y»)  =  16xy 

(2) 

Transpose  (1),                                     x  -  y  =  2  ' 

(3) 

Divide  (2)  by  (3).                          15 (x  +  y)  =  8  xy. 

/ 

15x  +  15y-8xy  =  0 

(4) 

From  (1),                                                    X  =  y  +  2. 

Substitute  value  of  x  in  (4), 

i 

15y  +  30  +  15y  -  8y»  -  16y  =  0» 

8y«-14y  =  30. 

Complete  the  square,            64y«-( )+  {7f  =  289, 

8y-7-±17. 

8y  =  24or- 

-10. 

) 

.*.  y  =  3  or  - 

u. 

Sabstitute  value  of  y  in  (1).                  .*.  x  »  5  or  }. 

.^•m* 
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33. 

a;  +  y  ^  a;-y_  89 
a;  —  y     a;  +  y     40 

(1) 

• 

6a;  =  20y+^ 

(2) 

Simplify  (1), 

^x"  -  169y2  =  0, 

daP^  169y« 

(3) 

Extract  the  root, 

3a;  =  ±13y, 
3a:Tl3y  =  0. 

Multiply  by  2, 

6a;T26y  =  0 

(4) 

Transpose  in  (2), 

6a:-20y  =  9 

(5) 

Subtract  (4)  from  (5), 

6y  =  9, 
or  -46y  =  9. 

.-.  y  =  lJor-:A. 

Substitute  values  of  y  in  (2),                 a;  =  6J  or  —  2,^. 

. 

34. 

a     b 

(!)■ 

a     b      . 
-  +  -  =  4 
X     y 

(2) 

Simplify  (1), 

bx  -\^  ay  =  ab 

(3) 

Simplify  (2), 

bx  -\-  ay  =  Axy 
.*.  4a;y  =  ab, 

and  y  -  f'- 

(4) 

Substitute  value  of  y  in 

1  (3),       5a!  +  f*  -  ab. 
ix 

Simplify, 

i^  +  a'  =  4oa!. 

Transpose, 

ia?  —  4ax  =  —  a*. 

Complete  the  square, 

4*»-()  +  o»  =  0. 

Extract  the  root, 

2a!  -  o  =  0. 

- 

Substitute  value  of  x  in 

(3).             y-l 
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TraiupoM  ry  in  (1), 
Divide  (2)  by  (3). 

35. 

a»  +  y»  -  7  +  ly 
*•  -  a^^  +  y'  =  7 

(1) 

(2) 
(3) 

Simplify,  7x  +  7y  =  6a:y  —  1  (4) 

Put  u  +  V  for  X,  and  u  —  v  for  y,  in  (4), 

7(u  +  «)+  7(u- v)  =  6(u«  -«»)  - 1, 
6u»-6i;»-14tt-l  (5) 

Put  u  +  V  for  X,  and  u  —  t;  for  y,  in  (3), 

(u  +  vf  -  (u«-  »*)  +  (u- v)«-  7. 

tt«  +  3«»  =  7  (6) 

Multiply  (6)  by  2,  2u«  +  6«»  -  14  (7) 

Add  (5)  and  (7).  8u«  -  Uu  =  15. 

Complete  tbe  square,     256  u«  -  (  )  +  (14)«  =  676. 
Extract  the  root,  16tt  -  14  =  ±  26, 

16u  =  40or-12, 
u  =  J  or  —  f. 
Substitute  J  for  u  in  (6),  ^  +  Sv*  =  7. 

i^  =  i. 

Extract  the  root,  v  =»  ±  }. 

Substitute  -  }  for  u  in  (6),  J>^  +  3  v«  =  7, 

Extract  the  root,  *  v  =  ±  J  >Aj*. 

Since  x  ==  u  +  v,  substitute  )  for  u  and  ±  J  for  v, 

X  =  3  or  2. 

Substitute  value  of  —  }  for  u,  and  ±  \  V^fs.  for  v, 

a. f±JV^ 

x  =  J(-3±ViJA). 

Since  y  =  w  —  v,  substitute  f  for  w,  and  ±  }  for  v, 

y=.2or3. 
Substitute  —  |  for  u,  and  ±  J  v'^ji  for  t», 

y  =  -i-(±VHi). 
y  =  J(-3Tv/iji). 
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o6«. 

a^-y^  =  S093  (1) 

x-y  =  3  (2) 

Let  x  =  u  +  v,  and  y  =  u  —  v. 

From  (2),  u-{-v  —  u  +  v  =  3, 

2v  =  3. 

.\  t;=  |. 

From  (1),   M5+5M*v+10wV+10MV+5wt;*+tr^ 

-(w*-5w*i;+10uV-10wV+5uv<--v5)  =  3093. 

Transpose  and  combine,      I0u*v+20uhj^+2i^  =  3093. 

Substitute  value  of  v.      ?^  +  ^40^'  +  ?^  =  3093. 

2  8  16 

Simplify,  240m*  +  IOSOm^  =  49245. 

Divide  by  15,  16m*  +  72u^  =  3283. 

Complete  the  square,  16m*  +  ()  +  81  =  3364. 

Extract  the  root,  4  m*  +  9  =  ±  58, 

u2  =.  y.  or  -  fif. 
.-.  M  =  ±  Jor  ±  J\/-67, 
a;  =  u  +  v  =  5,  -  2,  or  J  (3  ±  V^^^), 
y  =  u -  i;  =  2,-5,or i(-3T V^^). 

37. 

|(x-l)-§(a:  +  l)(y-l)  =  -ll  (1) 

l(y  +  2)  =  H^  +  2)  (2) 

From  (1),    9a;  -  9  -  lOa;^  -  lOy  +  10a?  +  10  =  -  165, 

or  19a;-10a:y-10y  =  -166  (3) 

From  (2),  4y +  8  =  3a;  +  6. 

•••  y  =  —^  (4) 

Substitute  value  of  j  in  (3), 

19a:  -  lOx  ^^iLziA  _  lo  (^^^)  =  -  166, 

76a;  -  30a;*  +  20a;  -  30a;  +  20  =  -  664, 

-30ar»  +  66a;  =  -684. 
5x2- 11a;  =144. 
Complete  the  square,  100  a;*  -  ()  +  ( 1 1)«  =  2401 , 

10a; -11  =  ±49, 

10a;  =  60  or -38. 
.',  a;  =  6  or  —  3f. 
Substitute  values  of  x  in  (4),  y  =  4  or  —  3^. 
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11. 

a»  +  3«y  +  y»=.l 

(1) 

3x*+ay +  3y'-13 

(2) 

Subtract  (1)  from  (2), 

2x»-2ay  +  2y«=il2. 

1 
1 

Divide  by  2, 

x*  —    a:y  -f  y*  =  6 

(3) 

(i)i. 

ar*-f  3ary  +y'«=l 

Subtract, 

—  4ay          =5 

(4) 

Add  4  X  (1)  to  (4), 

4ar*  +  8ary +4y»=«9 

(5) 

Extract  the  root, 

2a;  +  2y«±3. 

Divide  by  2, 

x+y=±| 

(6) 

Add  i  of  (4)  to  (3), 

a»-2ay  +  y»  =  jy, 

x-y  =  ±}\/29 

(^ 

Add  (6)  and  (7), 

2a;  =  ±i±J\/29. 

.-.  2!  =  J(±3±\/2D). 

Subtract  (7)  from  (6), 

2y  =  ±fT  JV29. 
.-.  y  =  i(±3¥V29.) 

12. 

x«-2a:y  +  3y«  =  l} 

(1) 

a:*  +  icy  -  y»  =  J 

(2) 

Substitute  var  for  y. 

From  (1), 

a:«  -  2var«  +  3vV  =  Y- 

From  (2). 

ar*  +  vic*  -  v*a;2  =  J. 

Whence 

11 
9-18i;+27t^ 

(3) 

stTin 

!»               1 

(4) 

cXiUvl 

9  +  9t;-  9t;* 

11            _             1 

9-18i;  +  27i;»     9  +  9t;-9v* 

99  +  99i;  -  99 v»  =  9 -  ISr  +  27v», 

-126v»  +  117t;  =  -90. 

Divide  by  —9, 

14i;»-13v  =  10. 

Complete  the  square, 

784v»-()  +  169  =  729. 

Extract  the  root, 

28v-13  =  ±27, 

28t;=40or-14. 
...  t;  =  i^or  —  }. 

Substitute  value  of  v  in  (4),                  a?  =  ^^  or  J. 

.-.  a;  =  ±  } V^^ff  or  ±  f. 

and    y  =  ±  V  V^i  ^^  "f"  i- 
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13.  a:  -f  y  =  a  (1) 

4ay  =  a«-462  (2) 
Square  (1), 

x*  +  2ajy+y'  =  a«  (3) 

(l)i8  4a?y         =a'— 45' 

Subt..  a;«-2a;y  +  y«=  462(4) 
Extract  root,  a;  —  y  =  ±  26  (5) 
Add  (5)  and  (1),   2  a;  =  a  ±  2  6. 

2 
Subtract  (5)  from  (1), 

2y  =  aT26. 

•••  y  =  -  T  6. 

•^     2 


14. 


a;-y  =  l 


a;     y 


+  ^  =  2i. 


(1) 
(2) 


In(l),  x  =  y  +  l. 

Substitute  in  (2), 

13 


y  +  1^   y 


y      y  +  i 

6y«  +  12y  +  6  +  6y«  =  13yH13y, 

y«  +  y  =  6. 
Complete  the  square, 

4y2  +  ()  +  l  =  25, 
2y  +  1  =  ±  5. 
.'.  y  =  2  or  —3. 
,',  a;  =  3  or  —  2. 


15. 

a;«  +  9a:y  =  340  (1) 

Vary -y«  =  171  (2) 

Subtract  (2)  from  (1),      tc*  +  2a:y  +  y«  =  169, 

a;  +  y  =  ±  13  (3) 

.*.  a;  =  13  —  y  or  —  (13  +  y). 
Substitute  in  (1)  the  first  value  of  x,  x 

(13  -  y)«  +  9  (13 -y)y  =  340. 
169  -  26y  +  y*  +  117y  -  9y^  =  340, 

8y«-91y  =  171. 
Complete  the  square, 

266y«^()  + (91)2  =  2809, 

16y-91=±53. 

.-.  y  =  9or2f  (4) 

Substitute  in  (1)  the  second  value  of  x, 

(13  +  y)2  -  9  (13  +  y)y  =  340, 
169  +  26y  +  y2  -  117y  -  9y^  =  340, 

8y2  +  91y  =  -171. 
Whence,  y  =  —  9  or  —  2f . 

Substitute  values  of  y  in  (3),  a;  =  ±  4  or  ±  lOf . 
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Subtract  (1)  from  (2), 
Divide  by  2, 

(1)UI 

Subtract, 

Add  4  X  (1)  to  (4). 
Extract  tbe  root, 
Divide  by  2, 
Add  i  of  (4)  to  (3), 

Add  (6)  and  (7), 

Subtract  (7)  from  (6), 


Substitute  vj  for  y. 
From  (1), 
From  (2). 

Whence 


and 


Divide  by  —9, 

Complete  the  square, 
Extract  the  root, 


11. 

aj*  +  3ay +y*=.l 
3x*+ay +  3y"-13 
2x*-2ajy +  2y«-12. 


-4:xy 

4a:*  +  Sxy  +  4y' 

2x  +  2y 

x  +  y 

^  —  2xy  +  y' 

x-y 

2x 

2y 
•••y 

12. 

x*-2a:y +  3y« 
s^  -\-  xy  —  y^ 

3^  -  2V3I?  +  3vV 
a:*  +  va;*  —  v^s? 

7? 


5 

9 
±3. 

±J\/29 
± J±JV^. 
J(±3±\/2i>). 
±  JtJV29. 
J(±3tV29.) 


i 


=  ¥• 


11 


(1) 
(2) 

(3) 

(4) 
(5) 

(6) 

(7) 


(1) 

(2) 


!»  = 


11 


Substitute  value  of  v  in  (4), 


9-18v+27v' 

99  +  99t>-99t;* 

-126t;»4-117t; 

Uv^-lSv 

784«»-()  +  169 

28v-13  = 

28  v  = 

x" 

»  •  X  '• 

and    y 


-18t;+27«' 

1 

9  +  9r-  9t;* 
1 

9  +  9i;-9t;** 

:9-18v+27v», 

-90. 

10. 

729. 

±27. 

40  or  - 14. 

V^or-}. 

iSr  oii- 

±  i^^  or  ±  f. 


(3) 

(4) 
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13.  x  +  y-^a  (1) 

4a!y  =  a«-46'»  (2) 
Square  (1), 

aj»  +  2ajy+y»  =  a«  (3) 

(l)i8  4ixy         =a'— 45' 

Subt.,  a^-2xy-^y^^  W  (4) 
Extract  root,  a;  —  y  =  db  2  6  (5) 
Add  (5)  and  (1),    2x^a±2h. 

,'.  x='-±b. 
2 

Subtract  (5)  from  (1), 

2y  =  aT2b. 

^      2 


14.  x-y=^l  (1) 

^  +  ^  =  2i.         (2) 
^     a; 

In(l),  a;  =  y+l. 

Substitute  in  (2), 

y  +  i      y   _13 

y        y  +  l      6' 
6y«  +  12y  +  6  +  6y2  =  13y2+13y, 

y'  +  y  =  6. 

Complete  the  square, 

4y'^  +  ( )  +  1  =  25, 

2y  +  1  =  ±  5. 
.-.  y  =  2or-3. 
,\  x  =  Z  or  —2. 


Subtract  (2)  from  (1), 


15. 

a;«  +  9a:y  =  340  (1) 

Ixy-y^^m  (2) 

jE*  +  2a:y  +  y*  =  169, 

a;+y  =  ±13  (3) 

.-.  a;  =  13-y  or-(13  +  y). 

Substitute  in  (1)  the  first  value  of  x,  ^ 

(13  -  y)'' +  9  (13 -y)y  =  340, 

169  -  26y  +  y'  +  117y  -  9y2  =  340, 

8y2_91y  =  171. 
Complete  the  square, 

256y«7-()  +  (91)«  =  2809, 

16y-91  =  ±53. 

.-.  y  =  9or2f  (4) 

Substitute  in  (1)  the  second  value  of  x, 

(13  +  y)»  -  9  (13 +y)y  =  340, 
169  +  26y  +  y2  -  117y  -  9y*  =  340, 

8y«  +  91y  =  -171. 
Whence,  y  =  -  9  or  —  2f . 

Substitute  values  of  y  in  (3),  a;  =  ±  4  or  ±  10}. 
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la 


x  +  v-6 


Divide  (2)  by  (1), 

X*-  xy+y*^      12 
Sq.(l).   x'-\-2ry+y*^     36 

Subtract,  -^jy        »-24 

.*.  ary  =  8 
Subtract  (.0)  from  (3), 

I*  —  2ay  +  y*  =  4. 
Extract  root,  x  —  y  =  ±  2 
Add  (G)  and  (1).  2a: -8  or  4. 

.•.  a:  =  4  or  2. 

Subtract  (6)  from  (1), 

2y  -  4  or  8. 

.'.  y  =  2  or  4. 


(5) 


(6) 


17.    3ay  +  2a:  +  y  = 
3a! -2y  = 

In  (2),  X  = 

Substitute  value  of  x 
fiv'     4v 

6y»  +  7y  = 

Complete  the  square, 

l44y2  +  ( )  +  49  = 

12y+7  = 

12y  = 

.-.  y  = 

Substitute  value  of  y 

x  = 


(1) 
(2) 

(3) 


485 
0 

2^ 
3 
in  (1), 

485, 
1455. 


34969, 

±187. 

180or-194. 

15  or  -  IGl 

in  (3), 

10  or  -  lOJ. 


18.  ac-y-l 

a»-t^  =  19 
Divide  (2J  by  (1). 

a^+  xy+y*  =  19 
Sq.  (1),  a«-2gy+y«=    1 

Subt..  3ay       =  18 

.*.  ary  =  6 
Add  (4)  and  (3), 

X*  +  2a!y  +  y"  «  25. 
Extract  root,  a  +  y  =  ±  5 
Add(5)and(l),  2a;  =  6or 
.'.  Of  =  3  or 
Subtract  (1)  from  (5), 

2y  =  4  or 
.*.  y  =  2  or 


(2) 
(3) 


(4) 


(5) 
4. 

2. 

6. 
3. 


19.  a»  +  y»  =  2728     (1) 

aj»--a!y  +  y2  =  124       (2) 

Divide  (1)  by  (2), 

a:  +  y  =  22        (3) 
Square  (3), 

a:«+2an^  +  y*  =  484       (4) 
Subtract  (4)  from  (2), 
—  3afy  = 
Divide  by  3,    —xy  = 
Add  {5)  and  (2), 

or  —  2xy  +  y'  = 

Extract  root,  x—y  = 

Add  (3)  and  (6),  2  a;  = 

•  *    X  = 

Subtract  (6)  from  (3), 

2y  = 
.-.  y  = 


-360. 
-120  (5) 

4. 

±2        (6) 
24  or  20. 
12  or  10. 

20  or  24. 
10  or  12. 


20. 


Square  (1), 
Subtract  (2), 

Subtract  (4)  from  (2), 
Extract  root, 
From  (1)  and  (6), 


x  +  y 

x^  +y^ 

0*  +  2a:y  +  y* 

a^  +y* 


x" 


2xy 
2xy-^y^ 

x-y 

2x 

2y 


g'-f  26' 
±Va^T26^ 
a±Va^  +  2b^. 
i{a±y/d^  +  2b*). 
a=F\/a'  +  2¥. 
J{aTVa«  +  26»). 


0) 
(2) 
(3) 

(4) 
(5) 

(6) 
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21. 

a;2_y2_0  (1) 

3a;«-4.ry4-5y»  =  9  (2) 

From(l),  x^  =  y^, 

.',y  =  izx. 
Hence,  in  (2),  3  rc^  ±  4  a;^  +  5  x^  =  9, 

12a:*^or4a;»  =  9. 

,\  x  =  ±  jVS  or  ±  f, 

and  y  =  ±  }  V3  or  ±  |. 

22. 

g  +  y  ,  x-y     10  ^jL) 

JB  — y     a;  +  y      3 

a.2  4-y2_45  (2) 

From  (1),       3(a;'+2a^+y«)+3(a^»-2a:y+y*)  =  10a:»  -  10y», 
3a;'  +  6xy  +  3y'^  +  3a:«  -  6a;y  +  3y^  =  lOrc'  -  I0y\ 

-^x^  +  16y^  =  0, 

-a;«  +  4y2  =  0  (3) 

Add  (2)  and  (3),  5y^  =  45. 

.*.  y  =  ±  3. 
Substitute  values  of  y  in  (2),  a*  +  9  =  45. 

.*.  x=  ±Q. 

23. 

1         1         K 

-  +  -  =  5 
oj     y 

1     ^     1         17 


.r  +  1     y  +  1      12 

Clear  of  fractions  and  unite,  re  +  y  =  5ay  (1) 

5a;  +  5y  =  7-17rry  (2) 

Divide  (2)  by  (1).  5  =  Ii^IIH  (3) 

25a:y  =  7-17a:y  (4) 

42a;y  =  7, 

^  =  i  (5J 

From  (1),  a;  +  y  =  f  (6) 

Square  (6).  a?  +  2xy  f  y^  =  f| 

Multiply  (5)  by  4,  .  4a;y  =  f| 

Subtract,  a;«  -  2a:y  +  y"^  =  -jV 

a;-y  =  ±i  (7) 

Add  (7)  and  (6).  2aj  =  lor  J. 

.*.  x  =  h  or  J. 
Subtract  (7)  from  (6),  2y  =  J  or  1. 

.\y  =  -lor  J. 
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a*  -  ay  +  y«  =  7  (1) 

«*  +  aJ»y'+r=133  (2) 

Divide  (2)  by  (1),  x«  +  ay  +  y»  =  1 9  (3) 

Subtract  (1 )  from  (3).  2ary  ==  12. 

.-.  ary  =  6  (4) 
Add  (4)  to  (3),  and  subtract  (4)  from  (1). 

x»  +  2.Ty +y«  =  25, 

a»-2ay  +  y'=l. 
Whence  a?  +  y  =  ±  5, 

x-y  =  ±l.      • 

.•.  a;  =  ±3  or  4:2, 
and  y  »=  ±  2  or  ±  3. 


25. 

X  +  y  =  4  (1) 

X*  +  y^  =  82  (2) 

Put  n  +  V  for  X,  and  n  —  v  for  y. 

(1)  becomes  2tt  =  4. 

.•.  u  —  2. 

(2)  becomes  ti*  +  6  mV  +  i/*  =  41  (3) 
Substitute  2  for  «  in  (3),       16  +  24  v«  f  t;*  =  41, 

v*  +  24i;»  =  25. 
Complete  the  square,  v*  +  ()  +  144=  169, 

t;»  +  12  =  i:  13, 

v»=lor-25. 

.•.  v  =  ±  1  or  iV-25. 

.-.  x  =  3,  1,  or2±V-25, 

and    y  =  l,3,  or2TV-25. 


Divide  (1)  by  (2), 
Square  (2), 

Subtract, 

Add  (3)  and  (4), 
Extract  the  root, 
Subtract  (2)  from  (5), 

Add  (2)  and  (5), 


26. 


x'-y^^a^ 

(2) 

x-y  =  a 

X*  +    xy  -\-y^  =^0? 

(3) 

X*  —  2xy  +  y^.—  a? 

3xy          =0 

xy  =  0 

(4) 

X*  +  2xy  +  y*  =  a^. 

X  +  y  =  ±a 

(5) 

2y  =  0or-2a. 

.*.  y  =  0  or  — a. 

2x  =  2a  or  0. 

,\  x  =  a  or  0. 
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27. 

xy  —  y*  =  2ah 
Subtract  (2)  from  (1),  a^  -2xy  +  y^  =  a^  -  2ah  +  h\ 

Extract  root,  x-y  =  ±{a-h). 

(l)is  x{x-y)  =  d'-\-bK 

Substitute  value  of  jb  -  y  in  (1),  ±x{a  -b)  =  a^  +  6». 

a* +  6* 


(2) 


x  =  ± 


(?)  is 

Substitute  value  of  {x  -  y)  in  (2), 


a  — 5 
y(a;-y)  =  2a6. 


±y(a  —  b)  =  2db, 
,   2ab 


a 


28. 

a:*  —  y^  =  4  a6 


In  (2). 


a"  -  6» 


y  = 


X 


Substitute  value  of  y  in  (1),    a:*  -  ^    ^      =  4  a6, 


Complete  the  square, 
Extract  root, 


jB*  -  a*  +  2a»6*  -  6*  =  4a6x», 

a*  -  4  a6x»  =  a*  -  2  a«5«  +  6*. 
jc4_  ()  +  4a«6«  =  a*  +  2a«6«  +  b\ 
y?-2ab=^±{a^  +  ¥\ 

a»  =  ±fa«  +  2a5  +  6'). 

Substitute  value  of  a?  in  (1),     (a  +  6)»  -  y»  =  4  aft, 

.-.  y  =  ±(a-6). 


29.  ajy  =  0  (1) 

a«  +  y2  =  l6        (2) 

Multiply  (1)  by  2,  2ay  =  0  (3) 
Add  (3)  and  (2), 

a;»  +  2ay+y»  =  16  (4) 

Extract  root,      oj  +  y  =  ±  4  (5) 

Multiply  (1)  by  4, 4a^  =  0  (6) 

Subtract  (6)  from  (4), 

a;»-2a;y+y'  =  16 

Extract  root,     x  —  y  ="±  4       (7) 

Add  (5)  and  (7),      2a;  =  ±  8  or  0. 

.'.  a;  =  db4  or  0. 

Subtract  (7)  from  (5), 

2y  =  0  or  ±  8. 

•%  y  =  0  or  i  4. 


30.       a;*  +  aiy  +  y'  =  37 
a*  +  a;V  +  y*  =  481 
Divide  (2)  by  (1), 

iB*  —  ay  +  y*  =     13 
(l)i8    s?  +  xy^y'^=     37 

Subt.,    -2a;y         =-24 
•  •.  — icy  =  — 12 
Add  (3)  and  (4), 

a:2-2a:y +  y'  =  l. 
Extract  root,  jb  -  y  =  ±  1 
Subtract  (4)  from  (1), 

a;»  +  2ay +  y'=49. 

Extract  root,  a;  +  y  =  ±  7 

Add  (5)  and  (6),  2  a?  =  ±  8  or  ±  6. 

,  •.  flj  =  ±  4  or  ±  3. 

Subt.  (5)  fr.  (6), '  2y  =  ±  6  or  ±  s! 

.'.  y  =  d=3  ordb4. 


(3) 

(4) 
(5) 
(6) 
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31. 

a:*  =  OX  +  6y  (1) 

y^-^ay-{-  bx  (2) 

If  X  =  0,  y  must  equal  0. 

If  X  ->  y,  and  <1o<»m  not  equal  0,  then  x  «»  a  +  6,  and  y  =  a-\^b. 

If  X  doc'8  not  equal  y,  subtract  (2)  from  (1),  and  divide  by  x  —  y. 

X  +  y  =  a  —  6  (3) 

Add  (1)  and  (2).  x»  +  y*  =  a(x  +  y)  +  b{x  +  y). 

Substitute  a  —  6  for  x  +  y,  =  a  (a  —  J)  H-  J  (a  —  b). 

That  is,  x>  +y«-a'  -    6»  (4) 

Square  (3),  x»  +  2xy +y«  =  a»-2a&  +    6'  (5) 

Subtract  (4)  from  (5),  2a'y         =     -2a6  +  2&«  (6) 

Subtract  (6)  from  (4),  x»--  2xy  +  y*  =  a*  +  2a6  -  3  J*. 

Extract  root,  x  - y » ± Va*  -|-2a6-36»  (7) 

Add  (7)  and  (3),  2x  =  a  -  6  ±Va«  + 2a6-36». 

.-.  x  =  i(a-&±Va«  +  2a^>-36«). 
Subtract  (7)  from  (3),  2y  -  a  -  5  ^Va' +  2a6  -  36«. 

.%y  =  }(a-&=FVa'  +  2a6-36«> 


82. 

x-y-2  =  0  (1) 

15(x»-y»)  =  16xy  (2) 

Transpose  (1),  x  -  y  =  2  '  (3) 

Divide  (2)  by  (3).  15  (x  +  y)  =  8xy, 

16x  +  15y-8xy  =  0  (4) 

From  (1),  X  =  y  +  2. 

Substitute  value  of  x  in  (4), 

15y  +  30  +  15y  -  8y»  -  16y  =  0, 

8y«-14y  =  30. 
Complete  the  square,  64y«-  ( )  +  {If  =  289, 

8y-7  =  ±17. 

8y  =  24or-10. 
.'.  y  =  3  or  -  IJ. 
Substitute  value  of  y  in  (1).  •*•  x  »  5  or  f . 
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33. 

x  +  y  1  a;-y_89 
x  —  y     x-\-y     40 

(1) 

• 

6a;=20y  +  ! 

9r 

(2) 

Simplify  (1), 

9a;«-169y2  =  0. 

9a;«  =  169y 

(3) 

Extract  the  root, 

3a;  =  ±13y, 
3a;Tl3y  =  0. 

Multiply  by  2, 

6a;=F26y  =  0 

(4) 

Transpose  in  (2), 

6a;-20y  =  9 

(5) 

Subtract  (4)  from  (5), 

6y  =  9. 
or  -46y  =  9. 

.'.  y  =  IJ  or  - 

-A. 

Substitute  values  of  y  ic 

t(2), 

a;  =  6 J  or  - 

34. 

a     0 

a     b     J. 

-  +  -  =  4 
X     y 

-2A- 

(1) 
(2) 

Simplify  (1), 

bx  -\^  ay  =  ab 

(3) 

Simplify  (2), 

bx  -\-  ay  ==  A^xy 

.'.  4a;y  =  a6, 

,          ab 
and  y  =  - — 

4a; 

W 

Substitute  value  of  y  in 

(3). 

6a;  +  f  *  -  ab. 
4a; 

Simplify, 

4a;*  +  a*  =  4aa;. 

Transpose, 

43;"  — 4aa;  =  — o*. 

Complete  the  square, 

4a;»-()  +  a»  =  0. 

Extract  the  root, 

2a;-a  =  0. 

a 
.-.  a;  =  -- 

Substitute  value  of  a;  in 

(3), 

2 

b 
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35. 

x»  +  y» «  7  +  ay  (1) 

x»  +  y»  =  6a:y-l  (2) 

Transpose  xy  in  (1),  x*  —  ay  +  y*  =  7  (3) 

Divide  (2)  by  (3).  «  +  y  =  ^^  ~  ^' 

Simplify,  7a?  +  7y  =  6ay  — 1  (4) 

Put  u  +  V  for  X,  and  u  — 1>  for  y,  in  (4), 

7(tt  + 1;)+  7(tt-t;)  =  6(u«  -t;»)  - 1, 

6u»-6i;«-14u  =  l  (5) 

Put  tt  +  V  for  X,  and  u  —  v  for  y,  in  (3), 

(u  +  r)«  -  (u«  - 1;»)  +  (tt  - 1;)«  -  7, 

u»  +  3i;«  =  7  (6) 

Multiply  (6)  by  2,  2tt«  +  6  »*  - 14  (7) 

Add  (5)  and  (7).  Su*  -  14u  =  15. 

Complete  the  square,     256tt»  -  (  )  +  (14)«  =  676. 

Extract  the  root,  16u  -  14  =  ±  26, 

16u  =  40or-12, 

u  =  }  or  —  }. 

Substitute  J  for  u  in  (6),  y  +  3t;2  =  7, 

3i^  =  }, 

t^  =  i. 
Extract  the  root,  «  =  ±  J. 

Substitute  - 1  for  u  in  (6),  ^^  +  3 1;»  =  7, 

Extract  the  root,  '  v  =  ±  J>Aji. 

Since  x  =  u  +  v,  substitute  {  for  u  and  ±  J  for  v, 

X  =  3  or  2. 
Substitute  value  of  —  }  for  u,  and  ±  J  V^J^  for  v,        

x  =  i(-3±VHi). 

Since  y  =  u  —  v,  substitute  {  for  u,  and  ±  J  for  v, 

y=*-(±J). 

y=2or3. 
Snbstitate  —  f  for  u,  and  ±  J  V^J*  for  v, 

y |-(±v/Ip). 
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36. 

a^-f  =  3093  (1) 

a;  -  y  =  3  (2) 

Let  a;  =  w  +  V,  and  y  =  tt  —  v. 
From  (2),  u  +  v  —  u  +  v  =  3, 

2i;  =  3. 
.'.  v=  J. 
From  (1),   u'^+Sw^v+lOuV+lOwV+SwvHv^ 

Transpose  and  combine,      10u*t;+20wV+2v^  =  3093. 

Substitute  value  of  t;,      ?5^  +  ^^^  +  ?^  =  3093. 

2  8  16 

Simplify,  240w*  +  1080w«  =  49245. 

Divide  by  15,  16m*  +  72u«  =  3283. 

Complete  the  square,  16tt*  +  ( )  +  81  =  3364. 

Extract  the  root,  4u*  +  9  =  ±  58, 

u*  -  y  or  -  y. 

.  •.  M  =  ±  I  or  ±  J  V-  67, 

a;=  u  +  i;  =  5,-2,or  i(3±V^^^), 

y  =  u  -  V  =  2.-5,or i(-3T>/^^). 

37. 

{(a;-l)-?(a:  +  l)(y-l)  =  -ll  (1) 

l(y  +  2)  =  }(a:  +  2)  (2) 

From  (1),    9a;  -  9  -  10a:y  -  lOy  +  lOa?  +  10  =  -  165, 

or  19a;  -  lOa^  -  lOy  =  -  166  (3) 

From  (2),  4y +  8  =  3a;  +  6. 

ox ^  /  A\ 

•••y  =  — J—  (4) 

Substitute  value  of  y  in  (3), 

19a;  -  10a;  (?i^^^\  -  10  /'^^^^j  =  -  166, 

76a;  -  30a;»  +  20a;  -  30a;  +  20  =  -  664, 

-  30  a;*  +  66  a;  =  -684, 
5a:2_na.=  i44. 

Complete  the  square,  100a;*  -  { )  +  (^^f  =  2401, 

10x-ll  =  ±49, 

10x  =  60or-38. 
.•,  a;  =  6  or  —  3f. 
Substitute  values  of  x  in  (4),  y  =  4  or  —  3^. 
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Let 

(I)  becomofl 


(2)  becomes 


38. 

10a:»+15ay-3o6-2a* 
10y»  +  15iy-3a6-26» 

10a:»+15a:»u  =  3aft-2a», 

^     8a6-2o« 

10+15W 

\OaW  +  15a;»tt  =  3aA  -  2ft«. 

^     3oft~2y 

"  10u«+l5tt 

3a&-2a»     3a6-26» 


(1) 
(2) 


(3) 


(4) 


Equate  values  of  x*.  ,^     ^_         ,^  -    ,c 

^  10  +  15tt      10tt*+15tt 

Simplify, 

30a&u» -  20aV  -  30a«tt  +  306«u  =  30a6  -  206«. 

Divide  by  10, 

3o6u«  -  2a«tt»  -  3a«tt  +  3&»u  «  3a5  -  26». 

or  u«(3a&  -  2a«)  -  3u(a«  -  6»)  =  3ab-  26*. 

Complete  the  square, 

iu\3ab  -  2a*)*  -  ( )  +  9(a*  -  6*)*  =  aa*-24a'6+34a*6*-24a5»+96* 

Extract  the  root, 

2u(3a6  -  2a*)  -  3(a*  -  6*)  =  ±  (3a*  -  4a6  +  36*). 

2u(3a6  -  2a*)  =  Ga^  -  4a6  or  4a6  -  66*. 

3a-26          6 
.\  u=  — ; — -  or 

36-2a  a 

Substitute  value  of  ??~.^^  for  u  in  (3), 


36-2a 


Extract  the  root, 


Substitute  —  for  m  in  (3), 
a 


Since  ux  ^ 


25 
.  /36-2a\ 


a;  = 


a" 


3?  = 


3a-  26^  .  /36 -2a\ 


3a -26 


or 


y=--X(±aV- J). 


,».  y  =  t6V— J. 
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39. 

(2ar  +  Zyf  -  2{2x  +  3y)  =  8  (1) 

ar^-y'  =  21  (2) 

Add  1  to  both  sides  of  (1), 

(2a;  +  3yf  -  2(2aj  +  3y)  +  1  =  9. 

Extract  the  root,  (2x-  +  3y)  -  1  =  ±  3, 

2a;  +  3y  =  4or-2  (3) 

4-3v           2  +  3v 
.'.  X  = ^  or ■ — ^, 

2  2 


^  16-24.y+9y'     4  +  12.V  +  9.V' 


Substitute  value  of  x^  in  (2), 


4  ^ 

5y«-24y  =  68, 

lOOy'  -  (  )  +  576  =  1936, 

lOy  -  24  =  ±  44, 

10y=68or-20. 

.-.  y  =  6|or-2. 

Substitvtte  second  value  of  a;^  in  (2), 

4  +  12.v  +  9.v^       ,     o-^ 
4  ^ 

5y«  +  12y  =  80, 

100y«  +  ()  + 144  =  1744, 


10y  +  12=±  tVl09, 

10y  =  -12±4VT09. 
.•.y  =  -U±fVl09 


=  J(-3±Vl09). 
Substitute  first  values  of  y  in  (3),      a;  =  -  8^,  5,  J(4  =f  3  Vl09). 
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16. 


a;-f  y  =  6 

a:*  +  jr  =  72 
Divide  (2)  by  (1), 

a:*—  a:y+y*=  12 
Sq.(l),  a:«+2a!y+y'  ^  36 
Subtract,  -'Sxij       =  —  24 

.*.  a;y  =  8 
Subtract  (5)  from  (3), 

a;»-2ay  +  y»  =  4. 
Extract  root,  x  —  y  =  ±2 
Add  (6)  and  (1),  2  a;  =  8  or  4. 

.".  a:  =  4  or  2. 
Subtract  (6)  from  (1), 

2y  =  4  or  8. 

.'.  y  =  2  or  4. 


(5) 
(6) 


17.     3a?y  +  2a;  +  y  = 
3a;  — 2y  = 


X  — 


In  (2), 

Substitute  value  of  x 

6v'     4v 

3         3^^ 

6y»  +  7y  = 

Complete  the  square, 

144y«  +  ( )  +  49  = 

12y+7  = 

12y  = 

.-.  y  = 

Substitute  value  of  y 


485 
0 

2y 
3 
in  (1), 

485, 

1455. 


(1) 
(2) 

(3) 


x  = 


34969, 

±187. 

180  or -194. 

15  or  -  IGJ. 

in  (3), 

10  or  -  lOf 


20. 


18. 


«  — y=«l 
a;»-t;a  =  19 
Divide  (2)  by  (1), 

aJ*+  xy+i/»  =  19 
Sq.  (1).  a;«-2ay+y«=    1 

Subt.,  3a;y        =  18 

.•.  ary  =  6 
Add  (4)  and  (3), 

a;*  +  2a:y  +  y«  =  25. 
Extract  root,  a;  +  y  =  ±  5 
Add(5)and(l),  2a;  =  6or 
.  ■.  a;  =  3  or 
Subtract  (1)  from  (5), 

2y  =  4  or 
.".  y  =  2  or 


(1) 

(2) 

(3) 


(4) 


(5) 
4. 

2. 

6. 
3. 


19.  a*-\-y^  = 

a;*  —  ay  +  y*  = 
Divide  (1)  by  (2), 

a;  +  y  = 
Square  (3), 

a;*+2a;y  +  y'  = 

Subtract  (4)  from  (2), 

—  3ay  = 

Divide  by  3,    —xy  = 

Add  (5)  and  (2), 

sr-2xy-\-y^  = 

Extract  root,  x^y  = 

Add  (3)  and  (6).  2  a;  = 

•  *    X  = 

Subtract  (6)  from  (3), 

2y  = 


2728     (1) 
124       (2) 


22 

484 


(3) 
(4) 


-360. 
-120  (5) 

4. 

±2        (6) 
24  or  20. 
12  or  10. 


y  = 


Square  (1), 
Subtract  (2), 

Subtract  (4)  from  (2), 
Extract  root, 
From  (1)  and  (6). 


a;  +  y  ==a 
ar»  +  y'  =  6* 
a;*  +  2xy  +y^  =  a* 
x^  +y^  =  b* 

2xy  =^a^-b* 

x^-2xy-{-y*  =  a«  +  26« 

x-y^±V^i^2b'^ 

2x=a±y/a^-\-2b*. 

.-.  x=^i{a±V^T2W). 
2y  =  aTVa^T26^_ 

.-.  y  =  J(a=FVa'  +  26«). 


20  or  24. 
10  or  12. 


(2) 
(3) 


(6) 
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21. 

From  (1), 
Hence,  in  (2), 

3a:«-4a;y  +  5y»  =  9 
x'  =  y\ 
,\y  =  ±x. 
3a:«±4a;2  +  5aj2  =  9, 
12a;''or4ar»  =  9. 

(1) 
(2) 

• 

.'.  a;  =  ±  jVS  or  ±  f, 
and  y  =  ±  J  V3  or  ±  |. 

22. 

X  +y     x  —  y     10 
a-y     a:  +  y      3 

(1) 
(2) 

From  (1),       Z{x'+2xy+y^)-\-S{x'-2xy-{-y^)  =  lOjc'  -  lOy'. 
3a:»  +  exy  +  Sy'  +  3a^  -  6jry  +  3y*  =  10r»  -  10y^ 

-4a;«  +  16y*  =  0, 

-a^  +  4y*  =  0  (3) 

Add  (2)  and  (3).  5y^  =  45. 

.*.  y  =  ±  3. 
Substitute  values  of  y  in  (2),  a^  +  9  =  45. 

.•.  x=  ±6. 

23. 

1     1     R 
-  +  -  =  5 

a;     y 
1^1         17 


.T  +  1     y  + 1      12 

Clear  of  fractions  and  unite,  re  +  y  =  5a:y  (1) 

5a;  +  5y  =  7-17icy  (2) 

Divide  (2)  by  (1),  ^  =  ^^£^  ^^^ 

25a:y  =  7-17a:y  (4) 

42a;y  =  7, 

xy=^l  (5) 

From  (1),  .'B  +  y  =  f  (6) 

Square  (6).  a?  +  2xy  f  y^  =  J| 

Multiply  (5)  by  4,  .  4a;y  =  U 

Subtract,  a:*  -  2a^  -H  y'^  =  ^V 

a;-y  =  ±J  (7) 

Add  (7)  and  (6),  2a;  =  lorf. 

.'.  a;  =  J  or  J. 

Subtract  (7)  from  (6),  2y  =  *  or  1. 

.-.  y  =  Jor  J. 
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L<'t  X  —  rate  of  the  faster  train, 

and  y  —  rate  of  the  slower  train. 

Thon  x+y:*  —  y::30:2. 

By  com|Mtsition  an<l  dtvution, 

2x:2y::32:28. 

.*.  x:y  : :  8:  7. 

23.  A  and  B  trade  with  diflTcrcnt  Bams.  A  gains  ^  200  and  B 
\oHi*s  $  50,  and  now  A*8  stock :  B*8 : :  2 :  }.  Bat,  if  A  had  gained 
9  ICK)  and  B  lost  $85,  their  stocks  would  have  been  as  15:3^. 
bMnd  Uie  original  stock  of  each. 

Lc>t  X  —  original  stock  of  A, 

and  y  »  original  stock  of  B. 

Tljon  ar  +  200:y-50::2:J. 

Simidify.  .         a:  +  200  =  4y  -  200, 

ar-4y  =  ~400  (1) 

Also,  x  +  100  :  y  -  85 : :  15  :  3J. 

Simplify.  13x  +  1300  =  60y  -  5100, 

13x-60y  =  -6400  (2) 

Multiply  (1)  by  15.    15x  -  GOy  =  -  6000  (3) 

Subtract  (2)  from  (3).  2x  =  400. 

.-.  x  =  200. 
200~4y  =  ~400. 
.-.  y-150. 

24.  A  quantity  of  milk  is  increased  by  watering  in  the  ratio 
4 '.  5,  and  then  3  gallons  arc  sold ;  the  remainder  is  mixed  with 
3  quarts  of  water,  and  is  increased  in  the  ratio  6 :  7.  How  many 
gallons  of  milk  were  there  at  first?  . 

Let  X  =  number  of  quarts  of  milk  at  first, 

and  y  =  number  of  quarts  of  water  put  in  at  first. 

Then    x  +  y  =  number  of  quarts  of  mixture  after  watering. 

. '.  X  :  X  +  y  :  :  4  :  5, 
X         4 


or 


X  -\-y     5* 

5x  =  4x  +  4y, 

X  — 4y  =  0. 
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a?  +  y  — 12  =  number  of  quarts  in  remainder  before  watering, 
a;  +  y  —  9  ==  number  of  quarts  in  remainder  after  watering. 

...  g  +  y-12    6 

x+y-d      7 
7x  +  7y  -  84  =  6aj  +  6y  -  54. 

aj~4y=   0  (1) 

a;+     y  =  30  (2) 

5y  =  30 
.-.  y  =  6. 
Substitute  value  of  y  in  (1), 

X  -  24  =  0. 
.  •.  X  =  24  quarts  or  6  gallons. 

25.  In  a  mile  race  between  a  bicycle  and  a  tricycle  their  rates 
were  as  6:4.  The  tricycle  had  half  a  minute  start,  but  was 
beaten  by  176  yards.    Find  tlie  rates  of  each. 

Let         X  =  number  of  yards  bicycle  goes  per  minute, 
and  y  =  number  of  yards  tricycle  goes  per  minute. 

X :  y  : :  5  :  4, 
4x  =  5y. 

4 

=  number  of  minutes  tricycle  was  going  after 

y        2         bicycle  started, 

=  number  of  minutes  bicycle  was  going. 

X 


Substitute  — ^  for  x, 
4 


1584     1 

y      2 

1760 
= » 

X 

1584  X     ^  = 
2 

=  1760y, 

3168x-xy  = 

=  3520y. 

5y«  = 

=  1760y. 

•••y  = 

=  352, 

and  x  = 

=  440. 
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26.  The  time  which  an  express-train  takes  to  travel  180  miles 
is  to  that  taken  by  an  ordinary  train  as  9 :  14.  The  ordinary 
train  loses  as  much  time  from  stopping  as  it  would  take  to  travel 
30  miles ;  the  express-train  loses  only  half  as  much  time  as  the 
other  by  stopping,  and  travels  15  miles  an  hour  faster.  What 
are  their  respective  rates? 

Let  y  =  number  of  miles  ordinary  train  goes  per  hour, 

and  y  +  15  =  number  of  miles  express-train  goes  per  hour. 

Then      ^  =  number  of  hours  required  for  ordinary  train. 

Also, 1 —  =  number  of  hours  required  for  express-train. 

y+15     y 


180  +  30      180        15     -.    ^ 
.". : =-«  +  —  : :  14 :  9. 

y       y  + 15     y 

1890       2520       210 
= =-=  +  — . 

y      y  + 15      y 

1680       2520 

y   ~y  +  i5* 

1680y  +  25200  =  2520y, 
840y  =  25200. 
.-.  y  =  30. 
and  y  +  15  =  45. 

27.  A  line  is  divided  into  two  parts  in  the  ratio  2 : 3,  and  into 
two  parts  in  the  ratio  3:4;  the  distance  between  the  points  of 
section  is  2.     Find  the  length  of  the  line. 

Let  X  =  one  part, 

and  y  =  the  other  part. 


.*.  re:  y  : :  2:  3. 

3a;  =  2y. 

3a;-2y  =  0 

(1) 

Also, 

a:  +  2:y-2::3:4, 

4a;-3y  =  -14 

(2) 

Multiply  (1)  by  3. 

9a;-6y  =  0 

Multiply  (2)  by  2, 

8a; -6y  =  - 28 

Subtract, 

X           =28 

Substitute  value  of  x  in 

(1),              2y  ^  84. 

y  -  42. 
•••  a  +  y  =  70. 
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28.  When  a,  by  c,  d  are  proportional  and  unequal,  show  that 
no  namber  x  can  be  found  such  that  a  ■{■  x,  b  •\-  x,  c  •{■  x,  d-\-  x  shall 
be  proportionals. 

If  a:b  ::  c:d,  ad=bc] 

and  if  a-\-x:b-\-x: :  c-\-x:  d-^-x, 

ad-\-dx  +  ax-\-3e^  =  bc-\-cx  +  bx-^a?. 
Transpose,  and  cancel  x*, 

ax  —  bx  —  ex -\-  dx  =  be  —  ckd. 
But  ad  =  be. 

.%  x(a  —  b  —  c-\-d)  =  0. 
.',  aj=»0. 

Exercise  108. 

1.  If  ^ooB,  and ^=4  when  B=  6,  find  ^  when  B  =  12. 

Here  A  =  mbf  or  m  =  — •       .*.  wi  =  |. 

And  if  ^  and  12  are  substituted  for  m  and  B, 

^  =  jXl2  =  9i. 

2.  If  ^  00 £,  and  when  B=  i,  ^  =  },  find  ^  when  B  =  }. 
Here  A^^mB,  or  m  =  —  .*.  m  =  |. 
Substitute  )  for  m,  and  }  for  B, 

3.  If  A  vary  jointly  as  B  and  C,  and  3,  4,  5  be  simultaneous 
values  of  A,  B,  C7,  find  A  when  B  =  C=  10. 

Here  A  =  m^C,  or  m  =  -— -• 

BC 

Substitute  3  for  A,  4  and  5  for  B  and  C, 

Then,  il  =  J^^  X  10  x  10  =  15. 

4.  If     00  i,  and  when  -4  =  10,  B  =  2,  find  the  value  of  B  when 
^  =  4.  ^ 

Here  A  =  ^,  or  m  =  ilB.        .•.  m  =  20. 

B 


Substitute  values  of  m  and  A, 

20 
B 


4-^.  ...  B  =  5. 
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5.  If  ^«4»  ■**<*  when -4  =  6,  S  =  4.  and  C=3,  find  the  value 
of  il  when  B  =  6  «nd  C=  7. 

Hew  ^  =  ^' 

4fii  =- 18. 

.•.  m  — 4J. 

Substitate  valae  of  B^  C,  and  m, 

-     4ix5 

6.  If  the  square  of  X  vary  as  the  cube  of  F,  and  jr=  3  when 
Y=4t  find  the  equation  between  Xand  Y, 

Hero  X^^mY^, 

X« 

.-.  m  =  ^. 
SubstitnUi  value  of  m,         X*  =»  ^  F*, 

64X«  =  9]P. 

7.  If  t!ie  square  of  X  vary  Inversely  as  the  cube  of  Y,  and 
X=  2  when  Y=Sf  find  the  equation  between  Xand  Y. 

Here  X» « -^. 

.•.  m  =  108. 
Substitute  value  of  m,         X'  =  —— - 

8.  If  Z  vary  as  X  directly  and  r  inversely,  and  if  when  Z  =  2, 
X=  3,  and  r=  4,  find  the  value  of  Z  when  X=  16  and  r=  8. 

Y 
Here  ^=  ^, 

Substitute  values  of  m,  X,  and  Y, 

^  _  2}  X  15 

8 
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9.  If  Ace  B-\-c  where  c  is  constant,  and  ifA  =  2  when  £  =  1, 
and  if  ^=  6  when  5  =  2,  find  A  when  B  =  S. 

As  A  =  mB  +  c. 

Substitute  first  values  of  A  and  B, 

2  =  m-\-c  (1) 

Substitute  second  values  of  A  and  B, 

5  =  2m  +  c  (2) 

Subtract  (1)  from  (2),         m  =  3. 
Whence,  from  (1),  c  =  —  1. 

But  A  =  mB  +  c. 

Substitute  for  m,  B,  and  c  their  values  3,  3,  and  —1, 

A  =  S. 

10.  The  velocity  acquired  by  a  stone  falling  fi*om  rest  varies 
as  the  time  of  falling;  and  the  distance  fallen  varies  as  the 
square  of  the  time.  If  it  be  found  that  in  3  seconds  a  stone  has 
fallen  146  feet,  and  acquired  a  velocity  of  96 J  feet  per  second, 
find  the  velocity  and  distance  at  the  end  of  5  seconds. 

Let  V  =  velocity, 

r=  time, 
d  =  distance. 
Then  vocT, 

and  doc^s. 

Let  V  =  mT. 

Substitute  96 J  for  v  and  3  for  T, 

96§  =  3m. 
...  m  =  -affi. 
When  r=  5,  v  =  ^f ^  X  5  =  161  J. 

Let  d  =  mT^. 

.-.  145  =  3»m. 
m  =  -If  4. 

When  r=  6,  (Z  =  ija  x  5«  =  402J. 

11.  If  a  heavier  weight  draw  up  a  lighter  one  by  means  of  a 
string  passing  over  a  fixed  wheel,  the  space  described  in  a  given 
time  will  vary  directly  as  the  difference  between  the  weights,  and 
inversely  as  their  sum.  If  9  ounces  draw  7  ounces  through  8 
feet  in  2  seconds,  how  high  will  12  ounces  draw  9  ounces  in  the 
same  time? 
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1 

Lei  X  «  beftvy  weight,  ' 

y  -  light  weight.  I 

s  —  Bi>ace. 

SOC  2. 

»  +  y 

«  +  y 

«(^  +  y) 
x-y 

Sabetitate  yaluee,  m  =  ^~*~^- 

9-7 

.*.  mB64. 

12-9 

fti     21f 
64-—. 

7«=-64. 
.•.«  =  9f 

12.  The  space  will  vary  also  as  the  square  of  the  time.  Find 
the  space  in  Example  11,  if  the  time  in  the  latter  case  be  3 
seconds. 

We  have  from  last  example,  9f  feet  for  2  seconds. 

Since  space  varies  as  sqaare  of  time,  we  have 

9f  :  «  : :  2«  :  3«. 
.•.4a;  =  9xV, 
«=-9xJ^ 

-20f 

20f  feet.  Ans. 

13.  Equal  volumes  of  iron  and  copper  are  found  to  weigh  77 
and  89  ounces  respectively.  Find  the  weight  of  10}  feet  of  ronnd 
copper  rod  when  9  inches  of  iron  rod  of  the  same  diameter  weigh 
31y^9  ounces. 
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Let      X  =  required  weight. 

9  inches  =  f  of  a  foot. 

If  f  of  a  foot  weigh  31.9  ounces,  J  of  a  foot  would  weigh  10.03J 

ounces,  and.  lOJ  feet  would  weigh  446.60  ounces. 

And,  as  equal  volumes  of  iron  and  copper  weigh  77  and  89 

ounces  respectively, 

77  :  89  :  :  446| :  x. 

,\  X  =  516^  ounces. 

14.  The  square  of  the  time  of  a  plauct*s  revolution  varies  as 
the  cube  of  its  distance  from  the  sun.  The  distances  of  the 
Earth  and  Mercury  from  the  sun  being  91  and  35  millions  of 
miles,  find  in  days  the  time  of  Mercury's  revolution. 

Let  X  =  time  of  Mercury's  revolution. 

9P  :  353  :  :  P  :  x\ 
13»  :  5»  :  :  1  :  a:^ 

Whence,  a^  =  .056895. 

.*.  a?  =  .238,  time  in  years, 
=  87.1,  time  in  days. 

15.  A  spherical  iron  shell  1  foot  in  diameter  weighs  ^  of 
what  it  would  weigh  if  solid.  Find  the  thickness  of  the  metal, 
it  being  known  that  the  volume  of  a  sphere  varies  as  the  cube  of 
its  diameter. 

Let    D  =  diameter  of  shell, 

d  =  diameter  of  sphere  required  to  fill  the  shell, 
and  1  represent  the  weight  of  iron  sphere  having  diameter  =  D. 
Then  1  —  -f^  will  represent  the  weight  of  iron  sphere  having 
diameter  =  d. 
Now  the  weights  vary  as  the  cubes  of  their  diameters, 

.-.  i>»:cZ»::l:l-^. 

That  is,  U'.d^-.A.m] 

€>i,  by  extracting  the  cube  root  of  each  term, 

D:d::\:\, 
01  d=\D. 
Since  the  thickness  of  the  shell     =  J(Z>  —  d), 
the  thickness  of  the  shell  =  J(l  ~  I)  ==  A- 

Hence,  the  thickness  of  the  shell  is  ^j  of  a  foot,  =  1  inch. 
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16.  The  volume  of  a  sphere  varies  as  the  cube  of  its  diameter. 

Compare  the  volume  of  a  sphere  G  inches  iu'  diameter  with  the 

sum  of  the  volumes  of  three  spheres  whose  diameters  are  3,  4,  5 

inches  respectively. 

Let  X  =  volume  of  first  sphere, 

and  y  =  sum  of  volume  of  other  three. 

Then  X  :  y : :  (6)»  :  (3/  +  (4)»  +  (5)>, 

X :  y  : :  216  :  216. 
Therefore,  the  ratio  is  a  ratio  of  equality. 

17.  Two  circular  gold  plates,  each  an  inch  thick,  the  diame- 
ters of  which  are  6  inches  and  8  inches  respectively,  are  melted 
and  formed  into  a  singular  circular  plate  I  inch  thick.  Find  its 
diameter,  having  given  that  the  area  of  a  circle  varies  as  the 
square  of  its  diameter. 

Let   cLi  =  area  of  gold  plate  6  inches  in  diameter, 
a,  =  area  of  gold  plate  8  inches  in  diameter, 
a,  =  area  of  gold  plate  formed  from  the  other  two  plates, 
and         X  =  diameter  required. 

Then  aj  +  a,  :  o, : :  6*  +  8»  :  a^. 

Since  the  first  ratio  is  a  ratio  of  equality,  the  second  is  also. 
Therefore,        x»  =  6«  +  8«  =  100. 

.-.  x  =  10. 

18.  The  volume  of  a  pyramid  varies  jointly  as  the  area  of  its 
base  and  its  altitude.  A  pyramid,  the  base  of  which  is  9  feet 
square,  and  the  height  of  which  Is  10  feet,  is  found  to  contain  10 
cubic  yards.  What  must  be  the  height  of  a  pyramid  upon  a  base 
3  feet  square,  in  order  that  it  may  contain  2  cubic  yards? 

Let  V  =  volume, 

b  =  area  of  base, 
and  a  =  altitude. 

Then  vccba, 

V  =  mba  (1) 

wi  =  - — 
ba 

When  v  =  10  cubic  yards  =  270  cubic  feet, 

ft  =  9x9  =  81  square  feet, 

and  a  =  10  feet. 

Then  m  =  ^  =  HJ  =  l. 

From  (1),  a  =  -^• 

mo 

When  wi  =  }, 

v  =  2  cubic  yards  =  54  cubic  feet, 

ft  =  3  X  3  =  9  square  feet. 

Then  a=^  =  V  =  18. 

mb 
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Page  298. 
1. 

The  series  is  a,  c^  +  rf,  a  +  2  d, 

.'.  nth  term  is         a  +  (7i  —  l)d. 
Let  I  denote  last  or  nth  term 
Then  l  =  a-{- {n-l)d. 


2. 

i=a  +  (n-l)d: 
1  =  a  -{■  nd  —  c?, 
nd=  l~a-{-d, 
I  —  a-{-  d 


7» 

d 

8 

=  |(«  +  0. 

28 

=^n{aJrl), 

28 

n 

— •         _t 

a  +  ? 

2s 

I—  a-k-  d 

a-{-l  d 

Simplify,  2  ac?  =  P  —  a*  +  ac?  +  W, 

l^-ifdl=2sd-\-a^  —  ad. 
Complete  the  square, 

4 Z»  +  ( )  +  c?»  =  8 8d+A.a?-^ad  +  d^. 
Extract  the  root,    2l-\-  d=  ±y/Ssd  +  ia^  —  4:ad  +  c?*, 

4 
?=-J(ij:V2c?5  +  (a-id)^ 

3.  5  =  !^(a  +  0,  '*•       l  =  a-^in-l)d     (1) 


2 


2s  = 

:  na 

-{■nl 

Transpose, 
28  —  na  = 

nl. 

.-.  Z  = 

2s 

—  na 
n 

.-.  i  = 

2s 

—  a. 

.  =  |(a  +  0  (2) 

2s  =  7ia  +  nZ. 
2s     , 
n 
Substitute  value  of  a  in  (1), 
^^i^(n-l)d 


n  n  2 
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5. 

/-a  +  (n-l)rf  (1) 

.  =  |(a  +  0  (2) 


Bubstitate  in  (2)  a  +  (n  -  l)d  for  l. 


•  -2[2a+(n-l)d]. 


6. 

/  =  a  +  (n-l)rf  (1) 

.-?(a  +  0  (2) 


From  (1),  l  —  a  +  nd—d. 

From  (2),  2«  -  7ia  +  n/. 


.  •  ?•  — 

d 

and  n  — 

2< 

r 

-a  +  rf 

2j) 

d  a  +  2 

P  ~  a^  •}■  ad -^  cU 


,\  a 


2d 


or  «  = H 

2d  2 


7. 

«  -     a      +  (a  +  d)  +  (a  +  2d)  + +  (Z  -  d)  +  Z 

or    a=      i      +(Z  —  d) +(i  —  2d)  + +  (a  +  d)  +  a 

.-.  2«  =  (a  +  Q  +  (a  +  0  +  (a  +  0      + +  (a  +  Z)   +  (a  +  Q 

2«  =  n(a  +  Q. 


2 
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8. 

r=a  +  (n-l)c? 

From(l),  a  =  l-ln-l)d. 

From  (2),  a  =  2  «  -  ^^ 


Then  ^lld^  =  i^(n-l)d, 


2a  =  2ln  —  (n  —  l)dn. 
.'.  8^in[2l-{n-l)d]. 

9. 

1="  a  +  (n  —  l)d. 
Transposing,  a  =  l  —  {n  —  l)d. 

10. 

1  =  a  +(n  —  l)d, 
8  =  in(a  -{-  I). 
From  (2),  2  s  =  na  +  nZ. 

,     2s  — na 


n 


.       -.  ,     2s  —  na 
.*.  a  +  (n  —  l)a  =« 

wa  +  dr?  —  (fn  =  28  —  tkx, 

2na  =  28  —  c?n' +  rfn. 
.  «      (n-l)c? 

n  2 

11. 

Z  =  a  +  (n  —  1)  c?, 
c?n  =  Z  —  a  +  c?, 
^      l—a^d 

s  =  in(a  +  Q, 
2s  =  ria  +  nZ, 
^       2s 
a  +  Z 
.   ?  — a+  d_    2s 

d  a  +  Z 

.-.  P  —  a*  +  ac?  +  Z^  =  2cfe. 

a^  —  ad==P-{-ld~2d8, 
a^^()  +  {idy^P  +  ld-'2ds-{-(id)\ 

a-  i<?=  ±VP  -HZ<^-2cfe-H(^<Z)'. 

.-.  a  =  id±V{l  +  idy-2ds, 
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13. 

15. 

•  ''in^a-k^ 

0. 

/  =  a  +  (n-l)4 

Multiply  by  t 

a 
««  Jn(a  +  0. 

-    «  a  +  /. 
n 

2«     1 
.*.  a  « ». 

n 

• 

•    • 

Z-a^l_    2. 
d                a-hi 

.-.  P-o« 

■\-ad  +  dl  =  2€l8. 

.-.    2ds- 

ad     dl-n      a\ 

IS. 

1)* 

.-.     ci(2j 

.  .  u  —  ■ 

28  —  l-a 

d(n-\)-   l-a. 

16. 

n-1 


/  = 

'  a 

+  (n- 

-i)d. 

.*.  a  = 

/- 

-(n- 

\)d. 

5  = 

Jn(a  + 

0- 

.•.  a  = 

2« 

In 
n 

1W  = 

2a 

-In 

14. 

i  =  a  +  (»-l)d         .•.I-(»-l)d=— ^ 
a  =  J n (a  +  Q,  ?n  -  dn'  +  dn  =  2a  —  Zn, 

2a  =  an  +  nZ.  -^"'  +  rfn  =  2a-  2/». 

d(n-l)n  =  2(;n--8). 

n(7i--  1) 


.'.  a-\-nd—d  — 


2a  —  an 
n 

2a  — an 


17. 


n 
an  +  n^c?  —  nrf  =  2a  —  an, 

n'd-n(i=2a-^2an,  Z-a  +  (n~l)<i 

-,  _        vrt,  V  l  =  a-\-dn—d. 

d(n'-n)=2(,-an).  i„=Z-a  +  <i 


n  (n  —  1) 


...  n  =  — r^  +  1. 
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18. 

Z  =  a+(n-l)d  (1) 

«  =  Jn(a  +  0  (2) 

From  (2),  l  =  —  -a. 

,\a-]-(n  —  l)d  = a. 

an  +  d^n  —  d»  =  2a  —  an. 

Complete  the  square, 

4  ^  V  -I-  (  )  +  (2  a  -  rf)«  =  (2  o  -  rf)*  +  8  A. 

Extract  the  root, 

2dn  +  (2a  -  c?)  =  ±V(2a-d)' +  8(fe, 

2rfn=  ^-  2a  ±\/(2a-  ci)«  +  Sds. 

d-2a±V(2a-dY-{-Sd8 

19. 

8  =  in{a  +  l), 
2s  =  an  +  Zn. 

28 


'.  71  = 


Z  +  a 


20. 


Z  =  a  +  (n-l)rf  (1) 

s  =  Jn(a  +  0  (2) 


From  (1),  a  =  l-{n-l)d. 

/  28-ln 

From  (2)  a  =  — - — 

.".  i  — (n-r-l)£t  = • 

^         '  n 

.•.  In  —  dn^  +  dn  =  28  —  ln^ 
dn^-{2l  +  d)n^-28, 
4rfV - (  )  +  (2Z  +  d)«  =  (2Z  +  <;)»- 8<&, 


2iw -  (21  +  <i)  =  V(2l+  d)2  -  8  <fe. 

2Z+rfj:V(2Z  +  (^)«-8cfe 

.•.  n  = *^77-7 — ' 

2d 
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Exercise  109. 

L  Find  the  thirteenth  tenn  of  5,  9, 18 

ninth  tenn  of  —  8,  ~  1,  1 

tenth  term  of  —  S,  —6,  —8 

eighth  term  of  a,  a  +  86,  a-^-Gb 

fifteenth  term  of  1,  $,  { 

thirteenth  term  of  —48,  —44,  ~40 

(1)  Z-a-f(n-l)<(,  (4)     l^a  +  (n-l)d, 

/  -  5  +  (13  - 1)4.  Z«  o  +  (8  —  l)(3ft). 

.•.  Z-53.  .-.  Z-a  +  215. 

(2)  Z-a  +  (n-l)rf.  (5)     l^a  +  (n-^l)d, 
;-_3  +  (9-l)2.  Z-l+(15—  l)(-f). 

.-.  Z-13.  .-.  /--I. 

(3)  Z-o+(n-l)d,  (6)     Z  =  a  +  (n-l)€/, 

Z-  -  2  +  (10  - 1)(~  3).  Z  =  -  48  +  (13  -  1)(4). 

.-.  Z  =  -29.  •  .-.  Z=»0. 


2.  The  flrst  term  of  an  arithmetical  series  Is  3,  the  thirteenth 
term  is  55.    Find  the  common  difference. 


d  = 

l- 
n- 

a 

T 

d= 

65 
13 

-3 
-1 

,'.d= 

-a- 

=  4i. 

3.  Find  the  arithmetical  mean  between: 
(a)3andl2;    (6)-5andl7;   (c)  a«  +  aft  -  6*  and  a*  —  a6  +  6*. 

(a)       A-a  =  b-A.  (h)  il  +  5  =  17-^, 

.      a  +  J  2il  =  12. 

'"^ 2~'  .-.^1  =  6. 

il-3  =  12-il,  (c)  il~(a»+a&-6») 

2^  =  15.  =(a«-a6+6*)-il, 

2^  =  2a'. 


.-.  ^  =  7J. 


TEACHERS*    EDITION.  409 

4.  Insert  three  arithmetical  means  between  1  and  19,  and 
four  means  between  —  4  and  17. 

/.x   l-a      ^ 


'''m^l 

=  t*, 

19-1 
3  +  1 

=  4J. 

.*.  series  is  1,  5J, 

,  10,  14},  19. 

(2)17  +  ^  = 
^  ^   4  +  1 

=  4t. 

.  •.  series  is  —  4,  j 

I  ^,  8|.  12f, 

17. 

5.  The  first  term  of  a  series  is  2,  and  the  common  difference  ^. 

What  term  will  be  10? 

Z  =  a+  (n  — l)d 

.-.  10  =  2+J(n-1). 

3 
.-.  n  =  25. 

6.  The  seventh  term  of  a  series,  whose  common  difference  is 
3,  is  11.    Find  the  first  term. 

a  =  I  —  {n—  \)d, 
a  =  11 -(7 -1)3. 
.-.  a  =  —  7. 

7.  Find  the  sum  of 

5  +  8+  11+ to  ten  terms. 

—  4  —  1  +  2+ to  seven  terms. 

a  +  4a  +  7a+ to  n  terms. 

J  +  T^  +  3^+ to  twenty-one  terms. 

i  +  2J  +  ^  + to  twenty  terms. 

(1)  8  =  in[2a-{-(n-l)dl  (3)  a  =  in[2a  +  (n- l)<f], 
8  =  5(10  +  27),  8  =  }  n  [2  a  +  (n  -  1 )  3  a], 
8  =  5x37,  8=-in{^an-'a), 

8  =  185.  8  =  }an(3n-l). 

(2)  8  =  }n[2a  +  (n-l)(i],  (4)  8  =  Jn[2a  +  (n- l)(q, 
8  =  |(-8  +  18).  «  =  ¥(J-4), 

«  =  Jxio,  «  =  ^/x(-i). 

•  -=36,  8=^-2S, 
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(6)    •-Jn[2a  +  (n-l)€/l 
«  -  10(2  +  31}). 
•  -10x33}. 
i  -  330}. 


8.  Tlio  fiiim  of  n\x  nnmbcrft  of  an  arithmetical  series  is  27,  and 
the  flntt  tenu  la  1.    Detenu  iue  the  tieries. 

< » a. 

n 

Then  /  =  V  -  1- 

.%  /  -  8. 

Z  =  a  +  (n-l)d: 
Pnlwtitute.  8  =  l+(5)(/, 

rf=lf. 
Henro,  tlio  Borien  ifl  1,  2f.  3 J,  5^,  Of,  8. 


9.   How  many  terms  of  the  series  —6  —  2+1+ mast  be 

talcen  so  tliat  their  sam  may  be  63  ? 

i=a  +  (n-l)rf. 
Substitute,  Z  =  -  5  +  (n  -  1)  3. 

.%  2  =  371-8 
Subfltitute  values  in  a  =  J n(a  +  Z). 

63  =  in(-5  +  3n-8). 
126  =  3n«-13n. 
3n«-13n  =  126. 
Multiply  by  12,    36n«  -  156n  =  1512. 
Complete  the  square, 

36n«-() +  169  =  1681. 
Extract  the  root,         Gn  - 13  =  ±  41, 

6n  =  54. 
•••  n  ■=  9. 
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10.  The  first  term  is  12,  and  the  sum  often  terms  is  10.    Find 
the  last  term. 

l=a  +  (n  — l)d 
.*.  8  =  in  [2a  +  (n  —  l)d], 
10  =  5(24  + 9  cZ), 
10  =  120 +  45(i, 
45c?  =  -110. 
d=-2i. 
Since  l  =  a  -\-  {n—l)d, 

Z=12  +  (9)(-2f), 
Z=  12-22, 
Z  =  - 10. 

11.  The  arithmetical  mean  between  two  numbers  is  10,  and 
the  mean  between  the  double  of  the  first  and  the  triple  of  the 
second  is  27.     Find  the  numbers. 

Let  X  =  one  number, 

y  =  the  other  number, 
a?,  10,  y  =  the  series, 
2x,  27,  3y=  the  series. 
Hence,  I0~x  =  y~l0  (1) 

27-2a;=3y-27  (2) 

From  (1),  a;  +  2/  -  20  (3) 

From  (2),  2.'c  +  3y  =  54  (4) 

Multiply  (3)  by  2,    2aj  +  2y  =  40 
(4)  is  2a;  +  3y  =  54 

.-.  y  =  14 

Multiply  (3)  by  3,   3a;  +  3y  =  60 
(4)  is  2a?  +  3.v  =  54 

.*.  x=   6 


12.  Find  the  middle  term  of  eleven  terms  whose  sum  is  66. 

± 
2 


Let  .  "  "^    =  middle  term. 


8  =  in{a  +  l). 
Substitute  values  of  «  and  n, 

66  =  -y-(«  +  0- 

.'.  a  +  2  =  12. 
Hence,  the  middle  term  is  6. 
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13.  The  Unit  term  of  an  mrithmetical  series  is  2,  the  commoD 
difference  la  7,  and  tlie  last  term  79.    Find  the  namber  of  terms. 

Ui  Z-a  +  (n-l)d: 

SulMtitute  valu<«.  79  -  2  +  (n  -  1)  7. 

79-2  + 7n-7, 
7n-84. 
.-.  n-  12. 

14.  The  sum  of  fifteen  terms  of  an  arithmetical  series  is  GOOt 
and  Uiv  common  difference  is  5.    Find  the  first  term. 

i  =  a  +  (n-l)d, 
«=Jn(a-|-0, 

28  »  7UZ  -f  nj, 

nZs=  2«  — na, 

,     2«  — na 
n 

.•.  o  +  (n  — l)a  = 

n 

tw  +  tin'  —  dn  =  28  —  na, 

2?ia  =  2«-  dn*  +  dn. 

.^^j^(n-l)d 

n  2 

.^_600     (15-l)d 

15  2 

=  40-35  =  5. 

16.  Insert  ten  arithmetical  meanH  between  —7  and  114. 

l^a  +{n—l)d, 

l  —  a  =  (n  —  l)df 

I  — a       y 

r  =  a. 

n  — 1 

.-.  lU  =  -7  +  (12-l)d; 

121  =  11  d. 

,\d^n. 

Hence,  the  means  are  4,  15,  26,  ,.,„ 
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16.  The  sum  of  three  numbers  in  arithmetical  progression  is 
15,  and  the  sum  of  their  squares  is  §3.    Find  the  numbers. 

Let  a?  —  yi  ^1  »  +  y  ==  ^e  numbers. 

Then     (a:  -y)  +  x  +  (a;  +  y)  =  15, 

3a;  =  15. 
.'.  a?  =  5. 

3a;»  +  2y«  =  83. 
Substitute  5  for  a?,  2y*  =  8, 

y»  =  4. 
.-.  y  =  db  2. 
X  —  y  =  3  or  7, 


a;  =  5. 


X  +  y  =  7  or  3. 

17.  Arithmetical  means  are  inserted  between  5  and  23,  so  that 
the  sum  of  the  first  two  is  to  the  sum  of  the  last  two  as  2  is  to  6. 
How  many  means  are  inserted? 

Let  X  =  number  of  means. 

Then  »x  +  2  =  number  of  terms. 

l  =  a  -i-  (n  —  l)d, 
23  =  5  +  (x  +  2-l)(i, 
23  -  5  =  cZa;  +  d 
dx  +  d=18. 
If  d  equal  common  diflferenco, 

5  +  d  and  5  -|-  2  c?  =  ficst  and  second  means. 
23  —  c?  and  23  —  2d!  =  last  two  means. 
Then  5  +  c^^  5 ,+  2c?:  23  -  fZ  +  23  -  2<;: :  2  :  5. 

50  +  15c?  =  92 -6cZ, 
21  tZ=  42. 
.-.  c?=2. 
Substitute  value  of  c?  in  dx  +  c?  =  18, 
•  2x=18-2. 

.*.  X  =  8. 

18.  Find  three  numbers  of  an  arithmetical  series  whose  sum 
shall  be  21,  and  the  sum  of  the  first  and  second  shall  be  J  of  the 
sum  of  the  second  and  third. 
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Let  s  —  y  —  first  number, 

X «"  second  number, 
and  £  +  y  »  third  number. 

Then         x-y  +  x  +  x  +  y-21, 

3x-21. 
.'.  X  — 7. 

x-y  +  x-J(x  +  x  +  yX 
8x-4y-6x  +  3y. 
7y  - 14. 

.-.  y-2. 

Hence,  the  numbers  are  5,  7,  and  9. 


19.  Find  three  numbers  whose  common  difference  is  1»  snch 
that  the  product  of  the  second  and  tliird  exceeds  that  of  the  first 
and  second  by  }. 

Let  X  —  1  «=  first  number, 

X  =  second  number, 
and  X  +  1  ==  third  number. 

Then  x*  —  x+}  =  x*  +  x. 

.•.  x=»  J. 

Hence,  the  numbers  are  —  },  },  1^. 


90.  How  many  terms  of  the  series  1, 4,  7, must  be  taken, 

in  order  that  the  sum  of  tlie  first  half  may  bear  to  the  sum  of  the 
second  lialf  the  ratio  10 :  31? 

Let  2x  ■=  whole  number  of  terms. 
Then  x  =  half  the  number  of  terms. 

From  the  formulas,  i  =  a  +  (n  —  l)<i, 

and  8='in{a-\-l). 

For  the  first  half  of  the  terms, 

Z  =  3x-2, 

8  =  J.t(3x  —  1). 

For  the  second  half  of  the  terms, 

a  =  3x-2+3  =  3x  +  l. 
.-.  Z  =  3x  +  1  +  (x-l)3  =  6x-2, 
and  «  =  Jx(9a;— 1).* 

But  }x(3x-l)  :  }x(9x  -  1)  :  :  10  :  31, 
or  3x-l:9x-l::10:3L 

.-.  93x-31  =  90a;-10, 
3x  =  21, 
x  =  7. 
Hence,  the  whole  number  of  terms  is  14. 
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21.   A  travels  uniformly  20  miles  a  day ;  B  starts  three  days 

later,  and  travels  8  miles  the  first  day,  12  the  second,  and  so  on, 

in  arithmetical  progression.     In  how  many  days  will  B  overtake 

A? 

Let  X  =  number  of  days  B  travels. 

Since  A  travels  20  miles  a  day, 

20  a;  +  60  =  number  of  miles  A  travels. 

l  =  a-^(n—  l)c?, 
i=8  +  (a;-l)4. 
i  =  4aj  +  4. 

Hence,  B  travels  (4  a;  +  4)  miles  the  last  day. 

=  Jx(8+4a;  +  4). 
.-.  20a;  +  60  =  ix(8  +  4aj  +  4), 
40aj  +  120  =  4aj*  +  12a:. 
Multiply  by  4,  IGx-*  -  112a;  =  480. 

Complete  the  square,  16a;* -()  +196  =  676. 
Extract  the  root,  4  a;  —  14  =  ±  26, 

4a;  =  40. 
.-.  a;  =10. 


22.  A  number  consists  of  three  digits  which  are  in  arithmeti- 
cal progression;  and  this  number  divided  by  the  sum  of  its 
digits  is  equal  to  26 ;  but  if  198  be  added  to  it,  the  digits  in  tlie 
units*  and  hundreds'  places  will  be  interchanged.  Required  the 
number. 

Let  x  —  y  =  digit  in^  hundreds'  place, 

X  =  digit  in  tens'  place, 
and  X  +  y  =  digit  in  units'  place. 

Then  100{x-y)  +10a;  +  (a; +y)  +198  =  100(a;+y)+10a;+(a;-y)     (1) 


100(a;  -  y)  +  10a;  +  (x  +  y) 


Q,  26    .  (2) 

oX 


From(l),  -198y  =  -198. 

.*.  y  =  1. 
Substitute  value  of  y  in  (2), 

(100a;  -  100)  +  10a;  +  (x  +  1)     pg 

3x 

33x  =  99. 

.  *.  a;  =  o. 

x-y  =  2, 

a?  =  3, 

a;  +  y  =  4. 

Hence,  the  number  is  234. 
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23.  The  sum  of  the  squares  of  the  extremes  of  four  numbers 
in  arithmetical  ])rogression  is  200,  and  the  sum  of  tlie  squares  of 
the  means  is  136.    What  arc  the  numbers? 

Let        X  —  3y,  «-y,  x-\-  y,  a:-J-3y  =  the  numbeiis. 

Then  2x»  +  18y«-200  (1) 

2j:«+    2y»  =  136  (2) 

'  16y»=    64 

y«  =  4. 
.-.  y«db2. 
Substitutovalueofyin(2),  a:* «  64. 

.*.  x  =  ±8. 
HoQco,  the  numbers  are  2,  6,  10,  14. 

24.  Show  that,  if  any  even  number  of  terms  of  the  series  1, 

3,  5, be  taken,  tlic  sum  of  the  first  half  is  to  the  sum  of  the 

second  half  in  the  ratio  1 : 3. 

Let  2n  =  whole  number  of  terms. 

Then,  for  n  terms,  ?  =  a  +  (n—  l)rf=2n—  1, 

8  =  in(a  +  l)  =  n*. 
For  the  next  n  terms,         a  =  2n  +  1. 

.-.  Z  =  (2n  +  l)  +  (n-l)«  =  4n-l, 

8  =  Jn(2n  +  l+4n-l)  =  3n«. 
But  n«:3n«::l:3. 

25.  A  and  B  set  out  at  the  same  time  to  meet  each  other  fl*oin 
two  places  343  miles  apart.  Their  daily  journeys  are  in  arith- 
metical progression,  A's  increase  being  2  miles  each  day,  and  B's 
decrease  being  6  miles  each  day.  On  the  day  at  the  end  of  which 
they  met,  each  travelled  exactly  20  miles.  Find  the  duration  of 
the  Journey. 

Let  n  =  number  of  days  they  travelled. 

«  =  }n(a  +  Q  =  Jn[2a  +  (n-l)rf] 
=  in[40  +  (n-l)    (-2)] 
=  }n(40-2n  +  2) 
—  21  n  —  w?  (distance  A  travelled). 
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8  =  Jn(a  +  0  =  ln[2a  +  (n-l)(i] 
=  in[40  +  (n-l)5] 
=  }n(40+5n~6) 

=  ^^^-^^'^^  (distance  B  travelled). 

.•.21n-n«  +  55ZL±^'  =  343, 

2 

42n  -  2n»  +  36n  +  5n«  =  686, 

3n«  +  77n  =  686, 

36n»  +  ()  +  (77)»  =  14161. 

6n  +  77  =  ±  119, 

6n  =  42or-196. 

.•.  n=  7. 

26.  Suppose  that  a  body  falls  through  a  space  of  16^  feet  in 
the  first  second  of  its  fall,  and  in  each  succeeding  second  32^ 
more  than  in  the  next  preceding  one.  How  far  will  a  body  fall 
in  20  seconds?  i    /     ,  a  /i\ 

l^a+{n-l)d  (2) 

Substitute  value  of  I  in  (1),  «  =  }  n  [2  a  +  (n  —  1)  d ]  (3) 

Substitute  values  in  (3).      s  =  ^^  [32J  +  (20  - 1)  32i]. 

«=  10(6431), 

8  =  6433}. 

27.  The  sum  of  five  numbers  in  arithmetical  progression  is 
45,  and  the  product  of  the  first  and  fifth  is  f  of  the  product  of 
the  second  and  fourth.    Find  the  numbers. 

Let   X  —  2y,  x—y^  »,  x  +  y,   a;  +  2y  =  the  numbers. 
Then,  as  45  =  the  sum, 

5a;  =45. 
.*.  x  =  9. 
(x-2y){x  +  2y)  =  i{x-y){x  +  y}, 
»*  —  4y'  =  J(a^  —  y*), 
8x»-32y«  =  5a«-5y», 
3a«  =  27y«, 

x»  =  9y«. 
.*.  a!  =  ±3y. 
But  a?  =  9. 

.•.  y  =  ±3. 
Hence,  the  numbers  are  3,  6,  9,  12, 16. 


418  ALGEBRA. 

28.  If  a  tM  car  descending  an  incline  draw  ap  an  empty  one 
ai  the  rale  of  IJ  feet  the  first  second,  4^  feet  the  next  second,  7^ 
feet  the  third,  and  so  on,  how  long  will  it  take  to  descend  an 
Incline  150  feet  in  length?  What  part  of  the  distance  will  the  car 
have  descended  in  the  first  half  of  the  time? 

•  -Jn(a  +  0. 
i-a-|-(fi-lH 
«-Jn[2a-|-(n-l)<f]. 

2s  =  2an -k- n*d  -  nd. 
Here  <»150.  a»l},  d»3. 

.-.  300«3n  +  3n*-3n, 
3n»-300. 
.'.  n-»  10  (seconds). 

«-Jn[2a  +  (n-l)d]. 
«-|(3-t-12). 

•  -  37i  (feet). 
Bat                      37}  -  }  of  150. 

Hence,  the  car  descends  one-fourth  the  distance  in  the  first 
half  of  the  time. 


Page  305. 

1.  Ist  term  =  a,  3.  i  =  ar*^-^ 


2d   term  »  ar. 


I 


(2)  • 


3d   term  =  ar«.  From  (1),    r-'  =  - 

...,ri/i. 

nth  term  =  ar^-h  ^a 

.-.^-af-i.  Also.  ^^a(>"-l)^ 

r  —  1 
sr  —  «  =  at^  —  <z, 
sr  —  at^  =  a  —  a. 

Substitute  rl  for  ar» 

«r  —  W  =  8  —  a, 
r(«  — Q  =  «_a. 

r-1  r-Z 

r«  — 8  =  W  — a,  -•-  -y    —  *~<*. 

rZ-a  +  (r-l)s.  i_/«Z-_«W 

.  y_aH  (r--l)8  a"*\^8_J' 

r  ;(«-;)»-*  -  a(«--a)»  '  -  Ol 
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.*.  a  = 


4. 

I 


.•-1' 


a(r*-l) 
r  —  1 

«(r-l)  =  a(r»-l), 

r»  — 1 

.       i         '(•  -  1). 

•    • —  '» 

/(r»-l)  =  8r»-i(r-l), 
r»-l 


6. 

«  =  a  -J-  ar  +  ar*  -J-  ar*  +    -  +  ar^*^^ 
Multiply  by  r,  rs—        ar  -{■  ar^  +  ar^  + +  ar**"^  +  ar** 

Subtract,  rs  —  «  =  ar*  —  a 

«(r-l)  =  a(r»-l). 

r-1 

6. 

8  =  a-\-ar  +  ar*  +  ar^  + +  ar*-^ 

Multiply  by  r,  rs  =        ar  +  ar*  +  ar*  + +  ar*^-^  +  ar^ 

Subtract,  r8  —  8  =  af^  —  a 

(r~l)s  =  a(r»-l), 
„     ar^  —  a 

8  = 


r-1 

Since  I  =  ar**-*, 

W  =  af^. 

Substitute  rl  for  at^,  8  =  ^  ~f^» 

r-1 
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f-i.^  ... 

a  Z 


&-•■ 


•  \  a 


i-i 


,,«(>*    -').  10.  8  =  ^^^, 

r-l  r-1 

SabHtitute  value  of  r,  .*.  o  =  ^-— — f— 

r»—  1 


(i)- '- 


r 
1 


Url  —  a 
«  = -» 

r  — 1 

(r— 1)«  =  H  — a, 

a  =  rl  —  {r—  1)«. 

12.  « =  ar»-^        (1) 

«  =  ^      (2) 
r  —  1 


'  •  v//  -  "  ^a  From  (1).       r  =  (  i^^^, 


«  — a 


&  Z-a,-»  (1)       ^"(2).      r-— ^ 

,^^i!^  (2)  ...fnsn  =  »iii 

r— 1  \a/  8-1 

From{l).        a  =  ;iir-  "5~(«-Z)-»* 


From  (2), 


-•-1  ^  1. 


|4» ftUr-l 


-»/? 
••••->« 
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14. 

r  —  1 
rs  —  8  =  ar*^  —  a, 
r«  —  ar*  =  s  —  a, 

^^»  =  r8—{8  —  a). 

8       8  — a 
...  t^»  =  _r 


15. 

rl 
s  =  — 

r  ■ 

—  a 
-1 

rs- 

~8  =  rr 

-a, 

rs- 

-  rZ  =  8  - 

-a, 

r(«- 

-0  =  s- 

-a. 

• 

r-?~ 

a 

a  a  s-l 


8       8  —  a     ^ 

.•.  r** r  ■] =  0. 

a  a 


16. 

r-1 


Then  a=    ^ 


^-1 

r»-l 
...  _L  =  'fr-D 

ST-w  -  8r«-i  -  /r»  +  Z  =  0, 


|.n_ 


— ^r*-l  +  — ^  =0. 

8—1  8—1 


•    •     f  "^ 


17.  18. 

I  =  ar"-i.  8  =  a(r^-l) 

I  r-l 

a  8  (r  —  1)  =  ar**  —  a, 

.•.  {n  —  l)logr  =  log  Z  —  log  a.  a?**  =  a  +  8(r  —  1). 

log  Z  — log  a  loga +  nlogr  =  log[a  +  8(r— 1)], 

l^^g''  nlogr  =  log  [a+s(r—l)]  — loga. 

,.,^^^Qg^-^Qg^_H.  .          log[a  +  (r-l)8]-loga 

log^  •  •                       logr 
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19. 


n  I 

r 

.     rl-a  I 

tr  -  «  -  W  —  a, 
$  —  a 

•-'7     «-a 


Vt     « — 
a      t  —  I 


.%  log  /  -  loga  -  (n  -  l){log(«  -  a)  -  log(»  -  /)}. 

.  •.  n  - 1  =  logZ-logg 

log(«-a)-log(«-/) 
.  ^^  log^-logg         ^^ 

log(«~a)-log(«-0 

20. 

.*.  a=  -— • 

W— a 

r-1 

.•.  a  =  rl  —  (r  —  1)8. 

log  Z  -  (n  -  1)  log  r  =  log  {rl  -  (r  -  1)8}, 

(n  -  1)  log r  =  log  Z  -  log  [rl  —  (r  -  1)«]. 

.^_logg-log[r/-(r-l)8j^^ 

logr 

Exercise  110. 

1.  Find  the  seventh  term  of  2,  6,  18 

sixth  term  of  3,  6,  12 

ninth  term  of  6,  3,  IJ 

eighth  term  of  1,  —2,  4 

twelfth  term  of  x^,  x*,  «» 

fifth  term  of  4a,  —  Gwa',  9w»«a* 
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By  substitution, 

seventh  term  of  2,  6,  18 =  2  x  3«  =  1458 ; 

sixth       term  of  3,  6,  12 =  3  x  2*  =  96 ; 

ninth      term  of  6,  3,  IJ =  6{if    =  yfy ; 

eighth     termofl. -2,  4 =  -2^     =-128; 

twelfth  term  of  3^,  a;*,  a^ =  a^xa^^  =  a;^* ; 

fifth        term  of  4o,  —  6ma^^  9m'a' 

=  4ax(-^Y''  =  20ta^n*. 

2.  Find  the  geometrical  mean  between  ISa^y  and  SOxi^z. 

Let  a=18a:*y, 

and  b  =  SOxy^z. 

If  a  and  b  denote  two  numbers,  and  G  their  geometrical  means, 
then  G  _b 

.-.  G=Vab. 


,\  (?=Vl8ar»yx30ay»2 
=  \/540  a:*y*2 
=  (>xyVl5z. 


3.  Find  the  ratio  when  the  first  and  third  terms  are  5  and  80 
respectively. 

=  4 


4.  Insert  two  geometrical  means  between  8  and  125,   and 
three  between  14  and  224. 
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1 
1 

I^i 

m  »  namber  of  means. 

Then 

m  +  2  -  n, 
/-ai— » 
I  -  af +» 

a 

(1) 
(2) 

(3) 

Ilonco,  Uio 

«»ries 

.•.r-f-21. 
is  8,  20,  50.  125. 

From  (3). 

a 
r«  =  W  -  16. 
.-.  r-2. 

ITonco,  the 

eeriee  is  14,  28,  56,  112,  224. 

ft.  If  a  -  -  2  and  r  =  3,  which  term  will  be  equal  to  162? 

a 

(n  —  1)  log  r  =«  log  i  —  log  a. 
,^_^^log/-loga 
logr 
loe2~loea     -  „. 

"°        logr       +^  (^> 

Snbstitate  values  of  a,  r,  and  2  in  (1), 

2.2095  -  0.3010  ,  . 
0.4771 
-4  +  1 
=  5. 

6.  The  fifth  term  of  a  geometrical  series  is  48,  and  the  ratio 
2.     Find  the  tlrst  and  seventh  terms. 

48      , 

™=  — -  ^  o. 

2* 
-3x2«-192. 
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7.  Find  the  sum  of 

3+6+12+ to  eight  terms. 

l_3  +  9_ to  seven  terms. 

8  +  4+2+ to  ten  terms. 

0.1  +  0.6  +  2.6  + ..  to  seven  terms. 

fn-'Ul^Hl- to  five  terms. 

4      16 

'         r-1 
Substitute  values . 

a  =  3 


r=2     J  2-1 

:Z\     Is^lt^^     =547; 
r  =  -3j  -3-1 

IZl     },  =  if^         =1953.1; 
r=5     J  5-1 

::r    K     mR-ty-n     205 


256  ' 


8.   The  population  of  a  city  increases  in  four  years  from 
10,000  to  14,641.     What  is  the  rate  of  increase? 

I  =  ar^'^, 


yn-l 

I 

=  — > 
a 

»-i/r 

r 

=Vs 

« 

=  H. 

-a 

=  tV 

^  =  10%  increase. 
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9.  The  Hum  of  four  nambers  In  geometrical   progression  is 
aoo,  and  the  llrat  term  is  6.    Find  the  ratio.  i 


J-OT^'. 

J-5r». 

n  ---  4      >  r  = ,  ♦ 

a^5     j        »-' 

200-5 
200-5r» 

200r-r)r*-200-5, 

40r-r*  =  40-l, 

r*_40r--39. 

r*-   40r  f  39  =  0, 

(r- 

-3)(f*  ♦  3r«  h9r-13)-0. 

...  r-3=«0. 

.-.  r  =  3. 

10.   Fimi  the  sum  of  eight  terms  of  a  series  whose  last  term 

is  1  and  fifth  term  \. 

I  -=  at*  *. 

a 
Then  r*  =  l-i-i. 

.-.  r  =  2. 
From  equations  I  =  af»-\ 

and  s^^J^. 

r  —  1 

_J g(r-l) 

if»_/  =  8(r»~r*-i). 


8  = 


Substitute  given  values,         s  =  — ^— ' -, 

(2f-{2y 
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11.  In  an  odd  number  of  terms,  show  that  the  product  of  the 
first  and  last  will  be  equal  to  the  square  of  the  middle  term. 

Let  a;  =  first  term, 

and  y  =  ratio. 

Then  xy  =  second  term, 

xy^  =  third  term. 

x{xy*)  =  product  of  first  and  last  terms, 

x*y^  =  square  of  middle  term. 

But  x{xy'^)  =  aPy^. 

Therefore,  the  product  of  the  first  and  last  terms  is  equal  to 
the  square  of  the  middle  term. 

12.  The  product  of  four  terms  of  a  geometrical  series  is  4, 
and  the  fourth  term  is  4.     Determine  the  series. 

Let  X  =  first  term, 

and  y  =  ratio. 

Then  x,  xy,  xy^,  xy*  =  the  series. 

Hence,  sUh^  =  4  (1) 

Also,  ay»  =  4  (2) 

Divide  (1)  by  (2),  ar»y»  =  1. 

,\xy  =  l  (3) 

Divide  (2)  by  (3),  y«  =  4. 

,\  y  =  ±2. 
From  (2),  a;  =  }. 

Hence,  the  series  is  },  1,  2,  4. 

13.  If  from  a  line  one-third  be  cut  off,  then  one-third  of  the 
remainder,  and  so  on,  what  fraction  of  the  whole  will  remain 
when  this  has  been  done  five  times? 

Substitute  values,  Z  =  1  (§)*. 
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14.  Of  three  numbers  in  f^coroetrical  proi^ression,  the  sum  of 
ttio  first  ami  Hoconil  oxoeeds  the  third  by  8,  and  the  sum  of  the 
first  and  thhrd  exceeds  the  second  by  21.    What  are  the  nambers? 

Let  X  »  first  of  series, 

an»l  r  -»  ratio. 


Then                                             rx  -  second  term  of  series,             l 

id                                                   r*x  =  third  term  of  series.                 | 

x  +  rx-r»x--    3 

(1) 

X  +  tV-r.r  --  21 

(2) 

Ada.                                                2j  =  24. 

.-.  x=  12. 

Substitute  values  of  x  in  (1), 

12  +  12r-12r«  =  3, 

12r-12f*  =  -9. 

4f*-4r  =  3. 

Complolo  tho  pquare,   4r*  —  ()  +  l  —  4. 

Extract  the  root,                   2r  - 1  «  1 2. 

2r  =  3. 

.'.  r«»  J. 

Ilenco,  the  numbers  are  12, 18,  27. 

15.  Find  two  numbers  whose  sum  is   8]  and  geometrical 

meanlj. 

Let  X  =  one  number, 

and  y  =  the  other. 

Then  x+y  =  3}  (1) 

V^-li  (2) 

Square  (2),  a5y  =  |. 

.-.  x  =  - — 

9  ^y 

Substitute  value  of  x  in  (1),  t'  "^V  —  ^^ 

9+4y«  =  13y. 
4y»-13y  =  -9, 

4y»-()  +  (W  =  fi 

Extract  the  root,  ^y  -^^  =^\, 

2y  =  ^/  or  2. 
.%  y  =  }  or  1. 
Substitute  values  of  y  in  (1),  x  =  1  or  2J. 

Hence,  the  numbers  are  1  and  2\. 
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16.  A  glass  of  wine  is  taken  from  a  decanter  that  liolds  ten 
glasses,  and  a  glass  of  water  poured  in.  When  this  has  been 
done  Ave  times,  what  part  of  the  contents  is  wine? 

Since  there  are  ten  glasses  of  wine  at  first,  when  one  glass  of 
water  is  substituted  for  one  of  wine,  there  will  be  y%  as  much 
wine  in  the  decanter  as  before. 

Since  this  is  done  5  times, 

=  0.59049. 

17.  There  are  four  numbers,  such  that  the  sum  of  the  first 
and  the  last  is  11,  and  the  sum  of  the  others  is  10.  The  first 
three  of  these  numbers  are  in  arithmetical  progression,  and  the 
last  three  in  geometrical  progression.    Find  the  numbers. 

Let  af,  y,  10  —  y,  11  —  «,  denote  the  numbers. 
By  Arithmetical  Progression, 

y-a?  =  10-2y.  (1) 

By  Geometrical  Progression, 

10 -y     11 -a; 
y         10  — y 

Prom(l),  a;  =  3y-10.  (3) 

From  (2).  4y«  -  41  y  =  - 100.  (4) 

Whence,  4  y«  -  61  +  (^)»  =  ft, 

and  2y-4  =  ±f. 

.'.  y  =  6Jor  4. 
Substitute  4  for  y  in  (3),        a?  =  2. 

Hence  the  numbers  are  2,  4,  6,  9. 

18.  Find  three  numbers  in  geometrical  progression  whose 
sum  is  13  and  the  sum  of  their  squares  91. 

Let  X,  xy,  xy"  =  the  numbers. 

x^-xy  +  xij^  ==  13  (1) 

aj"  +  a;«y2  +  r»y*  =  91  (2) 

Divide  (2)  by  (1),         a?  -  a^  +  aiy*  =     7 
(1)  is  a;  +  a!y  +  xy'  =    13 

Subtract,  -  2a;y  =  -  6 

.'.  xy  =  3. 

3 
.'.    aj  =  — 

y 


(2) 
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iSabstitoto  value  of  «  in  (1), 

y 

3  +  3y  +  3y»=13y, 
3y«  -  lOy  -■=  -  3, 
36y»-()  f  100-G4. 
Gy-10=±8. 
.-.  y  =  3. 
and  x  =  l. 
Ilonce,  tlio  nambore  are  1,  3,  9. 

19.  The  (liflTcrcncc  between  two  numbero  is  48,  and  the  arith- 
metical mean  exceeds  the  geometrical  by  18.    Find  the  nambers. 

Let  X  « larger  numl>er, 

and  y  =  smaller  number. 

x-y-48  (1) 

EJLl «  arithmetical  mean, 
*) 

y/xy  »  geometrical  mean, 

'JLH^V^  +  W, 

x  +  y  -^2y/xy  +  36, 
X-  2y/xy  +y-36, 

V.c-Vy-i:6  (2) 

Divide  (1)  by  (2).    Vi+Vy  =  ±8  (3) 

From  (2)  and  (3),  2>/i  =  14, 

2Vy  =  2. 
.-.  x  =  49, 
and  y  « 1. 

20.  There  are  four  numbers  in  geometrical  progression,  the 
second  of  which  is  less  than  the  fourth  by  24,  and  the  sum  of  the 
extremes  is  to  the  sum  of  the  means  as  7  to  8.  Find  the  num- 
bers. 

Let  X  —  first  number, 

and  y  =  ratio. 

Then  X,  xy,  xy\  m^  «  numbers. 

a!y»- ay -24  (1) 

»  +  ajy»:afy  +  a!y«::7:3  (2) 


1 

1 
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3(aj  +  JFy»)=7(.r2/-f  ay*), 
3(l+y»)  =  7y(l  +  y). 
Divide  by  1  +y.     3(1  -y +y*)  =  7y, 

3y»-10y  =  -3, 
36  y«_()4- 100  =  64, 
6y-10  =  ±8, 
6y  =  18. 
.*.  y  =  3. 
Substitute  in  (1),        27  x  -  3  a:  =  24, 

24  a;  =  24. 
.•.  0;  =  1. 
Hence,  the  numbers  are  1,  3,  9,  27. 

21.  A  number  consists  of  three  digits  in  geometrical  progres- 
sion. The  sum  of  the  digits  is  13 ;  and  if  792  be  added  to  tlie 
number,  the  digits  in  the  units'  and  hundreds*  places  will  be  in- 
terchanged.   Find  the  number. 

Let  X  =  first  digit,    ■ 

rx  =  second  digit, 
and  r^x  =  third  digit. 

X  +  rx  +  r^x  =  13  (1) 

100a;  +  lOra;  4-  r*a;  +  792  =  100r*a;  +  lOra;  +  a;, 
-99r*a;  +  99a;=-792. 

r*a;-a;=    8  (2) 

a;  +  ra;  +  r*a;  =  13 

Subtract,  2a;  +  ra;=   5 

5 


2+r 
Substitute  value  of  x  in  (2), 

Sr*         5 

2+r     2+r       ' 

5r*-5  =  16  +  8r. 

5r»-8r  =  21, 

100r»-()  +  64  =  484, 

10r-8  =  i:22, 

10r=30. 

.-.  r  =  3. 

From  (1),  »  +  3a;  +  9.';  =  13. 

.'.  a;  =  1. 
Hence,  the  number  is  139. 
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22.  Find  the  limits  of  the  sums  of  the   folio  wins:  infiolte 


series : 


(I) 


4  +  2  +  1  +  ... 

J-A  +  A- 


_a 
I  -r 

r-'l 
a  4 


Formula. 


1  -r      1-J 


=  8. 


2-lJ  +  S- 

0.1  +  0.01  +  0.001  + 

0.868686 

0.54444 

0.83636 

(fi)  a  ^2, 

r=-| 

a  2 


1-r      1+f 


(2) 


(3) 


(4) 


(6) 


a  -J. 

r-i 

1  —  r      1  —  f 

a  =  J. 
r J. 


1-r      l-(-J) 


1  +  i 

o  =  l, 

••--I. 
a  1 


i 


1-r      l-(-l) 
1 


1  +  1 
r-i 


f 


1-r     l-§ 


O 


0  =  0.1. 

r  =  O.L 

a  0.1 


1-0.1 


1 


(8) 


a  =  0.86, 

r  =  0.01. 

a  0.86 


1  _  r     1  -  0.01 


8  6 


(9)  a  =  T*ir. 

.  Q        _  Toff  _     4 


(10) 


^°"  Toff* 


Txnnr_ 


A  +  A-H. 


~  A» 
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Exercise  111. 

1.  Insert  four  harmonical  means  between  2  and  12. 

J      I  —  a 

771  +  1 

* 5 "* 

1^2 »  A»  A»  A  ==  arithmetical  means, 
.'.  2|,  3,  4,  6  =  harmonical  means. 

2.  Find  two  numbers  whose  difference  is  8,  and  the  harmoni- 
cal mean  between  them  1|. 

Let  X  =  one  number. 

Then  x  +  8  =  the  other  number. 

TT^  2  ah 

.   9_2a:'-f  16a; 
*  *  5        2a;  +  8   * 
18a; +  72  =100^^80,^ 

10a:»  +  62a;=72, 
100a;»+()  +  (31)'«  =  1681, 
10a; +  31  =±41, 

a;  =  1  or  -  7t, 
a;  +  8  =  9  or  |. 
Hence,  the  numbers  are  9  and  1. 

3.  Find  the  seventh  term  of  the  harmonical  series  3, 3f ,  4,  ...^ 

Z  =  a  +  (n-l)d 
Here  a  =  J,  n=7,  d=  A" iV  =  -A- 

•'•  ^  =  A- 

Hence,  the  seventh  term  is  12. 
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4.  Continae  to  two  terms  each  way  the  harmonical  series,  two 
coniiccutive  terms  of  which  are  15,  16. 

Harmonical  series,  15,  16. 
Arithmetical  serios,  ^,  ^. 

Subtract  d  from  fin»t  term,  ^  +  jjiy  =  ^A- 

Subtract  d  from  f^,  jf^  +  j\^  =  ^A- 

Add  d  to  last  term,  ^  -  j\jf  =  J^^. 

AddrftoM.                              M-ih-^A- 
Ilenco.  ariUimotical  series  is  |^,  ^ ^^,  Jfy. 

Hence,  harmonical  series  is  13J,  14^ 17f ,  IS^. 

6.  The  first  two  terms  of  a  harmoDical  series  are  5  and  6. 

Which  term  will  equal  SO? 

i=a  +  (»-l)d, 

n— ^  +  1. 

«=AxV  +  l. 
n  =  6. 

6.  The  fifth  and  ninth  terms  of  a  harmonical  series  are  8  and 
12.    Find  the  first  four  terms. 

I  —  a 


m+1 


=  d, 


4 

it  "^  Tff  ~  ¥«  ~  «• 
Hence,  the  first  four  terms  are  6,  6f ,  6f ,  7^. 
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7.  The  difference  between  the  arithmetical  and  harmonical 
means  between  two  numbers  is  1|,  and  one  of  the  numbers  is 
four  times  the  other.    Find  the  numbers. 


Let 

X  and  y  =  the  numbers. 

Then 

— o-^'       7^  =  the  arithmetical  and  harmonical 
^        ^  +  y.        means. 

Hence, 

a;  =  4y 

(1) 

and 

x  +  y      2xy      9 
2         x-\-y     5 

(2) 

Substitute 

4y 

for  X  in  (2), 

52/     8y«_9 
2       5y      5 

• 

.-.  y  =  2, 
and  a?  =  8. 

8.  Findthe  arithmetical,  geometrical,  and  harmonical  means 
between  two  numbers  a  and  b ;  and  show  that  the  geometrical 
mean  is  a  mean  proportional  between  the  arithmetical  and  har- 
monical means.  Also,  arrange  these  means  in  order  of  magni- 
tude. 

Arithmetical,  A  —  a  =  b  —  A. 


Geometrical, 


Harmonical, 


Thn 


2 

a      G' 
.-.  G  =  Vab. 

H     a     b     H 

2  _1  ^  1  _o-h6 
H     a     b       ab 

TT      2ab 
a  +  6 

2  a  +  6 

o,  +  b     ./Ti:      2ah 


The  order  of  magnitude  is  — — .    Vah, 


a  +  6 
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9.  The  arithroeitcal  mean  between  two  numbers  exceeds  the 
geonietrlcml  by  IS,  and  the  geometrical  exceeds  the  hannonical 
by  IS.    What  arc  the  nnmbers? 

Let  a  and  b  "  the  numbers. 

Then  2-i-^,    \/S.    ^^  =  the  arithmetical,  geometrical, 

2  a  +  6         and  harmonical  means. 

Hence  ?- '-  -  VoS  =  13  (1) 


9 


2ab 


a  +  6 

Add  ( 1 )  and  (2),  -  *-^  -  —  -  25  (3) 

2        a  +  6 

TranH|K>80  in  (1),      ^^  -  13  -  Vab, 

a  +  6-2G  =  2    o6  (4) 

Square  ( I).     a»  +  2a6  f  6«  -  52a  -  526  +  676  =  4a6 
Simplify  (3).  a«  4  2a6  +  6«  -  50o  -  506  =  \ab 

Subtract.  2a  +  26  =676 

a +  6  =  338  (5) 

Substitute  value  of  a  +  6  in  (1), 

169-Va6=13, 
156=Va6. 
From  (5),  a  =  338  -  6. 

.-.  156=V(338-6)6. 
.-.  156«  =  3386-6«. 
6«- 3386  =  -24336, 
6»-()+(169)«  =  4225, 
6  -  169  =  ±  65. 

.-.  6  =  234  or  104, 
and  a  =  104  or  234. 


10.  The  sum  of  three  terms  of  a  harmoDical  series  is  11,  and 
the  sum  of  their  squares  is  49.    Find  the  numbers. 
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Let  X  and  y  =  first  and  last  terms. 

Then  -^^  =  middle  term. 

x-¥y 

Hence,  oj  +  y  +  -^^  =  11  (1) 

x  +  y 

and  a:»+y2  +  ^^  =  49  (2) 

(x  +  yy 

Square  (1),  and  subtract  (2)  from  the  result, 

6xy  =  12,  and  a:y  =  12  (3) 

Substitute  12  for  xy  in  (1),  and  clear  of  fractions, 

(a?  +  y)«-ll(aj  +  y)  =  -24. 
Complete  the  square  and  extract  the  root, 

a  +  y  =  8  (4) 

Square  (4),  ai*  +  2xy  -\-  y^  =  6^ 

From  (3),  4ary  =48 

ai^  —  2xy-{-y^=  16 

a;-y  =  ±4  (5) 

From  (4)  and  (5),  a?  =  6,  and  y  =  2. 

Hence,  the  numbers  are  6,  3,  2. 

11.   When   a,  6,  c  are  in  harmonical  progression,  show  that 

a  :  C  :  :  a  —  b  :  b  —  C. 

If  a,  6,  c  are  a  harmonical  series,       -  —  = -• 

b     a      c     b 

Multiply  by  abc,  ac  —  bc  =  ab  —  ac, 

or  c(a  —  6)  =*  a (6  -:  c), 

or  a  .  c  :  :  a  —  b  :  b  —  c. 


Exercise  112. 
1 


1. 

2-^Sx 
Divide  1  by  2  -  3  ». 

Then,  --i—  =  J  +  }a;  +  foj'  +  Ha^  + 

z  —  oaj 

2.    l+» 


2  +  3x 
Divide  1  +  x  by  2  +  3  as. 

Then,  l±±^i-^x  +  i^-^^  + 

2  +  3a; 
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8.  L;.2£. 

4--3X 
Divide  3  -  2x  by  4 

3-2« 


Then, 


4-3* 


-3«. 


1-* 


1-X  + JC* 


I  -  x  +  J* 
Then,  l--x-il  f  (i?-i4)x  +  (C-5  +  i4)x»  +  (Z>-  C-hB}^ 

•^  (£-  i)  +  C)«*  +  (F-  js:  +  i>)x*  -^ 

/.  il  -  1.  il  =  1 ; 

Z)-Cf  ^-0, 


5  =  0; 
C 1; 

2>  =  -l: 


1  —  X I 


1  —  x  +  x* 


x^  —  x^  +  x^  + 


5. 


Let 


1  -  2x  +  3.T* 
1 


-  il  +  J?x  +  Or*  +  Z>x»  +  ^x*  +  i^  + 


l-2x  +  3x" 
Then,  1  =  il  +  (5  -  2il)x  +  (C-  25  +  3 il)x«  +  (D  _  2 C+  3 5)x» 


6. 


Let 


-t-  ^.C#  —  ^JL/  -t-  O  \J  JX-  -f  ••• 

•  • 

.  .     il  =  1. 

il  =  l; 

B-2A^0, 

5  =  2; 

C-25  +  3il-0, 

C=l; 

i>-2C+35  =  0, 

Z>  =  -4; 

J?-2D  +  3C-=0, 

^--11. 

—  1    1  93"  1  5^ 

-4x»-lla?* 

"  l-2x  +  3x* 

5-2x 

1+3X-{B« 

5-2x_    _  J  .    Pa:+ rfcs-i- 

7)'i:»  4-  /Sir*  + 

1  +  3x-x» 
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Then,  5-2x  =  A  +  {B -^SA)x  +  {C^S  B-  A)x' 

+  (i>  +  3  (7- 5)r»  +  (J5;+ 3i>  -  C)jc*  + 


.*.  il  =  o, 

C+35-il  =  0, 
i>  +  3(7-J?  =  0, 


J?  =  -17; 

(7=-56; 
i>  =  -  185 ; 
^=601. 


5 -2a; 
1  +Sx-x^ 


=  5  -  17ar  +  56a:«  -  185a»  +  611  ar*  - 


7. 


Let 


4a;-6a'» 
l-2a:  +  3a* 

4a:  —  63:* 


l-2ar  +  3a* 


=  A-\-Bx  +  Qi^-\-Da^  +  Est^-^ 


Then,  4a; -6x«  =  il +  (- 2^1  +  5)a:  +  (3^4  -  2^  +  C)a:* 

+  (3  J5  -  2 (7+ D)ar»  +  (3  C- 2D  +  ^)a;*  + 


.'.  A  =  0, 

^  =  0; 

-2il  +  5  =  4, 

5  =  4; 

3il-25  +  (7=-6, 

(7=2; 

3J5-2(7+i>  =  0, 

i>  =  -8; 

3C-22)  +  ^=0. 

^=-22. 

4a;  —  Ga;*         ^      ,  0  a 
-— =  4x  +  2x'- 

l-2a;  +  3x« 

8  a;" -22a?*- 

Exercise  113. 


Resolve  into  partial  fractions 

1  7x  +  l 


*•(»+ 

4)(x 

-5) 

Assume 

7x  +  l       _^    A     ^     B    , 

(x  +  4)(x  -  5)     a;  +  4     x  —  5  ' 

then 

7x  +  l=^{A  +  B)x-bA+^B. 
.-.^  +  5  =  7.        A  =  S, 
45-5il-l,        J?  =  4. 
7x  +  l             3      1     4 

"  (x  +  4)(x-5)""x  +  4     x-5 
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+  4) 

0                  ^     1     ^ 

(x+3)(x  +  4)     x  +  3     x+4 

then 

6  =  (.l  +  B)x+4 

.\  A  +  B  =  0 

4ui  +  3B  =  0 

.,  A  =  e 

B=-6 

6            _     6            6 

'    (x  +  3)(x  +  4)      x  +  3     x  +  4 

(2x-l)( 

1 
x-6) 

Attame 

6x-l          _      A            B 
(2x-1)(t-5)      2x-1      x-6 

Uien 

6x-l=M  +  2B')x-6 

3B 


/.  ^  +  2B=:5 

.-.  ^  =  -iJ?=f 


• 

5x-l          _    -J     ,      * 

• 

'  (2x-l)(x-5)      2x-l      x-6 

8                    1 

3(x-6)      3(2  x-1) 

^                T-2 

x-2 

*»-3x- 

10      (x-6)(x  +  2) 

Assume 

x-2         _    A           B 
(x-5)(x+2)      x-6     x  +  2 

then 

x-2  =  (^  +  B)x  +  2^-6B 

.-.    A-\-  B=:l 

2^-6S=-2 

.-.  A=i,B=i 

x-2        _        3                  4 

"  x2-3x-10      7(x-5)      7(x  +  2) 

«         3 

3 

x«-l      (x-l)(xa  +  x  +  l) 
Assume       ? =-^L.+    ^*+ C 


(x-l)(x3  +  x+l)      X—  1      x«  +  x+l 
then  3  =  (^  +  5)x2  +  (^-S  +  a)x+^-C7 
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.-.  ^  +  -5  =  0 

/.  ^  =  1,  ^  =  -1,  C=-2 
*  jr»-l      X— 1      ara  +  x+  1 


^     x^^x  —  S 


x(^x^  —  4) 

Assume  x»-x-3^^^_B_  ^  _C_ 

a:(x2  —  4)       X       x  +  2      x  —  2 
then  x2-x-3=  (^  +  B+  a)x2+  (-2^+ 2C)x-4^ 

/.  A-^B-\-  (7=1 
-2^+2(7=-l 
-4^=-3 
...  ^=1,  B  =  l  C=-J 
jr2-,j:^3^  3  3 1 

"  x(xa-4)  ~4x      8(x  +  2)      8(x-2)* 
7.      3-^-4 


x2(x  +  5) 


Assume  3x»-4^^     B        C 


x2(x  +6)      x^      X      X  +  5 
then  3x2-.4  =  (^+  C)x^ -\- (A-\- 5B)x-\- bA 

.-.  5+  C=3 
-4+65=0 
6A  =  -4 
.-.  ^  =  -.J.  B=,*„  C=U 
3j:2_4  ^44  71 

'  *  x2(x  +5)  6x2      25x      26(x  +  6)' 

8.  7^  — 


(X  -  l)2(x  4-  2) 

Assume  7x2-,x        ^       ^       +-A,  +  -^ 

(x  -  l)2(x  4-  2)      (x  -  1)2      X  -  1      X  +  2 
then  7x2-x  =  (5+  C)x24.  (^+ 5-2  C)x+ 2^- 25+  O 

.-.  5+0=7 
^  +  5-2C=-l 
2^-25+  C=0 

/.  ^  =  2,  5=J5L>  C'=V 
.  7x2-x        ^        2  11  10 

"  (x  -  l)2(x  +  2)      (X  -  1)2  ■*■  3(x  -  1)      3(x  +  2)' 
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a"-  1  «—  1     «*  4  a:  +  1 

then  2jb«  -  7x  +  1  -  (A  +  -B)x*  +  (il  -  J5  +  (7)ar  +  -4  -  C 

.-.  A f  5-V.  C^ f 

.   23e«~7a  +  l^      lOg-7 4__ 

ai»-l        '3(a:»  +  «  +  l)     3(a:-l)" 


EXEBCISB   114. 

1.  (l  +  2ary 

=  {If  +  6(l)*(2a;)  +  10(l)»(2x)«  +  10(l)*(2fl;)»  +  6(lX2x)*  +  (2xf 

-  1  +  10«  +  40  x»  +  80  «•  +  80a?*  +  32a». 

2.  {x^Zf 

=  a*  -  8arT(3)  +  28a5^3)»  -  66a«(3)»  +  70«*(3)* 

-  66«»(3)»  +  28a:»(3)»  -  8a:(3)»  +  (3)8 

-  a*  -  24a:»  +  252a*  -  1612a!»  +  5670a;* 

-  13608«»  +  20412a:*  -  17496aj  +  6561. 
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3.  {2x-Sy)* 

=  {2xY  -  4(2rr)»(3y)  +  6(2rr)«(3y)»  -  4(2x)(3y)'  +  (3y)* 
=  16ir*  -  96ar»y  +  216a;«y«-  216a:y»  +  Sly*. 

4.  (2--a;)» 

=  (2)»-3(2)«(a:)  +  3(2)(a:)«-(a:)» 
=  8-12x  +  6a:*-a:". 

..      15y     45y»      135v»     405y*     243^^ 
4  8  32  256        1024* 

1      o     .  >i^     28ar»  .  14a^      1 4 ar^  .  28 a;*     ixf  ^  a^  jr» 

=  1  — 3x4-4ar H 

9  9  27        243      243     729     19683 


=  1-9 


7.  The  fourth  term  of  (2  x  -  6  y)". 

Substitute  in  formula  values  of  n  and  r, 

n(n-l) (n-r  +  2)  ^^_^^^  ^_i 

1X2 (r-1) 

=  - 14080000  jr»y». 


..  .10 

8.  The  seventh  term 


<"(M) 


10  X  9  X  8  X  7 
1x2x3x4 

35  gV 
1944  ■ 
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9.  Tho  twelfth  term  of  (a*  —  ox)" 


_  15x14x13x12  /^,v4.^)u 
1x2x3x4      ^     ^  ^      ^ 

-- 1365  a»a?>>. 


10.  The  eighth  term  of  (6x«y  -  2xy»)» 


,9x8...^3^^^y^g^^^^^ 

2 i 

-  36(25  x*y«)(128xy*) 

-1 15200  ar>V». 


11.   The  nilildlc  term  of 


8x7yr.x5/a;Y/yY 
1x2x3x4  U/  W 


-  70. 


.10 

12.   The  mlcldle  torm 


„  lOxOxftxTxP/jy  /^Y 
1x2x3x4x5  Vy/  Uy 

«-252. 


13.  The  two  middle  terms  of 


(ri)' 


Tlie  two  middle  terms  are  the  fourth  and  fifth. 

7  X  G  X  5  X  4  fxY  fvY 


The  fourth  term 


1x2x3x4 
35  a; 


mi 


y 

The  fifth  term 


lx2xS\y)  \x) 
35y 


14.  The  Hh  term  of  (2  a  +  x)* 


_  n(n-l) (n-r  +  2)  /2a)«-r+iaf-i 

1X2 (r-1)       ^     ^  • 
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15.  The  rth  term  from  the  end  of  (2  a  +  x)^ 

=  Mn-l) (n-r  +  2)  /2a>r-ij-»-r+i 

1X2 (r-1)       ^     ' 

16.  The  (r  +  i)th  term  of  (a  +  x)* 

_  n(n-l) (n-r-2) ^n-r-3ajr+3 

1X2 (r  +  3) 

17.  The  middle  term  of  (a  +  x)^ 

=  2n(2n-l)....(2n-(n  +  l)-h2)  ^,»_,-i+i^ 
1  X  2 (n  +  1  -  1) 

^2n(2n-l) (n  +  l)^^ 

1x2 n 


Multiply  both  t«rms  by   [n, 


*^n 


(n  +  l)iA  term  =  - —  a*a^. 

([n)« 


« 


18.  Expand  (2  a  +  xy%  and  find  the  sum  of  the  terms  if  a  =  1, 
x  =  -2. 

(2a)i»  +  12(2a)"a?  +  66(2a)iV  +  220(2a)9a:»  +  ^dd(2afx* 
+  792(2a)V  +  92i{2afx^  +  792(2a)6a;'  +  495(2a)V 
-f  220(2a)»a;9  +  66 (2a)«xi<>  +  12(2ay»  +  »i». 

Substitute  1  for  a  and  —  2  for  x. 

(2  -  2)"  =  0. 

19.  (Va  +  Vbf^{J  -^b^f 

=  a^  4-  5a^^  +  10a*6  +  10a6*  +  5a*6«  +  6^ 

=  a^V^  +  5o»\/6  +  lOabVa  +  10a6v^  +  Si^VS  +  b^Vb. 

20.  (2a»-iVa)« 

=  (2 o')«  -  6 (2 a»)5( J  v^)  +  15 (2 a2)*(i  Va)«  -  20 (2 a^fd ^/af 
+  15  (2  a'fii  Vaf  -  6  (2  a2)(  J  Vaf  +  (J  \/a)« 

c=  64a"  -  96aWv^  +  60a»  -  20a'\/a  +  3f  a«  -  f  a*Vo  +  ^^ 

64 
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81.  (vii-^y 

V         zVhJ 

.,V3,.-6,V3,^-^)*.0(,a,^-^)' 

-«x^'(5^)'*'<^*(5^)'-(?5f)" 

"■  (i>r5->/j)' 

'if'd^d     >        b<^  ^d     <^ 

23.  f^F-4V 

V^i^c     3a6/ 

a'  /a       c*  \         /  o     \  /     c    \         c'^ 


(6c)i     ^<^'     9a«6M     27a»6» 


1    ^     c*  c* 


6M     6«ci     3a*6»     27a»6» 
26.  (2^-}y2)* 
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26.    (^-^^Y 

■  i'-'(£)'(¥)--°(2l)W)'-»(s)'(T)' 

n  « 

27.  (a2-a"2)* 

=  (ai)*-4(a*)»(a  2)  +  6{a*)»(a   2)»-4(aa)(a  *)*  +  (a  »)* 
=  a*»  -  4a"  +  6  -  4a-*  +  a-**. 

^-  (ii-^^)' 

86»     4j4  2 

29.  (Vi-2-\/5)»-(a*-26*)» 

=  (o*)»  -  5(o*)«(26*)  +  10(o*)»(25*)»  -  10(a*)'(26*)» 

+  5(o*X26^)*-(26*)» 
=  a»Vo  -  lOo'Vi  +  iOabVa  -  SOoiVd  +  SOb^Va  -  32b'Vb. 

30.  / 2^  -  i/yi\*-  (2x^-^  - y*)* 

=  (2xh/-'f  -  6(2a!V"')^')  +  15  (2a!^-')%*)»  -  20(2a!^-»)»(y*)' 

+  16(2a;V"')*(yV-6(2a^-')(y')»  +  (y^ 
=  64a!^-*  -  192a!«V-*v^  +  240a^-«v^  -  160a!V"' 

+  60iir*-^y' -  12a^«  v^  +  y«. 
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Ifio*  _  32a'     8o»     sJ     o'M 
"a*         aW'"     3  6»      27       81 

or     l(5a«6  •  -  »,«  *^*"*  +  |«^6''  -  A«**  +  — 

ol 

W64      2a/ 
«  /a*  _  b}  y 

J  _  3a'    ,  __3_    _iL- 

Exercise  115. 

1.  (1  +  xy  to  four  termB 

2  3 

=  1  +  *_*:  4._  — 

2      8      16 

2.  (1  +  x)*  to  four  terms 


^              2  1x2x3 

1  +  Ja;  — Ja:*  +  ^a:'— 
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3.    (o  +  2c)^  to  four  terms 

i      3a;        Sic*        15ar* 


+  — i ^  + 


4  a*     32  a*     128  a* 
V       4a     32a=»     128  a»  >        • 

4.    (1  —  a:)  "*  to  four  terms. 

By  substituting  1  for  a  and  —a;  for  a;  in  the  formula  (a  +  a;)* 

=  a»  +  na»-ix  +  M!LzJ)an-2^.^Mn-l)(n-2)(n-3)^ 

2  [3 

=  1  +  4a;  +  10a;'  +  20ar^  + 

6.   (a*  — a;')^  to  four  terms 

=    &     Sg^a;'      15  oa;*      5a;* 

""*         2  8  16a      


6.   (a;*+ ay)" ^  to  four  terms 

-s      8    -4..  ^15«:V      35a;-<y»  . 


7.  (2 a;  —  3  y)  ~*  to  four  terms 

=  (2a;)-i  -  (-  i)(2a;)-5(3y)  +  tiKzJ}  (2a;)-«(3y)» 


U)tJKzl)i2x)-'^(3yy 


2x-i{l  +  |a;-V  +  ^a;-«y«  +  ^?ft  a;-y  + } 
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8w   ^1 '  5x  to  four  Ienu5 

-  1  -  z  -  2z»  -  G*» - 
9.  —  -  to  lour  terms 

1x2x3        V       ^     ^       ^ 

1    (  ,  ^l)x  ,13r>x«^  04r>jr«  ^        ) 
8a»l         8a      12iia«      1024o»  i 


•/ —  l" 
10.  V  ,  to  four  terms 


-0   -'■'>!/)  ^ 


(-«)(- VU.A.    (-*)(- V)(-V). 


2  8  48 

11.  (1 +x  +  ai')' to  four  terms 

=  1  +§«  + Ja:»-JJa:»+ 

12.  (1  —x  +  a;^)^  to  four  terms 

—  1  —  f  X  +  Jj^-ajZ  —  Uar*  + 
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13.    The  rth  term  of  (a  +  «)* 


i_(J_--J)  .....  (i  -  r  +  2)  ^4-r+l^r- 1 

©(-!)■( 'T)(-i) c^') 


r-l 


3-2r 

a    2    af-l 


^  (_  1),  (2)(2)(5)(§) (^'2")  ^3^'^  _, 

|r  —  1 


Multiply  both  terms  by  2*"^ 


r  -  1  X  2»-i 


14.  The  r«^  term  of  (a  -  x) "' 

^(_3K-4)       (-r-l)^.,.,^  . 
1  X2x3 r-l 

^  3X4 (r-  l)(r)(r  +  l)  ^_,_o  ,_i 

1x2x3x4 (r-l) 

1X2 

15.  V65  to  five  decimal  places 

=  {64(l+,'i)}4 
=  8(l+,'i)» 

-=  8  (1  +  0.00781  -  0.00003) 
=  8.06224 

16.  Vl^  to  five  decimal  places 

-{1(1+ A)'} 

-i  +  Jx,iff  +  i^^)(A)» 

-1+0.01111-0.00012 
- 1.01099. 
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17.  V  129  to  six  (Ivcimal  places 

-2(1  fO.OOU  16 -0.000004) 
■  2.0(>2224. 

18.  (1—22  +  32*)'' to  four  terms 

{l-(2x-3*»)}-« 
^l-(-j)(2x-3^)  +  t*Ji^V-32V 

\r>        r>  )     \  25        25        25  J      \  125  J 

-      4x     2  J*     lOGx* 

,    ^  ^ , —  __  .  —  ^  ■  -^  •••.« 

5       25        125 

19.  (^^  ^')'  to  coefficient  of  x* 

(l+3x)* 

"(l+2x)»(l+3x)-» 

=  (I  +  4x  +  4x»)  (1  -  9x  +  54x*  -  270x»  -|- 1215**). 

The  termfi  containing  x*  will  be 
1215x*  -  4x(270x»)  +  4x»(54x«) 
=  351 X*. 

80.  (1  +  x)i  expanded 

,Hi-mi-2)(i-3) 


2x2»         2x3x2»         2x3x4x2* 
When  X  =  1,  this  becomes  (1  +  1)^ 
-14.1         1       .1x3  1x3x5      . 

2     2x2«     2x3x2"      2x3x4x2* 
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Exercise  116. 


1.  log35  =  log[7x5) 

7  + log  5. 


log  7 
log  5 

.-.  log  35 
2.  log  9 


log 

0.8451 
0.6990 

1.5441 


log 
log 

•••  log 

3.  log 


log(3x3) 
log  3  +  log  3. 

0.4771 
0.4771 


3 
3 

9  =  0.9542 


8  =  log(2x2x2) 
=  log  2  +  log  2  +  log  2. 

0  3010 
0.3010 
0.3010 


log  2 

log  2 

log  2 

.-.  log  8  =  0.9030 


4.  log  49 


log   7 


log  (7X7) 
log  7  +  log  7. 

0.8451 
0.8451 


log   7      

.-.  log  49=  1.0902 

5.  logl2  =  log(2x2x3) 

=  log2  +  log2  +  log3. 

log  2  =  0.3010 
log  2-0.3010 
log   3  -■=--  0.4771 

.-.  log  12=  1.0791 

6.  Iog60  =  log(2x  3x2x5) 

=  log  2'^  + log  3+ log  5. 

log  2  =  0.3010 

log  2  =  0.3010 

log  3  =  0.4771 

log  5  =  0.6990 

.-.  log  60  =1.7781 

7.  log75  =  log(5x5x3) 

=  log  5  +  log5  +  log3. 

log  5  =  0.6990 
log  5  =  0.6990 
log   3  =  0.4771 

.-.  log  75  =1.8751 


8.  log   7.5  =  log (3x5x5x0.1) 

=  log  3  +  log  5 

+  Iog5  +  log0.1. 

log  3  =  0.4771 
log  5  =  0.6990 
log      5  =  0.6990 

log  0.1  =  9.0000  -  10 

.-.  log   7.5  =  0.8751 

9.  Iog0.05  =  log  (5x0.01) 

=  log5  +  log  0.01. 

log      5  =  0.6990 

log  0.01  =  8.0000 -10 

.-.  log  0.05  =  8.6990  -  10 

10.  log  12.5  =  log  (5»x  0.1) 

=  log  5  +  log  5  + log  5 
+  log0.1. 

log  5  =  0.6990 
log  5  =  0.6990 
log      5  =  0.6990 

log  0.1  =  9.0000  -  10 

.-.  log  12.5  =  1.0970 

11.  log  1.25  =  log  (5»x  0.01) 

=  log5  +  log 5  -f  log 5 
+  log  0.01. 

log  5  =  0.6990 
log  5  =  0.6990 
log  5  =  0.6990 
log  0.01  =  8.0000  -  10 

.-.  log  1.25  =  0.0970 

12.  log37.5  =  log(5»x  3x0.1) 

=  log5  +log5  +log5 
+  log3  +  log  0.1. 

log  5  =  0.6990 
log  5  =  0.6990 
log  5  =  0.6990 
log      3=0.4771 

log  0. 1  =  9.0000  -  10 

.-.  log37.5  =  1.5741 


4.)1 

ALGEBRA. 

13. 

l.7^>-^»^(^>^^)^7^(>.ol) 

1      .p.         1  .  .  K.    .    I  ...  •• 

20. 

log   5*  =  i  of  log  5 

—  l<»g'>  t  jo^j  r>  4  i«»g  t 

=.  J  of  0.6990 
=  0.3495. 

+  lug  0.01. 

log 

n  *  o.(W)o 

log    3*=»onog3 

!.♦;» 

5  -O.tiiWH) 

21. 

1"^ 

7  -o.*<ir)i 

=  4  of  0.1771 

log 

0.01   -8<I0<)I)-  10 

=  0.0596 

log 

1.75-0.2131 

22. 

log   7^  =  11  of  log  7 

14 

1<»'4 

1(V>  -  log  (5  V  3  X  7) 

'  logf)  4  l()g3  flog  7. 

=  \  of  0.8451 
-6.1690 

log   2*  =  J  of  log  2 

log 

5    o.c;;n¥) 

23. 

log 

3  -  0. 1771 

=  i  of  0.3010 

log 

7  -osir>i 

=  0.2258. 

• 

log 

ia5     2.0212 

24. 

log   5'  =  K  of  log  5 

15. 

log  0  OKiT)   -  log  (3  X  7  X  5 

X  O.(HK)l) 

=  t(  orofi9iK) 
=  6.4660. 

-'  log  3  f  log7  t  log  5 
-4  log  0.0001. 

26. 

log   3*  -  ?  of  log  3 
=  ?  of  0.4771 

log 

3-0.1771 

=  0.2045. 

l..g 

7  -o.sir>i 

9 

log 

5-=  (){\\)\)0 

26. 

log3«i  =  ,»,  of  log3 

lo^(HX)01    ~  «;.(MMH)_   10 

=  ,9f  of  0.4771 

.  • 

l..g(M)l()0      H.()211»-     10 

=-  0.3904. 

16. 

log 

1.0.5     log  (7x3x5x0.01) 
■log 7  \  log 3  \  log 5 
+  log  0.01. 

27, 

log   7^ -.5  of  log  7 
-:j  of  0.8451 
=  2.9579. 

log 
log 
log 

7     O.Sl.M 

3 --=0.1771 
f)   -0.<l!MK) 

28. 

log   3*  -  4  of  log  3 
=  '\  of  0.4771 
=  0  6361 

log 

0.01  -S.(MK)()    -  10 

\.r  m  \m'  \^  V»  A  • 

• 

log 

1.05-0.0212 

29. 

log   5*  =  3  of  log  5 
=  J  of  0.6990 

17. 

log 

7*=4xlog7 
=  4x0.si51 

=  0.5243. 
1 1 

=  3.3S04. 

30. 

log7'  =  V  of Jog7 

18. 

log 

38=8xlog3 
^-8x0.4771 

=  1.3280. 
log21?  =  Joflog(7x3). 

=  3.8l(J8. 

31. 

log   7    =0.8451 

19. 

log 

73  =  3xlog7 
=  3  X  0.8451 

log   3    =0.4771 
loL'2l    -1.3222 

=  2.5353. 

J  of  1:3222-1.1569.                          > 
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Exercise  117. 

1.  log  }  =  log  2  +  colog  5.              8.    log  1  =  log  5  +  colog  2. 
log  2  =  0.3010                                    log  5  =  0.6990 

colog  5  =  9.3010  -  10                        colog  2  =  9.6990  -  10 

.  •.  log  i  =  9.6020  -  10                       .  •.  log  1  =  0.3980 

2.  log  ^  =  log  2  +  colog  7.               9.    log  }  =  log  7  + colog  3. 
log  2  =  0.3010                                    log  7  =  0.8451 

colog  7  =  9.1549  - 10                        colog  3  =  9.5229  -  10 

...log  ^  =  9.4559 -10 

3.  log  {  =  log  3  +  colog  5. 
log  3  =  0.4771 

colog  5  =  9.3010 -10 

...log  1  =  9.7781 -10 

4.  log  J  =  log  3  +  colog  7. 
log  3  =  0.4771 

colog  7  =  9.1549  -  10 

...log  J  =  0.3680 

10.    log  J  =  log  7  +  colog  2. 
log  7  =  0.8451 
colog  2  =  9.6990  - 10 

.-.log  J  =  0.5441 

11.    log  1  =  log  3  +  colog  2. 
log  3  =  0.4771 

.-.  log  f  =  9.6320  -  10 

colog  2  =  9.6990  -  10 

5.    log  ^  =  log  5  +  colog  7. 
log  5  =  0.6990 
colog  7  =  9.1549 -10 

.-.  log  1  =  0.1761 
12.     log  —  =  loe  7  +  coloe  5. 

.-.  log  f  =  9.8539  -  10 

6.    log  J  =  log  7  +  colog  5. 
log  7  =  0.8451 
colog  5  =  9.3010  -  10 

^  0.5         ^               ^ 
log  7  =  0.8451 
colog5  =  0.3010 

.-.  log -"^  =  1.1461 
^0.5 

.-.  log  i  =  0.1461 

7.    log  }  =  log  5  +  colog  3. 
log  5  =  0.6990 
colog  3  =  9.5229  -  10 

13.   log  ^-^^  -  log  0.05  +  colog  3. 

o 

log  0.05  =  8.6900-10 
colog  3  =  0.5229-  10 

.-.log  5  =0.2219 

.-.  log  "^'''  =  8.2219      10 
°    3 
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14.  log  5:52^  =  log  0.005 +colog2. 

id 

log  0.005  =  7.6990 -10 
colog        2  =  9.6990  -  10 

...  log  ?-:555=  7.3980 -10 


15.  log   5:^  =  log0.07  +  colog5. 
o 

log  0.07  =  8.8451-10 

colog       5  =  9.3010  -  10 

...log   5:^=8.1461-10 


16.  log   -^  =  log  5  +  colog  0.07. 
5   0.07       ^  ^ 

log        5  =  0.6990 
colog  0.07  =  1.1549 


••  log 


5 


0.07 


=  1.8539 


17.  Iog^  =  log3+colog0.007. 

log        3  =  0.4771 
colog0.007  =  2.1549 


•.log 


0.007 


=  2.6320 


18.  log  5:52?  =  log  O.003+colog7. 

Iog0.003  =  7.4771 -10 
colog        7  =  9.1549  -  10 

...  log  5:555  =  6.6320  -  10 


19.   log -5:55.  =  log  0.05 

0.003  +  colog  0.003. 

log  0.05  =  8.6990-10 
colog  0.003  =  2.5229 

...log -5:5^  =  1.2219 
^  0.003 


20.  log 

log 
colog 

•••  log 

21.  log 


0.007 


log  0.007 

+  colog  0.02. 


0.02 

0.007  =  7.8451  -  10 
0.02  =  1.6990 
0.007 


0.02 
0.02 


=  9.5441  - 10 


log  0.02 


0.007        -f  colog  0.007. 

log     0.02  =  8.3010  -  10 
colog   0.007  =  2.1519 

...log   -5:52  =0.4559 


22.   log 


0.007 

0.005 
0.07 


log  0.005 

colog  0.07 

.  ,  0.005 

•  •  log  - 

^  0.07 


23.  log 

log 
colog 

.-.  log 

24.  log 


0.03 

7 
0.03 

7 
0.03 


=  log  0.005 

+  colog  0.07. 

=  7.6990  -  10 
=  1.1549 

=  8.8539  - 10 


=  Iog0.03+colog7. 

=  8.4771  - 10 
=  9.1549-10 


0.0007 
0.2 


log  0.0007 
colog       0.2 

,      0.0007 
.-.log 

^     0.2 


25.  log 

log 
colog 

.-.  log 


0.02* 
33 

0.02* 
3» 
0.02^ 
3» 


=  7.6320  -  10 

=  log  0.0007 

+  colog  0.2. 

=  6.8451  - 10 

=  0.6990 

=  7.5441  - 10 


=  log0.02» 

-f  colog  3'. 

=  6.6020  -  10 

=  8.5687-10 

=  5.1707-10 
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26.  log  -5^  =  log  3»  +  colog  0.02«. 

log        3»  =  1.4313 
colog  0.02«  =  3.3980 

^..  log  -?!-  =  4.8293 


27.  log  -^  =  log  T' +  colog  0.02». 


log  7»  =  2.5353 

colog     0.022  _  3  3980 

.-.  log  -^  =  5.9333 


28.  log  -5^,  =  log  0.07'  X  colog  0.003». 
^0.0033        ^  ^ 

log  0.07^  =  6.5353-10 
colog  0.0038  =  7.5687 

...  log  i^  =4.1040 
^0.003» 


29.  log  ^^^  -  =  log  0.005«  +  colog  7». 

log  0.0052  _  5  3980  _  10 
colog        7=»  =  7.4G47  -  10 

...  log5:52^  =  2.8627 -10 


30.  log  — ^  =  log  7'  +  colog  0.005*. 
^0.0052        ^  ^ 

log        7»  =  2.5353 
colog  0.0052  =  4.6020 

.-.  log— ^  =  7.1373 
^0.0052 
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Exercise  118. 

1.  log  999  =  2.9996. 

2.  log  9901  =  3.9956  +  ^\  of  0.0005  =  3.9957. 

3.  log 5106  =  3.7324  +  ^%  of  O.OOOS  =  3.7329. 

4.  log  90801  =  4.9581  +  yj^  of  0.0005  =  4.9581. 

5.  log  10001  =  4.0000  +  yjj  of  0.0043  =  4.0000. 

6.  log  10010  -  4.0CX)0  +  t'q^  of  0.0043  =  4.0004. 

7.  log  0.00987  =  7.99 13  -  10. 

8.  Iog0.87701  =  9.9430- 10. 

9.  log  l.OOOl  =  0.0000  +  tU  of  0.0013  =  0.0000. 

10.  log  7.0090  =  0.8488  +  ^\%  of  0.0006  =  0.8494. 

11.  Iog0.0897  =  8.9528 -10. 

12.  log  99.778  -  1.9987  +  ^^%  of  0.0004  =  1.9990. 

13.  Antilogarithm  of  2.5310. 

Number  corresponding  to  0.5310  is  3390  -f  ,Sy  of  10  =  3396. 
.*.  number  required  is  339.6. 

14.  Antilogarithm  of  1.9484. 

Number  corresponding  to  0.9  JS4  is  8880. 
.•.  number  required  is  (S8.8. 

15.  Antilogarithm  of  9.S800  -  10. 

Number  corresponding  to  0.8800  is  7580  +  |  of  10  =  7586. 
.•.  number  required  is  0.7586. 

16.  Antilogarithm  of  0.2787. 

Number  corresponding  to  2787  is  1890  +  §f  of  10  =  1900. 
.'.  number  required  is  1.9. 

17.  Antilogarithm  of  7.0216  -  10. 

Number  corresponding  to  0.0216  is  1050  -j-  j^  of  10  =  1051. 
.*.  number  required  is  0.001051. 

18.  Antilogarithm  of  8.0580^  10. 
Number  corresponding  to  0.6580  is  4550. 
.'.  number  required  is  0.0455. 
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Exercise  119. 


1. 

948.76  xt).013875. 

log       948.7G  =  2.9772 
log   0.043875  =  8.6423-  10 

1.6195 
=  log  41.64. 


6. 


7564  X  (-  0.003764). 

log  7564  =  3.8787 

log(-  O.0O3704)  -  7.5756"  -  10 

1.4513" 
=  log  -  28.47. 


2. 

3.4097  X  0.0087634. 

log       3.4097  =  0.5328 
log0.0087634  =  7.9427 -10 

8.4755  -  10 
=  log  0.02989. 


6. 

3.7648  X  (-  0.083497). 

log  3.764S  -  0.5757 

log(-  0.083497)  =  8.9217"  -  10 

9.4974«  -  VO 
=  log -0.3144. 


3. 

830.75  X  0.0003769. 

log       830.75  =  2.9195 

log  0.0003769  =  6.5762  -  10 

9.4957  -  10 
=  log  0.3131. 


7. 

-  5.840359  x(-  0.00178). 

log(- 5.840359) -0.7661" 
log   (-  0.00178)  =  7.250 1"  -  10 

8.0168   -  10 
=  log  0.0104. 


8.4395  X  0.98274. 

log       8.4395  -  0.9263 
log     0.98271  =  9.9925-10 

0.9188 
=  log  8.294. 


8. 

-  8945.07  X  73.846. 

log   (-8945.07)  =3.9515" 
log  73.816=  1.8683 

5.8198" 


=  log  -  660600. 
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f^ 


9. 

^j^  =  log  70654  +  colog  54013. 

log     70654  =  4.8491 
colog  54013  =  5.2675  -  10 

0.1100 
=  log  1.308. 


11. 

||?1^  =  log  8.32165 

0.07891        ^         +colog0.0789L 

log     8.32166  =  0.9202 
colog  0.07891  =  1.1028 

2.0230 
=  log  105.4. 


10. 


=  log  58700  +  colog  93078. 


58706 

93078 

log     58706  =  4.7686 

colog  93078  =  5.0312  -  10 

9.7998  - 10 
=  log  0.0307. 


7.052 


05039 


12. 

=  log  65039  +  colog  90761. 


90761 

log        65039  =  4.8132 

colog    90761  =  5.0421  -  10 

9.8553  -  10 
-log  0.7107. 
13. 


-  =  log  7.652  +  colog  (-  0.06875). 
-0.00875        ^  ^^  ' 

log  7.652=    0.8838 

colog  (-  0.00875)  =  11.1027" -10 

2.0465« 
=  log -111.3. 

14. 

0.07054 

83.947  X  0.8395 

log  0.07054  =  8.8839  -  10 

colog  83.917 -=8.0700 -10 

colog  0.8395  =  0.0759 

7.0358  -  10 
=  log  0.001080. 


=  log  0.07054  +  colog  83.947  +  colog  0.8395. 


15. 

7564  X  0.07643 

8093x0.09817* 
log  7564  =  3.8787 

log  0.07643  =  6.8832  -  10 
colog  8093  =  6.0919  -  10 
colog  0.09817  =  1.0080 

9.8618  -  10 
=  log  0.7277. 


16. 

89  X  753  X  0.0097 
30709  X  0.08497  * 
log  89  =  1.9494 

log  753  =  2.8768 

log  0.0097  =  7.4352  -  10 
colo^  30700  =  5.4352-10 
colog  0.08497  =  LQ7Q8 

9.3190-10 
=  log  0.2084. 
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17.  22. 

413  X  8.17  X  3182  log  1.3178   =0.1198 

915  X  728  X  2.315*  ^ 

log        413  =  2.6160  log  1.3178^0=  1.1980 

log       8.17  =  0.9122  =  log  15.78. 
log      3182  =  3.5027 

colog    915  =  7.0386-10  .          23. 

Sslfs^Sllo  logO.78765  =9.8963-10 

0.8428  log  0.78765*  =  9.3778  - 10 

=  log  6.963.  _  log  0.2387. 

18.  24. 

212  X  (-  6.12)  X  (-  2008)  log  0.691  =9.8395-10 

365  X  (- 531)  X  2.576   *  ^ 

log             212  =  2.3263  log  0.691'  =  8.5555  -  10 

log      (-  6.12)  =  0.7868«  =  log  0.03593. 
log     (-  2008)  =  3.3028« 

colog          365  =  7.4377  -10  26. 

0.7176"  =  0.8580 

==  log- 5.219.  =  log  7.212. 


19. 

L8 
3 


26. 


Iog6.05  =0.7818  ^°«(«)':?(«l:8"i^i4'i\0) 


6.0695  - 10 


log  6.05»  =  2.3454  _  1^   0.0001174. 

=  log  221.5.  ^ 


27. 


20. 

6 

7  "^"^  =4(1.5051  +  9.5229-10) 


(lOJ)*  =  ( W. 
log  1.051  =  0.0216  log  W)*  =  ^  (log  32  +  colog  3) 


log  1.05P  =  0.1512  =  4.1120 

-log  1.416.  -log  12940. 


21. 


28. 


log  1.1768  =  0.0707  i      J  »  =  Wog  16  +  colog  9) 

5  =8(1.§041 +9.0458 -10) 

log  1.1768*  =  0.3535  =  1.9992 

=  log  2.257.  •=  log  99.82 
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29.   *"*?  {tUf      -  '»(1<'^  •»-'il  +  colog  823) 

-  G(2.y7^2  -h  7.0646  —  10) 

-  0.37(kS 
-log  2,381. 


30.  (7,*,^»»  (;!)••» 

lug^;{)«J»       (»..;^(;..^s:j  #  colo«  11) 

-(K.-^O  *'l'*l   ^  S.JK\kSG  — 10) 
-log  2. 155. 


31.  (^sl)*-*'         "(W)*" 

l^^g(W)**''  -=l.l7(log  120  + colog  31) 

-  4.17(2.0792  +  8.508G  —  10) 
-2.4511 

-  log  282.6. 


32.  (l,»iF         -iUn 

logCliA*      -  3.2(logl3  +cologll) 

"  3.2(1.1139  +  8.9586  —  10) 
=  0.2320 
« log  1.706. 


33.  (8JP  =(-¥)"• 

log  ( »/)2W      ==  2.3  (log  35  +  colog  4) 

-  2.3(1.5441  +  9.3979  -  10) 
=  2.1666 
=  log  146.8. 


34.  (5}|y>»T»       =(;y^)0J75^ 

log(V/f'^*  -=  0.375(log  216  +  colog  37) 

=  0.375(2.3345  +  8.4318  -  10) 
=  0.2874 
-log  1.938. 
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35.  log  7  =  0.8451.  39.  log     906.80  =  2.9575. 

3)0.8451  4)2.9575 

log  7»  =  0.2817  log   906.80^  =  0.7394 

=  log  1.913.  =-- log  5.487. 

40.  log    8.1904  =  0.9133. 

36.  log  11  =  1.0414.  5)0.9133 

5)1.0414  log  8.1904*^  0.1826 

log  11*  =  0.2083  =  log  1.523. 

=  log  1.616. 

41.  log  0.17643  =  9.2466  -  10 

_^ 5 

37.  log  783  =  2.8938.  loi^^^^IlO 

3)2^8938  6)56.2330  -  60 

log  783*  =  0.9646  log  0.17643*  =  9.3722-  10 

=  log  9-218.  =  log  0.2356. 

42.  log  2.5637    =0.4088 

38.  log    8379  =  3.9232.  3 

10)3.9232  11)1.2264 

log  8379*  =  0.3923  log  2.5637*  =  0.1115 

=  log  2.468  =  log  1.293. 

43.  log  (f f i)i  =  }  (log  431  +  cTolog  788). 

log     431  =  2.6345 
colog  788  =  7.1035  -  10 

9.7380  - 10 
10.         - 10 

2)19.7380-20 

9.8690 -10  =  log  0.7397. 

44.  log  ( j^ftW)*  =  *  Gog  71  +  colog  43406). 

log  71  =  1.8513 

colog  43406  =  5.3624  -  10 

7.2137  - 10 
4 

28.8548  -  40 

30.         -  30 

7)58.8548-70 

8.4078  -  10  =  log  0.02558. 


464  ALGEBRA. 


**.  (»H)*-(W)*.  I 

log     408  »  2.6107 
eolog    43  »  8.3065  —  10 

6)0.9772 
a  11^  --  log  1.568. 


*6.  (11?!)* -(W)*. 

log  ( W)*  -  I  Oog  802  +  colog  71). 

log     802  -  2.9042 
colog    71-8.1487-10 

1.0529 

1(1.0529) »  0.8423  -  log  6.055. 


47.  5- -20. 


«log    5  — log 20 

log  5 

^  1.3010 
""0.6990 


=  1.861. 


48.  (1.3)«-2.1. 


slog  1.3 -log  2.1 

log  1.3 
0.3222 


2.829. 
0.1139 
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49.    (0.9)»  =  i. 


a;  log  0.9  =  log  0.5 

logo 
0.6990 


=  0.7315. 


50.   ^ 


0.9542 

0075433'  X  78.343  x  8172.4*  x  0.00052 

64285*  X  154.27*  X  0.001  X  586.79* 

log  0.0075433'  =  5.7552  -  10 
log  78.343  =  1.8940 

log        8172.4*  =  1.3041 
log        0.00052  =  6.7160  -  10 

colog  64285*  =  8.3973  -  10 
colog  15427*  =  1.2468  -  10 
colog        0.001  =  3.0000 

colog    586.79*  =  8.6158  -  10 


5)  36.9292  -  50 

7.3858  -  10  =  log  0.002431 


51     M        15.832«  +  5793.6*  X  0.78426    . 

^0.000327*  X  768.94'  x  3015.3  x  0.007* 

log         15.832*  =  3.5988 

log        5793.6*  =  1.2543 
log        0.78426  =  9.8445  -  10 

colog0.000337*  =  1.1618 
colog     768.94'  =  4.2282  -  10 
colog      3015.3  =  6.5207  -  10 

colog      0.007*  =  1.0774 

27.7357  -  30 
20.         -  20 


5)47.7357-50 

9.5471 -10  =  log  0.3525. 
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52 


^■^l.- 


6 17.1895  X  47G4.22  x  0.00326» 


00048953  X  457»  X  5764.4» 

log  7.1895  =  0.8566 

log  4764.2«  =  7.3558 

log         0.00326*  =  7.5660  -  20 
colog  0.00048953  =  3.3102 
colog  457*  =  2.0203  -  10 

colog        5764.4-  ^2.1780-10 

23.5875  -  40 
10.         - 10 


63. 


6 /3.14iex  4771.21  X2.7183V 
>30.103*  X  0.4343*  x  69.897* 


5)  33.5875  -  50 

6.7175  -  10  =  log  0.0005218. 


log  3.1416  =  0.4971 
log  4771.21  =  3.6786 
log  2.7183i- 0.2172 
colog  30.103*  =  4.0856  -  10 
colog  0.4343*=  0.1811 
colog  69.897*  =  2.6220  -  10 

11.2816-20 
30.         -  30 


5)41.2816-50 

8.2563 -10  =  log  0.01804. 


54. 


7  '0.03271'^  X  53.429  x  0.77542» 
\         32.769x0.000371* 


/  log       0.0327P=    7.0292-10 


log  53.429=    1.7278 


log 
cole 
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0.775423=  9.6688-10 
colog  32.769=  8.4845-10 
colog  0.000371*  =  13.7224 

7)  10.6327 

1.5190  =  log  33.04. 

3/732.056'  X  0.0003572*  x  89793 

\42.2798»  X  3.4574  X  0.0026518*' 

log         732.056*=    5.7290 
log     0.0003572*=    6.2116-20 
log  89793=    4.9533 

colog  42.2798'=  5.1217-10 
colog  3.4574=  9.4612-10 
colog  0.0026518*  =  1 2.8825 

.  3)4.3593 

1.4531  =  log  28.39. 
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56. 


8  /7932  X  0.00657  X  0.80464 


aI 


0.03274  X  0.6428 

log         7932  =  3.8994 
log     0.00667  =  7.8176-10 
log     0.80464  =  9.9056  -  10 
colog  0.03274  =  1.4849  -  10 
colog   0.6428  =  0.1919 
3)3.2994 

1.0998  =  log  12.58. 


g^      - ,     7.1206  X  VO.13274  x  0.057389 


r.  ^ 


VO.43468  X  17.385  xVO.0096372 

log  7.1206  =  0.8525 

log         V0.13274  =  9.5615 -10 
log  0.057389  =  8.7588  -  10 

colog      \/(Vr3468  =  0. 1809 
colog  17.385  =  8.7599  -  10 

colog  VO.0096372  =  1 .0080 

3)29.1216-30 


9.7072- 10  =  log0.5096. 


gg     I  3.075526-  X  5771.2^  x  0.0036984*  x  7.74  )  * 
1  72258x327.933x86.97*  i 


log   3.0755262  =  0.9758 
log       5771.2^  =  1.8806 
log  0.0036984*  =  9.5136  -  10 
log  7.74  =  0.8887 

colog  72258  =  5.1412-10 
colog  327.938  =  2.4526-10 
colog      86.97'^  =  0.3030-10 

1.1555  -  20 
3 


3.4665-   60 
40  -   40 


5)43.4665-100 
8.6933-    20 
« log  0.000000000004936. 
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EXKBCISE    120. 

1.   In  how  manj  jem  will  $  100  amoiuit  to  f  1050,  at  5  per  cent  coit  . 
|M>ttnd  interest  f 

I'ut  A  =  1050 

P=100 
J?  =  1.06 
'HiCD  1060  =  100  X  1.06- 

1.06-  =  Wif 
Take  the  logarithmt  of  both  sides  of  the  equation, 

n  log  1.06  =  log  1060  -  log  100 

^^_  log  1050 -log  100 
log  1.05 

^3.0212-2^  1.0212 
0.0212         0.0212 

log  1.0212  =  0.0091 
colog  0.0212  =1.6737 

.'.  logn=:  1.6828 

n  =  48.18 
.'.  It  will  Uke  48.18  years. 

9.  In  bow  many  years  will  ^A  amount  to  9  B  (1)  at  simple  interest, 
(2)  at  compound  interest,  r  and  B  being  used  in  their  usual  sense  ? 

(1)  B=A{l'{-nr)  (2)  B=AB^ 

•  •  "         .Ir  ^      A 

^  ^  years  n  logi?  =  logB-  log^ 

Ar  '  ^^logg-logi^ 

log/2 

logg  — log  J.  „^„^ 
-s_^ — — ^—  years. 

8.  Find  the  difference  (to  five  places  of  decimals)  between  the 
amount  of  9 1  in  2  years,  at  6  per  cent  compound  interest,  according  as 
tiie  interest  is  due  yearly  or  monthly. 


(■ 
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(1)     Let  the  interest   be   due         (2)    Let  the  interest   be    due 
yearly.  monthlj. 

P=l  V        12^ 

i?=1.06  P  =  l 

n  =  2  r  =  0.06 

/.  ^=1X(1.06)«  1  +  ^-1.005 

=  1.1236  12 

12n  =  24 

.-.  ^  =  1  X  1.00524 
log  ^  =  24  log  1.005 
=  0.0528 
^=1.12926 

$  1.12926  -  $  1.1236  =  $0.00366. 

The  difference  is  $0.00366. 

4.   At  5  per  cent,  find  the  amount  of  an  annuity  of  $^4  which  hns 
been  left  unpaid  for  4  years. 

.,^.s(2gn-l)  ^^;^^  (1.054-1) 

r  0.05 

8  =  A  ^^^0.2155 

i?=1.06  ~       0.05 

r  =  0.05  =  ^  X  4.31 
n  =  4 

The  amount  is  4.31  X  A  dollars. 

5.  Find  the  present  value  of  an  annuity  of  $100  for  5  years,  reckon- 
ing interest  at  4  per  cent. 


By  logarithms, 


The  present  value  is  $444. 


p= 

R» 

i?«-l 
i?-l 

s= 

:100 

R  = 

1.04 

n  = 

6 

P- 

100 
1.046 

^  1.04  - 

-1 

1 

P  = 

100 
1.216 

V  0.216 
^0.04 

P  = 

444 
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6.  A  perpetual  annuity  of  f  1000  is  to  be  purchased,  to  begin  at  the 
end  of  10  years.  If  interest  is  reckoned  at  3^  per  cent,  what  should 
be  paid  for  it  ?        . 

Let  P=  present  value. 

Then  PB^^  =  value  at  end  of  10  years. 


But 

—  =  value  of  perpetual  annuity. 

• 
•  • 

PB^\=  ^ 

r 

P^     ^ 

S^IOOO 

i?=  1.036 

r=  0.036 

.   p              1000 

1.03610x0.035 

By  logarithms, 

p  =  20270 

920,270  should  be  paid. 

7.  A  debt  of  9 1860  is  discharged  by  two  payments  of  $  1000  each, 
at  the  end  of  one  and  two  years.    Find  the  rate  of  interest  paid. 

Let  r  =  rate  of  interest. 

Then  1860(1  +  r)  =  amount  of  debt  at  end  of  first  year. 

1860(1  +  r)  —  1000  =  amount  of  debt  after  first  payment. 
[1860(1  +  r)  — 1000]  (1  +  0  =  amount  of  debt  at  end  of  second  year. 
.-.  [1860(1  +  r)  - 1000]  (1  +  r)  =  1000 
860  +  2700  r  +  I860  r3  =  1000 
1860r2  + 2700  r=  160 
37r2+64r  =  3 

_->27  j:2\/210 
••'""  37 

By  logarithms,  r  =  0.06361 

The  rate  of  interest  is  0.06361. 

8.  Reckoning  interest  at  4  per  cent,  what  annual  premium  should  be 
paid  for  30  years,  in  order  to  secure  $2000  to  be  paid  at  the  end  of 
that  time,  the  premium  being  due  at  the  beginning  of  each  year  ? 

p_        Ar 
^=^2000 
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r  =  0.04 
/2=1.04 
n  =  30 
.   p^     2000x004 
1.04(1.048'-!) 

By  logarithms,  P=  34.40 

.*.  The  annual  premium  is  $34.40. 

9.  An  annual  premium  of  $  160  is  paid  to  a  life-insurance  company 
for  insuring  $5000.  If  money  is  worth  4  per  cent,  for  how  many  years 
must  the  premium  be  paid  in  order  that  the  company  may  sustain  no 
loss? 

p_    Ar 

lin  =  Ar±P 
P 
nXo^B  =  log  {Ar  ^^  P)  -  logP 
.    ^^log(^r  +  P)--logP 
log/i 
P=150 
^=5000 
R  =  1.04 
r=0.04 

^^  log  350 -log  160 
log  1.04 

^03680^21.65 
0.0170 

.*.  The  premium  must  be  paid  21.65  years. 

10.  What  may  bo  paid  for  bonds  due  in  10  years,  and  bearing  semi- 
annual coupons  of  4  per  cent  each,  in  order  to  realize  3  per  cent  semi- 
annually, if  money  is  worth  3  per  cent  semi-annually? 

P  (1  -H  x)»  =  ^2L±J^lLt5}lii^ 

p^Sq-¥SrCl^qY--Sr 

9  (1  +  ar)« 
S=100 
q  =  0.03 
r  =  0.04 
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x  =  0.08  I 

0.03(1.03)*> 

BX  logArithms,  P  =  ^^^f^  =  1 14.8 

^  ^  0.05409 

Tlie  bonds  mutt  bo  bonght  «t  114.80. 

11.  When  money  it  worth  2  per  cent  semi-annaally,  if  bonds  haying 
12  jreart  to  run,  unil  bearing  temi-anniial  coupons  of  3  j  per  cent  esch, 
are  bought  at  114{,  what  per  cent  is  realized  on  the  inyestment  ? 

Let  x=  rate  of  interest  received  on  the  inTestnient. 

S=lO0 
9  =  0.02 
r=  0.035 
11  =  24 
P=  114.125 

.    1  .^^/2  +  8.6xl.02^*-3.5\A: 
\       114.125X0.02       J 

=:/J:l?_yf=  1.025. 
^2.2825^ 

*  =  0.025 

.\  2]  per  cent  semi-annually  is  realized  on  the  investment;  that  is  5 
per  cent  per  annum. 

12.  If  $  126  is  paid  for  bonds  due  in  12  years,  and  yielding  3}  per 
cent  semi-annually,  what  per  cent  is  realized  on  the  inyestment,  pro- 
vided money  is  worth  2  per  cent  semi-annually  ? 

Let  X  =  rate  of  interest  received  on  the  investment 

Then  i  +  ,  =  /^L±^(^5}!L=A-^ 

8=100 
q  =  0.02 
r  =  0.035 
fi  =  24 
P=126 
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••     "^         V  126x0.02  ; 

=  f  11?  Wi  =  1.021 

x=  0.021 
4.2  per  cent  per  annum  is  made  on  the  investment. 


18.  A  person  borrows  $600.25.  How  much  must  he  pay  annually 
that  the  whole  debt  may  be  discharged  in  35  years,  interest  being 
reckoned  at  4  per  cent  simple  interest? 

Let  p  =  amount  of  debt 

8  =  annual  payment. 

Then  PR'  =  ^LBlull 

J?"—  1 

P=  600.26 
r  =  0.04 
R=\M 
n  =  35 

^^  600.26  X  0.04  xl.04» 
1.0486-1 

94.6 


=  32.3 


2.935 
.'.  He  must  pay  $32.30  per  year. 


14.  A  perpetual  annuity  of  $  100  a  year  is  sold  for  92500.    At  what 
rate  is  the  interest  reckoned  ? 

P  =  — 

r 

P 

P=2500 
^=100 

.     - _     100 

•  •  ~  —  27j  jnr 
r  =  0.04. 

.*.  The  interest  is  reckoned  at  4  per  cent. 
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16.  A  perpetual  annuity  of  $320,  to  begin  10  jean  hence,  is  to  be 
purchased.  If  iuterest  is  reckoned  at  3(  per  cent,  what  should  be  paid 
for  it? 

Let  P  —  present  value  of  the  annuity. 

Then  P(1.032)^  =  its  value  10  years  hence. 

320 
Bat  -— -  =  its  value  10  years  hence. 

0.032 

.-.  P  (1.032)W  =  ^r  =  10000 
^         ^        0.032 

.*.  $7377  should  be  paid  for  the  annuity. 

16.  A  sum  of  $  10,000  is  loaned  at  4  per  cent  At  the  end  of  the 
first  year  a  payment  of  $400  is  made ;  and  at  the  end  of  each  following 
year  a  payment  is  made  greater  by  30  per  cent  than  the  preceding 
payment.    Find  in  how  many  years  the  debt  will  be  paid. 

Let  n  =  number  of  years  in  which  the  debt  will  be  paid. 

Then 

10000(1.04)**  =  sum  to  which  10,000  dollars  will  amount  at  the  end 

of  that  time. 

400  (1.04)--i  +  400  X  1.30  (1.04)--«  +  400  (1.30)2(1.04)"-«  +  etc. 

=  sum  to  which  the  payments  would  amount  at  the  end 

of  that  time. 

.-.  10000  (1.04)*  =  400  (1.04)»-i  +  400  X  1.30  (1.04)«-« 

+  400  (1.30)2(1.04)*-«  +  etc. 

=  400  [1.04"-i+ 1.30(1. 04)»»-2  +  (1.30)2(1.04)«-«  +  etc.] 

But  1.04--1  +  1.30(1.04)»»-2  4.  (l.30)2(1.04)»-8  +  etc.  is  a  geometrical 

1  30 
progression  of  which  the  ratio  is  -:^,  and  the  sum 

■^[(jg)^']  .^-..«. 

1.30      ^  1.30-1.04 

1.04 
1.30*' -1.04* 
1.30-1.04 

1.30*  - 1.04* 


.-.  10000(1.04)*  =  400 


25(1.30-1.04)  = 


1.04* 
26X0.26=  " 


\1.04; 
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»logJ-=^  =  log7.5 
1.04 


n  = 


log  7.6 


log  1.30  -  log  1.04 
0.8761  ^  g_(j32 


0.0969 
.*.  The  debt  will  be  paid  in  9.032  years. 

17.  A  man  with  a  capital  of  $100,000  spends  every  year  $9000.  If 
the  current  rate  of  interest  is  6  per  cent,  in  how  many  years  will  he  be 
ruined  ? 

Let  n  =  number  of  years  in  which  he  will  be  ruined. 

Then 
100000(1.06)**  =  sum  to  which  his  capital  will  amount  in  n  years. 

9000(1.05)"-!  +  9000(1.05)"-«  +  etc. 

=r  sum  to  which  his  expenditure  will  amount  in  n  years. 
/.  9000(1.06)«-i  +  9000(1.05)«-2  4.  etc.  =  100000(1.06)* 


1.05«- 


vi.05«    ; 


9000 ^^^^ '-  =  100000(1.06)» 

1.06 

f-L.-i) 

9000  ^j-^^"        ^    =100000 

(- --ni.05 

\1.05        / 

1.06"        _  100 
1-1.06  ~    9 

1     ^i_6^4 


1.06"  9     9 

1.06"  =  I 
n  log  1.06  =  log  9  —  log  4 
.   „_log9~log4 
log  1.06 
0.3621 


0.0212 
.*.  He  will  be  mined  in  16.23  years. 


=  16.23 
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18.  Find  the  amount  of  ^365  at  compound  interest  for  20 
years,  at  5  per  cent. 

il  =  366(1.05)»  =  969. 

.•.  $969  is  the  amount. 

Exercise  121. 

1.  How  many  different  permutations  can  be  made  of  the  letters 
in  the  word  Ecclesiastical  ^  taken  all  together  ? 

There  are  14  letters.     There  are  2  a's,  2  c's,  2  I's,  2  Ts,  2  s's,  and 
3c'8. 

Hence  the  number  of  permutations  possible  is 

»  ^  =  454,053,600. 


2x|2x[2x|2x[2x[3 

2.  Of  all  the  numbers  that  can  be  formed  with  four  of  the 
digits  5,  6,  7,  8,  9,  how  many  will  begin  with  56  ? 

The  first  two  places  can  be  filled  in  only  1  way. 
The  third  place  can  be  filled  in  3  ways  (by  7,  8,  or  9). 
The  fourth  place  can  be  filled  in  2  ways. 
Hence,  the  whole  number  is  1  x  3  X  2  =  6. 

3.  If  the  number  of  permutations  of  n  things,  taken  4  together, 
be  equal  to  12  times  the  permutations  of  n  things,  taken  2 
together,  And  n. 

The  number  of  w  things  taken  4  together  is 

n(ri-l)(n-2)(n-3). 
The  number  of  n  things  taken  2  together  is 

n(n  — 1). 
.-.  n{n  -  l)(n  -  2)(n  -  3)  =  12(n)(n  -  1). 
...  (n  -  2)(n  -  3)  =  12, 
or  71^-571  +  6  =  12. 

Solving  this  equation,        ti  =  6. 

4.  With  3  consonants  and  2  vowels,  how  many  words  of  3  let- 
ters can  be  formed,  beginning  and  ending  with  a  consonant,  and 
having  a  vowel  for  the  middle  letter  ? 


h 
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The  first  place  can  be  fille(f  in  3  ways. 

The  second  place  can  be  filled  in  2  ways. 

The  third  place  can  be  filled  in  2  ways. 

Hence,  whole  number  of  words  =  3x2x2^5=  12  words. 

5.  Out  of  20  men,  in  how  many  different  ways  can  4  be  chosen 
to  be  on  guard  ?  In  how  many  of  these  would  one  particular 
man  be  taken,  and  from  how  many  would  he  be  left  out  ? 

The  number  of  ways  in  which  we  can  select  4  men  out  of  20  is 

20  X  19  X  18  X  17  =  116.280  ways. 

The  4  men  on  guard  may  be  arranged  in  [4  =  24  ways. 

Hence,  number  of  relations  is =  4845. 

24 

Since  in  20  men  there  are  5  groups  of  4  each,  one  man  would  ap- 
pear in  every  fifth  group. 

Hence,  one  man  would  be  taken  in =  969  ways. 

4845  -  969  =  3876  ways  from  which  he  is  left  out. 

6.  Of  12  books  of  the  same  size,  a  shelf  will  hold  6.  How 
many  different  arrangements  on  the  shelf  may  be  made  ? 

The  first  place  can  be  filled  in  12  ways. 
The  second  place  can  be  filled  in  1 1  ways. 
The  third  place  can  be  filled  in  10  ways. 
The  fourth  place  can  be  filled  in  9  ways. 
The  fifth  place  can  be  filled  in  8  ways. 
Hence,  whole  number  of  ways  =12x11x10x9x8 

=  95,010  ways. 

7.  Of  8  men  forming  a  boat's  crew,  one  is  selected  as  stroke. 
How  many  arrangements  of  the  rest  are  possible  ?  Wlien  the 
4  who  row  on  each  side  are  decided  on,  how  many  arrangements 
are  still  possible  ? 

When  one  man  is  chosen  for  stroke,  the  number  of  arrangements 
of  the  seven  men  left  is 

1^  =  7x6x5x4x3x2x1  =  5040. 

The  number  of  arrangements  of  the  three  men  on  the  side  with  the 
stroke  is  |J3^;  on  the  other  side  is  [4.     Hence,  the  whole  number  is 

[3x[4  =  3x2x4x3x2=144. 
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8.  How  many  Ml|;naU  may  be  mtiAe  with  6  flags  of  differeut 
colon  which  can  be  hoisted  either  singly,  or  aoy  namber  at  a 
time? 

Tlio  namber  of  wayn,  when  all  are  taken,  would  be 

6x5x4x3x2x1  =  720 
When  five,         6x5x4x3x2        =720 
four.        6x5x4x3  =360 

three.      6x5x4  =120 

two.         6x5  =30 

one,         6  »     6 

Hence,  in  all  1956 

9.  How  many  signals  may  be  made  with  8  flags  of  different 
colors  which  can  be  hoisted  eitlier  singly,  or  any  number  at  a 
time,  one  al)ove  another  ? 

The  number  of  Higuals,  when  all  are  used,  would  be 

8x7x6x5x4x3x2x1=  40.320 


When  seven, 

8x7x6x5x 

4x 

3x2 

=  40,320 

six. 

8x7x6x5x 

4X 

3 

=  20,160 

five. 

8x7x6x5x 

4 

=    6,720 

four, 

8x7x6x5 

=    1,680 

three, 

8x7x6 

=      336 

two. 

8x7 

56 

one, 

8 

8 

109,600 
Hence,  109,600  =  number  of  signals  in  all. 

10.  How  many  different  signals  can  be  made  with  10  flags,  of 
which  3  are  white,  2  red,  and  the  rest  blue,  always  hoisted  all 
together  and  one  above  another  ? 

Since        3  are  white, 
2         red, 
and  5         blue, 

there  are    10  in  all. 

110 
Hence,  whole  numbers  of  signals  is      —     =  2520. 

^  |3|2[5 
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11.  How  many  signals  can  be  made  with  7  flags,  of  which 
2  are  red,  1  white,  3  blue,  and  1  yellow,  always  displayed  all 
together  and  one  above  another  ? 

17  7x6x5x4x3x2x1 


[2[1[3[1  2x3x2 


=  420. 


12.  In  how  many  different  ways  may  the  8  men  serving  a 

field-gun  be  arranged  so  that  the  same  man  may  always  lay  the 

gun? 

8-1-7. 

[7  =  7x6x5x4x3x2x1  =  5040  ways. 

13.  Find  the  number  of  signals  which  can  be  made  witli  4 
liglits  of  different  colors,  wlien  displayed  any  number  at  a  time, 
arranged  above  one  another,  side  by  side,  or  diagonally. 

Number  of  ways,  when  four  are  taken,  is 

4x3x2x1  =  24 

When  three,  4x3x2        =24 

two,  4x3  =12 

60 

Then  60  arrangements  can  be  made  in  four  ways :  either  side  by 
side,  diagonally  in  two  ways,  or  one  above  another. 

.-.  60  X  4  =  240. 

And  when  one  light  is  taken,  it  can  be  displayed  in  one  way  only. 
Hence,  4  different  signals  can  be  made  with  the  4  lights  of  different 
colors,  1  at  a  time. 

Therefore  the  whole  number  of  ways  is  240  +  4  =  244. 

14.  From  10  soldiers  and  8  sailors,  how  many  different  parties 
of  3  soldiers  and  3  sailors  can  be  formed  ? 

=    120,  number  of  selections  of  3  out  of  10, 

1x2x3 

S  V  7  V  ft 

and  -^ =      56,  number  of  selections  of  3  out  of  8. 

1x2x3 

.*.  120  X  56  =  6720,  number  of  parties  that  can  be  formed. 

16.  How  many  signals  can  be  made  with  3  blue  and  2  white 
flags,  which  can  be  displayed  either  singly,  or  any  number  at  a 
time,  one  above  another  ? 
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The  iiuiuber  of  ways  ta  which  aII  caii  bo  arranged  is 

--  10  ways. 

1 1> ,  M 

Tlicy  can  bo  arrangt^l  singly  in  2  ways, 

2  ami  2  in  4  ways. 

3  aad  3  in  7  ways, 

|4         II 
I  and  4  in  --f-  +  .-^  —  10  ways. 

1213     \1\1  ^ 

HtMioo,  wholo  number  of  ways  is  33. 

16.  In  how  many  ways  can  a  party  of  6  take  their  places  at  a 
round  table  ? 

If  |»laoe!i  aro  not  relative,  !j>  »  720  =■  nnmber  of  ways. 

If  relative,  [5^=  120  «  nnmber  of  ways. 


17.  Oat  of  12  Democrats  and  16  Republicans,  how  many  dif- 
ferent committees  can  be  formed,  each  consisting  of  3  Demo- 
«crats  and  4  liepublicans  ? 

19  V  11  V  1ft 

Tlio  Democrats  can  be  selected  in    ^^       ^       =  220  ways. 

1x2x3  ^ 

The  Republicans  in  j(L2<-l'>  X  14  X  13  _  ^^20  ways. 
*  1x2x3x4  ^ 

Hence,  the  wholo  committee  can  be  appointed  in 

220  X  1820  =  400,400  ways. 


18.  From  12  soldiers  and  8  sailors,  how  many  different  parties 
of  3  soldiers  and  2  sailors  can  be  formed  ? 

The  soldiers  can  be  arranged  in  =  220  ways. 

^  1x2x3  ^ 

8x7 
The  sailors  can  be  appointed  in  =1  28  ways. 

Hence,  whole  number  of  ways  is  220  x  28  =  6160  ways. 

19.  Find    the    number  of    combinations  of    100  things,   97 
together. 
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The  number  is  the  same  as  the  number  of  selections  of  3  things 
from  100  things. 

Hence,  the  number  of  ways  in  which  they  can  be  selected  is 


100  X  99  X  98  ^  161.700. 


20.  With  20  consonants  and  5  vowels,  how  many  different 
words  can  be  formed  consisting  of  3  different  consonants  and  2 
different  vowels,  any  arrangement  of  letters  being  considered  a 
word? 

Three  consonants  can  be  selected  in 

20  X  19  X  18 


1x2x3 


=  1140  ways, 


and  two  vowels  in  =  10  ways. 

1x2  ^ 

When  they  have  been  selected  they  can  be  arranged  in 

[5  =  120  different  orders. 

.-.  1140  X  10  x  120  ==  1,368,000. 

21.  Of  30  things,  how  many  must  be  taken  together  in  order 
that,  httVing  that  number  for  selection,  there  may  be  the  great- 
est possible  variety  of  choice  ? 

Here  n  is  even,  and      r  =  -  =  —  =  15. 

2      2 

22.  There  are  w  things  of  one  kind  and  n  of  another;  how 
many  different  sets  can  be  made  containing  r  things  of  the  first 
and  5  of  the  second  ? 

Let        X  —  number  of  ways  r  elements  can  be  selected  from  m 
elements, 
and  y  =  number  of  ways  s  elements  can  be  selected  from  n  ele- 

ments. 
number  of  arrangements 
\r 

m(m  — l)(m  —  2) \m  —  {r—  1)] 

r 


482  ALORBRA. 


(1) 


Multiply  both  (arms  of  the  fraction  by  |m  —  r. 

I'"!'"-'' 

.  „     nomb.T  of  arrauKemeote 

n(n-lXn-2) fn-(,-l)1 


Multiply  both  terms  by  |n  — a. 


I? 
y  -  -r= —  (2) 


Multiply  (1)  and  (2). 

|mx[n 


(|r|m-rXU|n-s) 


23.  The  number  of  combinations  of  n  things,  taken  r  together, 
is  3  times  the  number  taken  r  —  1  together,  and  half  the  number 
taken  r  +  1  together.    Find  n  and  r. 


|r.n  —  r     |r—  l|n  —  r  -f  1 


(1) 


2|n  n 

uihI  ^■=^-^ ^= (2) 

\r\n  -r     \r  +  l|n  — r  —  1 

1  1^  3  A^ 


r     |r  -  1  |n  -r     n  — r+1     |r  —  1  |n  —  r 


Divide  by  '-  ^  ^ 


[r  —  1  |n  —  r    r     n  —  r  +  1 


n  — r +  1  — 3r, 

n  =  4r  —  1. 

2  In  1  In 


Divide  by 


n  —  r     [r |n  — r  -i- 1      r  +  1     [r  |n  —  r  —  1 
In  2  1 


\r  |n  — r  +  I     n~  r     r  +  1 

2r  +  2  =  n  — r, 

n  =  3r  +  2, 
3r  +  2  =  4r-l. 
.-.  r  =  3, 
and  n  =  11. 
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24.  In  how  many  ways  may  12  things  be  divided  into  3  sets 
of  4? 

Here  the  sets  are  indifferent,  and  the  answer  is 

\12 


llliilii 


=  5775. 


26.  How  many  words  of  6  letters  may  be  formed  of  3  vowels 
and  3  consonants,  the  vowels  always  having  the  even  places  ? 

The  vowels  may  be  arranged  in  [3,  and  the  consonants  in  [3,  ways. 

|3x[3  =  6x6  =  36  ways. 

26.  From  a  company  of  90  men,  20  are  detached  for  mounting 
guard  each  day.  How  long  will  it  be  before  the  same  20  men 
are  on  guard  together,  supposing  they  were  to  be  changed  as 
much  as  possible ;  and  how  many  times  will  each  man  have  been 
on  guard  ? 

The  90  men  can  be  arranged  in  [90  ways. 
The  20  detached  in  [^  ways. 
The  70  remaining  in  |70  ways. 
.     [90 


20170 


whole  number  of  ways. 


One  man  will  be  on  guard  all  the  time,  leaving  89  men  who  can 
be  arranged  in  [89  ways. 

That  one  will  be  one  of  the  20  detached,  leaving  19  who  can  be 
arranged  in  [19  ways. 

The  remaining  70  can  be  arranged  in  [70  ways. 

89 

=  whole  number  of  times. 


09170 

27.  Supposing  that  a  man  can  place  himself  in  3  distinct  atti- 
tudes, how  many  signals  can  be  made  by  4  men  placed  side  by 
side  ? 

The  first  can  be  placed  in  3  attitudes. 

The  second  can  be  placed  in  3  attitudes. 

The  third  can  be  placed  in  3  attitudes. 

The  fourth  can  be  placed  in  3  attitudes. 

Hence,  all  can  be  placed  in  3*  attitudes. 

But  as  one  is  the  attitude  of  rest,  therefore,  3*  —  1  =  80  signals. 
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28.  How  many  differcot  arrangements  may  be  made  of  11 
crickelors.  aapposing  the  same  2  always  to  bowl  ? 

I'utting  a«tde  the  2  bowlors,  9  are  left,  and  they  can  be  ar- 
rAU^t^'l  lu  J)  ways,  aad  the  bowlers  in  [2  ways. 

.'.  [2 1 9  -  725,760  ways. 

29.  Five  flapi  of  dlflTercnt  colors  can  be  hoisted  either  singly. 
or  any  numlier  at  a  time,  one  above  another.  How  many  dif- 
ferent signals  can  be  made  with  them  ? 

When  they  are  all  displayed,  they  can  be  arranged  in 

5x4x3x2x1  =  120 

When  four.  5x4x3x2         =120 

three.  5x4x3  =60 

two,  5x4  =20 

one,  5  =5 

whole  namher  of  signals  ^  325 

30.  How  many  signals  can  be  made  with  5  lights  of  different 
colors,  which  can  be  displayed  either  singly  or  any  namber  at  a 
time  side  by  side,  or  one  above  another  ? 

When  they  are  all  displayed,  they  can  be  arranged  in 

5x4x3x2x1  =  120 

When  four,  5x4x3x2        =120 

three,  5x4x3  =60 

two,  5x4  =20 

whole  namber  of  arrangements         =  320 

Since  they  can  be  displayed  as  many  ways  side  by  side  as  one 
above  the  other,  multiply  by  2, 

320  X  2  =  640. 

Since  5  lights  of  different  colors,  displayed  singly,  give  5  different 
signals,  the  whole  number  of  signals  will  be 

640  +  5  =  645. 

31.  The  namber  of  permutations  of  n  things,  3  at  a  time,  is 
6  times  the  number  of  combinations,  4  at  a  time.    Find  i). 
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nin  -  l)(n  -  2)  =  6  /n(n- l)(n  -  2Xn  -  3)V 


Divide  by  n(n  -  l)(n  -  2),  1  =  ^"  ~  ^* 


'/.  * 

|4 

» 

24 

=  6n 

— 

18. 

6n 

=  42. 

.'.  n 

=  7. 

Exercise  122. 

1.  The  chance  of  an  event  happening  is  f .  What  are  the  odds 
in  favor  of  the  event  ? 

The  charce  of  its  not  happening  is  1  —  |  =  f . 
The  odds  in  its  favor  are  therefore  4  to  3. 

2.  If  the  odds  are  10  to  1  against  an  event «  what  is  the  chance 
of  its  happening? 

There  is  1  chance  out  of  11  that  the  event  will  happen. 
Hence  the  chance  of  its  happening  is  ^. 

3.  In  one  throw  with  a  pair  of  dice  what  number  is  most  likely 
to  be  thrown?   Find  the  odds  against  throwing  that  number. 

12  can  be  thrown  in  1  way,  6,  6. 

1 1  can  be  thrown  in  2  ways, 
10  can  be  thrown  in  3  ways, 

9  can  be  thrown  in  4  ways, 

8  can  be  thrown  in  5  ways, 

7  can  be  thrown  in  6  ways, 

6  can  be  thrown  in  5  ways, 

5  can  be  thrown  in  4  ways, 

4  can  be  thrown  in  3  ways," 

3  can  be  thrown  in  2  ways, 

2  can  be  thrown  in  1  way 

In  all,  36  ways. 

7  can  be  thrown  in  6  ways,  and  is  therefore  most  likely  to  be 
thrown.  There  are  30  chances  that  it  will  not  be  thrown.  Hence 
the  odds  against  it  are  30  to  6. 


6,5. 

6.4. 

or 

5,5. 

6,3, 

or 

5.4. 

6.2, 

5,  3,  or  4,  4. 

6,1, 

5,  2.  or  4,  3. 

S,  1, 

4,  2.  or  3,  3. 
4,  1.  or  3,  2. 

3,  1,  or  2.  2. 
2.1. 

1,1. 
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4.  Fitid  the  chance  of  throwing  doublets  in  one  throw  with  a 
pair  of  dice. 

There  are  36  throws,  6  of  which  are  doublets. 
Hence,  the  chance  of  throwing  doublets  is  ^  —  }. 

5.  If  10  persons  stand  in  a  line,  what  is  the  chance  that  2 
assigned  persons  will  stand  together? 

If  we  call  the  two  persons  A  and  B,  the  chance  that  A  will  stand 
at  the  beginning  of  the  line  is  ^j^,  and  if  A  stands  at  the  beginning 
of  the  line,  the  chance  that  B  will  have  the  second  place  is  J. 

Hence  the  chance  that  A  and  B  occupy  these  two  positions  together 

IS  Y5  X  ^  =  gij.  • 

Also  the  chance  that  A  and  B  will  occupy  the  tenth  and  ninth 
places  is  y\j. 

If  A  occupies  any  of  the  8  remaining  positions,  B  may  stand  on 
either  side  of  him. 

The  chance  that  A  occupies  one  of  these  8  positions  is  j^^. 

The  chance  in  such  case  that  B  occupies  one  of  the  two  places 
beside  A  is  f . 

Hence,  the  chance  that  both  events  occur  together  is  ^^  X  j  =  Jf . 

Hence,  the  chance  that  A  and  B  stand  together  is  ^^  +  Jf  =  Jf  =1- 


6.  If  10  persons  form  a  ring,  what  is  the  chance  that  2  as- 
signed persons  will  stand  together? 

Call  the  2  assigned  persons  A  and  B. 

Then  if  A  occupies  any  position,  B  may  stand  on  either  side  of 
him. 

The  chance  that  B  does  stand  in  one  of  these  two  positions  is  f . 
Hence,  the  chance  that  A  and  B  stand  together  is  f . 

7.  Three  balls  are  to  be  drawn  from  an  urn  containing  6  black, 
3  red,  and  2  white  balls.  What  is  the  chance  of  drawing  1  red 
and  2  black  balls? 

There  are  10  balls  in  the  urn. 

110 
3  balls  can  be  selected  from  these  in  -==^  =120  ways. 

1  red  ball  can  be  selected  in  3  ways. 

2  black  balls  can  be  selected  from  5  in  -=^  =  10  ways. 

[3|2  ^ 

Hence,  the  required  chance  is  ^^  =  J. 
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8.  In  a  bag  are  5  white  and  4  black  balls.    If  4  balls  are  drawn 
out,  what  is  the  chance  that  they  will  be  all  of  the  same  color? 

There  are  9  balls  in  the  bag. 

^  |9 

4  balls  can  be  selected  from  these  in  -^-  =126  ways. 

|5|4  ^ 

4  white  balls  can  be  selected  from  5  in  5  ways. 

4  black  balls  can  be  selected  in  1  way. 

Hence  4  balls  all  of  the  same  color  can  be  selected  in  6  ways. 

Hence,  the  required  chance  is  j|g  =  ^\. 

9.  If  2  tickets  are  drawn  from  a  package  of  20  tickets  marked 

1,  2,  3, ,  what  is  the  chance  that  both  will  be  marked  with 

odd  numbers  ? 

There  are  10  odd  and  10  even  numbers. 

The  chance  that  the  first  ticket  is  marked  with  an  odd  number  is  }. 
If  the  first  ticket  is  odd,  there  remain  10  even  and  9  odd  numbers 
in  the  package. 

Hence,  the  chance  that  the  second  ticket  is  odd  is  ^^. 
And  the  chance  that  both  are  odd  is  J  x  f'g  =  ^%. 

10.  A  bag  contains  3  white,  4  black,  and  5  red  balls;  3  balls 
are  drawn.  Find  the  odds  against  the  3  being  of  three  different 
colors. 

The  bag  contains  12  balls. 

3  balls  can  be  selected  from  them  in  ^==-  =  220  ways. 

[9(3  ^ 

1  white  ball  can  be  selected  in  3  ways. 

1  black  ball  can  be  selected  in  4  ways.. 

1  red  ball  can  be  selected  in  5  ways. 

Hence,  3  balls  of  3  different  colors  can  be  selected  in 

3  X  4  X  5  =  60  ways. 

And  the  odds  against  the  3  balls  being  of  3  different  colors  is  IGO 
to  60,  or  8  to  3. 

11.  There  are  10  tickets  numbered  1,  2, 9, 0.    Three  tickets 

are  drawn  at  random.    Find  the  chance  of  drawing  a  total  of  22. 

110 
Three  tickets  can  be  selected  from  the  10  in  -==-  =  120  ways. 

Of  these  sets  of  3,  only  9,  8,  5,  and  9,  7.  6  will  give  22. 
Hence,  the  chance  of  drawing  a  total  of  22  is  jfj  =  ^-q. 
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Exercise  123. 

1.  Find  con tinaed  fmctloos  for  }|};  Y?*;    ^^^    y/^\  ^^i 
and  find  the  fourth  convergent  to  each. 

123      111111111^ 
Tr)7  "1  +  3  +  1+1  +  1  +  1  +  1  +  1+2 
Quotiento      -  1.  3,  1,  1.  1. 
Convergent  -  f.  j,  f,  J,  f 
Foarth  convergent  is  }. 
151)  ^  3      1      1      1      1      1     1^ 
47  "        2  +  1  +  1  +  1  +  T  +  3 
Quotienta       -  2.  1,  1.  1. 
Convergenta  -  }.  J,  J,  |,  f. 
.*.  Fourth  convergent  =»  3J  =  y. 


Let 

Vf>  -^  2  +  i. 
z 

■  1=    ' 

Vr;  -  2 

-  v^W2 

=  4+1. 

• 

/.  V5-2  +  -. 
4 

Quotientfl      =  4,  4,  4,  4. 

Convergenta  =  J,  J,  ^V.  \h 

»%• 

.'.  Fourth  con  verge  n  1=2,?^= 

Hi- 

Let 

vTi  =  3  +  l. 

a; 

•  •    X  — 

\/ll-3 

vTT  +  3 

2 

Let 

^11+3-3  +  1. 

2             y 

•   V           2 

'      Vll-3 

=  vTi  +  3 

=  6+1 

X 

Vn 


3+i^i. 
3  +  6 


Quotients    =  3,  6,  3,  6. 
Convergenta  =  f  J.  /y.  |J,  Jff . 
.*.  Fourth  con vergent=3Jf|=y//. 


Let 


4V6 


9  +  1 

X 

1 

4V6-9 

4V6  +  9 

15 


Let 


4  V(i  +9     1^1 
=  1  +  — 


15 


y  = 


y 

15 


4V6-6 
2V6  +  3 


Let 


2VG  +  3 


-3  + 


z  = 


2 

1 

z 
2 


Let 


2V6-3 
_4\/H  +  6 
15 

4V6+6      1^1 

=  1  -j — 


15 


u 
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w  = 


15 


4V6-9 
=  4V6  +  9 


...4V6  =  9  +  1     1     \     1. 
1+3  +  1  +  18 


18  +  -- 


X 


Quotients      =  1,  3,  1,  18. 
Convergents  =  f  },  f ,  f ,  Jf . 
.*.  Fourth  convergent  =  9J{="V^' 

2.  Find  continued  fractions  for  jVV  J  Mi »  IMf »  Y^^ »  a»^  ^^^ 
the  third  convergent  to  each. 
47      1111 


457_2  +  i     i     i 
204  4  +  6  +  8 

Quotients      =  4,  6,  8. 

Convergents  =  J,  J,  ^\,  A\. 
/.  Third  convergent  =  2^^  =  J^  J- 

2991^5     1      1111. 

568  3  +  1+3  +  5  +  7' 

Quotients      =3,  1,  3,  5. 

Convergents  =  f ,  J,  J,  ^. 
.*.  Third  convergent  =  5/^  =  f |. 

3.  Find  continued  fractions  for  V2I ;  V22;  v^;  \/66. 


257  =  5  +  2  +  7  +  3 
Quotients      =  5,  2,  7. 
Convergents  =  },  J,  ^V, 
Third  convergent  is  Jf . 
2065     1      1      1      1     J_ 
4626  "2  +  4  +  6  +  8  +  10 
Quotients      =  2,  4,  6,  8. 
Convergents  =  f  J,  J,  ff . 
Third  convergent  is 


Let 


V2I  =  4  +  i. 


w  = 


a;  = 


a; 
1 


\/2l-3 
\/2l  +  3 


V2r-4 
v^  +  4 


Let 


5 

V2I  +  4     1  ^1 
=  1  -I-  — 

5  y 

5 
•••  y  =  ~T=: 


Let 


V2I  +  3      1  ^1 

=  1  +  - 

4  V 


V  = 


\/21-l 
\/21  +  1 


Let 


Let 


V2r+1      1  ^1 
=  1  +-. 

4  z 


\/2i-l 
\/2l  +  l 


:^^^L±l  =  i+i. 


w  = 


w 
5 


z  = 


V2I-3 
V2I  +  3 


Let 


VIL±_3  =  2+1 


w 


\/2i-4 
=  V2I+4 

V2l  =  4  +  i     1     i     1     1     1. 
1+1+2+1+1+8 
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Let 


Let  VS-4  +  I  -.^22-4-1-1    1    1    1    1    i 

«  ^1  +  2  +  4  +  2  +  1+8 


1 


V33-5 

Ut     -V--  ^i   -  I  +  -*.  _  V^  +  5 

8 

Let     >^Lt^^i^l. 

8 


• 

.    s  • 

^22  — 

4 

V22 1 
0 

£ 

• 
• 

♦  4 

y 

.1  +  1. 
y 

V22- 

2 

\/l»2  f 
3 

0 

3 

^^ 

=  2  +  1. 

z 

•. « 

3 

y/'l'l- 

4 

V22  + 

4 

2 

V22 
2" 

+  4 

=  4+i 

u 

2 

V22-4 

22  +  4 


Let     y.r:L±l  ^  2  +  i. 
3  V 

3 


>/22-2 

_  \/22  +2 
6" 

Let     ^^^^1+1 
6  «; 

n 


V22-4 


Let  >/33  =  5+1 


.*.  x  = 


X 

1 


V33-3 
Let     ^  -•"  ^-  =  2  +  -•  \/33  +  3 


Let     :^^i!iL±^  =  2  +  l. 
3  z 

3 


V33-3 

V33  +  3 

8 

Let 

^/33  +  3  _  J  ^1 
8                  u 

8 

\/33-5 

=  V33  +  5 

=  10+-- 

X 

•••^^  =  5  +  7     I     T     in- 

1+2  +  1+10 

Let 

V55  =  7  +  i. 

X 

1 

.*.  x  = 


=.  V22  +  4  ^^/^  -  7 

=  8  +  —  =1 

X  6 
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Let 


Let 


V55  +  7 


•••  y  = 


\/55  +  5 


.*.  z  = 


2  +  1 

y 

6 
V55-5 

V55  -f  5 


2  +  1 

z 

5 


y/bT)  —  5 
_  V55_+_5 
6 


Let     ^^^^  =  2  +  1. 
6  u 

6 


w  = 


\/55 


V55-7 
=  V55  +  7 

-14  +  1. 
2  +  2  +  2  +  14 


4.  Obtain  convergents,  with  only  two  figures  in  tlie  denomi- 
nator, that  approach  nearest  to  the  values  of  VlO;  \/l6;  \/l7; 
>/l8;  v^. 


>/lO  =  3  +  -. 
6 

Quotients      =  6,  6,  6. 

Convergents  =  ?,  J,  ^jV 

.*.  3/y  is  the  required  convergent. 

Vl5  =  3  +  -     i. 
1+6 

Quotients      =1,  6,  1,  6,  1,  6. 

Convergents  =  f,  f  f,  f  i|,  ^|. 

.'.  3|f  is  the  required  convergent. 


vTz  =  4  +  i. 

8 

Quotients      =  8,  8,  8. 
Convergents  -  ?,  J,  ^^y. 
.•.  4g*5  is  the  required  convergent. 

>/l8  =  4  +  i     1 
4  +  8 

Quotients      =  4,  8,  4. 

Convergents  =  f  J,  /y. 

.*.  4/y  is  the  required  convergent. 


V20  =  4  +  i      i. 
2  +  8 

Quotients      =  2,  8,  2,  8. 

Convergents  =  ?,  J,  ^j,  JJ. 

.*.  4JJ  is  the  required  convergent. 


5.  Find  the  proper  fraction  which,  if  converted  into  a  con- 
tinued fraction,  will  have  quotients  1,  7,  5,  2. 

Quotients      =  1,  7,  5,  2. 
Convergents  =  f ,  J,  },  ff ,  H- 
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6.   Find  the  next  coDvei^ent  when  the  two  preceding  conver- 
gents  «re  fy  and  ||,  and  the  next  qaotient  is  5. 


II,  ^  fn,u,  +  tt, 

«i      m^v^  +  Vi 

JH,  -  5,  «i  -  3.  r,  =»  17.  M,  =  19,  r,  =  89 

«» 

5  X  19  f  3       98       7 

^s 

5  X  «y  +  17     4G2     33 

Put 

Tlu'D 


7.  Find  a  series  of  fractions  to  the  ratio  of  a  yard  to  a  meter, 
if  a  meter  Is  equal  to  1.0936  yards. 

lOOoJ  "  1  +  tIoOV 

QaotienU      »  10,  1,  2,  6.  6. 
ConvergenU  -  }.  ^,  ^,  A.  sVi.  rlh- 
Adding  1  to  each  of  these  fractions  we  have  the  required  fractions 

it.  If.  H.  iJi.  lili- 

8.  If  the  pound  troy  Is  the  weight  of  22.8157  cubic  inches  of 
water,  and  the  pound  avoirdupois  of  27.7274  cubic  inches  of 
water,  find  a  fraction  with  denominator  less  than  100  which  sliall 
differ  from  their  ratio  by  less  than  0.0001. 

22«ir)7^1     1111111J_111 
277271  ""1  +  4  +  1  +  1  +  1+4  +  1  +  1+82+1  +  5  +  3" 
Quotiento      =  1,  4,  1,  1,  1,  4,  1,  1,  82. 
Convorgente  -  ?,  |,  f  J.  ^.  jf  f  J.  Jf.  !«• 
If  we  stop  with  J|,  the  error  is  <  {|  —  |^| 

.'.  {|  is  the  required  fraction. 

9.  The  ratio  of  the  diagonal  to  a  side  of  a  square  being  V2, 
find  a  fraction  with  denominator  less  than  100  which  shall  differ 
from  their  ratio  by  less  than  0.0001. 

V2=l+t 
2 

Quotients      =  2,  2,  2,  2,  2,  2,  2. 

Convergents  =  J,  i,  |,  ^j,  JJ,  f f ,  -i%- 

If  we  stop  with  fg,  the  error  is  <  f  J  —  i^<V 

.'.  IfS  is  the  fraction  required. 
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10.  The  ratio  of  the  circumference  of  a  circle  to  its  diameter 
being  approximately  the  ratio  of  3.14159265:1,  find  the  first 
three  convergents  to  this  ratio,  and  determine  to  how  many 
decimal  places  each  may  be  depended  upon  as  agreeing  with  the 
true  value. 

314159265  ^3.1      _1_     1 

100000000    •         7  +  15  +  1  + 
First  convergent     =   ^  =  3.142+ 
Second  convergent  =  fjf  =  3.14150+ 
Third  convergent    =  Hf  =  3.1415920+ 

11.  In  two  scales  of  which  the  zero-points  coincide  the  dis- 
tances between  consecutive  divisions  of  the  one  are  to  the  corre- 
sponding distances  of  the  other  as  1 : 1.06677.  Find  what  division 
points  most  nearly  coincide. 

Let  n  divisions  of  the  first  scale  equal  as  nearly  as  possible  m 

divisions  of  the  other.    Then  —  is  a  convergent  of 

n  ^  1.06577 

100000  _  1     _Liiii,iiii 

106577      1  +  15  +  4  +  1+8  +  11  +  2  +  1  +  1  +  2 

Quotients      =  1,  15,  4,  1,  8,  11. 

Convergents  =  f .  |,  J|,  J^.  Jf ,  ff f . 

If  we  stop  with  |f ,  the  error  is  <  ff |  —  Jf 

or  <  sjhj' 

That  is,  division  76  of  the  second  scale  nearly  coincides  in  the 
division  81  of  the  first  scale,  the  distance  between  them  being  less 
than  SYYTS  of  one  division  of  the  first  scale. 

12.  Find  the  surd  values  of 

Q.i     i      i     1     i      1,1     1     i 
o  +  -      -:     -      -      -;     1  +  -      -      — 

^1  +  6'     3+1  +  6         ^2  +  3  +  4 

i      i  .-.  a;«  +  6a;-6  =  0, 

^'*                 ^  =  1  +  6  ^     -6^V60 

1  2 

•  •  * f"  .-.  a;  =  -  3  +  Vl5. 

6  +  a;  •'•  '^^®  required  value 


6  + a; 

7  +  x  ,  =  VIS. 


=  3-3  + Vl5 
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Ut 

•                          • 

3  +  1+6 

1 

6  +  « 

^    7  f  J 
''27V4X 

4jc»f  < 

36X-7-0. 

8 

^      -  13  f  Vl97 
'"            4 

.'.  The  required  value 

-  13  f  y/m 

Let 


x  =  l     1     1 
2  +  3  +  4 

1 


/.  7a*  +  27x-13  =  0. 


X  — 


o,          1 

^  r 

3  +  i 
13  + 3a; 

1 

+  x 

30 +  73^ 

0. 

V1093- 

27 

14 


.*.  The  required  value  is 

V1093-27 
14 


13.  Show  that  the  ratio  of  the  diagonal  of  a  cube  to  its  edge 
may  l>c  nearly  expressed  by  97  :  56.  Find  the  greatest  possible 
value  of  the  error  made  in  talking  this  ratio  for  the  true  ratio. 

The  ratio  is  V3  :  1. 

V3-l+i     [ 
1  +  2 

QuotienU      =  1.  2,  1.  2. 1.  2.  1,  2.  1. 

(^,nvorgente  -  J.  f  f  }.  A.  {I  H  jj.  Hi 

If  we  stop  with  fj,  the  error  is  <  y^^y. 

Hence  f}  differs  from  V3  by  an  amount  <  j-^j. . 


14.  Find  a  series  of  fractions  converging  to  the  ratio  of  5 
hoars  48  minutes  51  seconds  to  24  hours. 

5  hours  48  minutes  51  seconds  »  20931  seconds. 

24  hours  »  86400  seconds. 

20931^1     11111111111. 

86400  ""4  +  7  +  1+4  +  1  +  1  +  1  +  1  +  3  +  2  +  1  +  2 

Quotients      =  4,  7,  1,  4,  1,  1,  1,  1,  3,  2,  1,  2. 

Convergente  =  ?.  J,  A.  A.  AV.  1%.  /A.  HI  HI  AW.  Hff. 
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15.  Find  a  series  of  fractions  converging  to  the  Fatio  of  a 
cnbic  yard  to  a  cubic  meter,  if  a  cubic  yard  is  iVoWff  ^^  *  cubic 
meter. 

76453  _  1      111.11. 11111 


100000     1+3  +  4  +  19  +  2  +  3  +  1  +  1  +  5  +  1+2 

Quotients      =  1,  3,  4,  19,  2,  3,  1.  1,  5.  1,  2. 

Convergente  =  f ,  i,   },   iJ,   }f?.   Ul   iUh  iM^  iJfi.  HHi^ 

2  6  848       76453 
75rT7>  TUJiJiJilS' 

Exercise  124. 

1.  If  6,  7,  8,  3,  2  are  tlie  digits  of  a  number  in  the  scale  of  r, 
beginning  from  the  right,  write  the  number. 

2r*  +  3r»  +  8r«  +  7r  +  6. 

2.  Find  the  product  of  234  and  125  when  r  is  the  base. 

234  =  2r2  +  3r  +  4, 

125  =  r2  +  2r  +  5. 
.-.  234  X  125  =  {2r»  +  3r  +  4)(r>  +  2r  +  5) 
=  2r*  +  7r3  +  20r»  +  23r  +  20 
=  27  (20)  (23)  (20)  in  the  scale  of  r. 

3.  In  what  scale  will  756  be  expressed  by  530? 

Let  r  be  the  radix  of  the  required  scale. 

Then  756  =  5r»  +  3r, 

5r»  +  3r_  756  =  0. 

.-.  r  =  12,  or-^. 
.-.  The  required  scale  is  that  of  12. 

4.  In  what  scale  will  540  be  the  square  of  23? 

Let  r  be  the  radix  of  the  required  scale. 
Then  540  =  5r2  +  4r, 

23  =  2r  +  3. 
.-.  5r^  +  4r  =(2r  +  3)^ 

5r»  +  4r  =  4r»  +  12r  +  9, 
r»-8r-9  =  0. 

.*.  r  =  — 1,  or  9. 
.*.  The  required  scale  is  that  of  9. 
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5.  In  what  scale  are  212, 1 101 ,  1220  in  arithmetical  progression? 

Let  X  =  the  radix. 

Then        2a;»  +  a;  +  2  +  a:»  +  2a;»  +  2a;  =  2(r»  +  a;*  +  1), 

a:'-2a?*~3a;  =  0, 

a;«-2a;-3  =  0, 

(a;-3)(a;  +  l)  =  0. 

.*.  X  ^^  o. 


6.  Multiply  31.24  by  0.31  (scale  of  five). 

31.24 
0.31 


3124 
14432 

20.2444 


Exercise  125. 

Find  the  least  number  by  which  each  of  the  following  numbers 
must  be  multiplied  in  order  that  the  product  may  be  a  square 
number : 

1.  2626=125X21  =  5«X7X3. 

Hence  the  required  multiplier  is  5  x  7  X  3,  or  105. 

2.  3675  =  25  X  147  =  5^  x  3  x  7a. 

Hence  the  required  multiplier  is  3. 

3.  4374  =  2x9x243  =  2x37. 

Hence  the  required  multiplier  is  2  x  3,  or  6. 

4.  74088  =  8x27x343  =  2»x38x78. 
Hence  the  required  multiplier  is  2  x  3  x  7,  or  42. 

6.  If  m  and  n  are  positive  integers,  both  odd  or  both  even, 
show  that  m^  —  n^  is  divisible  by  4. 

m^  —  n^  =  (m  -\-  n){m  —  n). 
If  m  and  n  are  both  odd  or  both  even, 
m  +  n  and  m  —  n  are  both  even. 
.*.  (m  +  n){m  —  n)  is  divisible  by  4. 
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6.  Show  that  n^  —  n  is  always  even. 

If  n  is  even,  n*  and  n  are  both  even. 
If  n  is  odd,  n'  and  n  are  both  odd. 
In  both  cases  their  difference  is  even. 

7.  Show  that  »*  —  n  is  divisible  by  6  if  »  is  even ;  and  by  24 

if  n  is  odd. 

71^  — n  =  n{n  +  l)(n  —  1)  =  (n  +  l)ri(7i  —  1). 

One  of  the  three  factors  must  be  divisible  by  3. 

If  n  is  even,  it  is  the  only  even  factor. 

But  if  n  is  odd,  n  +  1  and  n  —  1  are  both  even ;  and  since  they  are 
successive  even  numbers,  one  of  them  is  divisible  by  4,  so  that  their 
product  is  divisible  by  8. 

Hence,  if  n  is  even,  2  x  3,  or  6,  is  a  factor ;  and  if  n  is  odd,  8x3, 
or  24,  is  a  factor. 

Exercise  126. 

Find  the  limiting  values  of : 

1.  (4a:g-3)(l-2a:)  ^j^^^  ^  becomes  inflnitesimaL 

7x8-6a:  +  4 

(4a;^  -  3)(1  -  2a;)  _  -  8ar>  +  4^^  +  6a;  -  3 
7ar»-6a;  +  4  7iB8_6a;  +  4 

Put  x  =  0  ]  the  fraction  becomes  —  f . 

2.  (,x^-^)(^-^^)  ^iien  X  becomes  infinite. 

ar*  +  36 


(a;^  -  5)(a:»  +  7) 


{'-m^*i) 


a;*  +  35  ,35 

Put  a;  =  00  ;  the  fraction  becomes  1. 

3.  K^"^    )    when  x  becomes  infinitesimal. 

a^»  +  4 

Put  x  =  0;  the  fraction  becomes  f ,  or  2. 

4.  ^  ~    ^"^ —  when  x  approaches  3. 

ar2-7a:+12 

g'-8a;  +  15 ^  (x - 3)(a; - 5)  ^  a;-5 

a;2_7a.^l2     (a;-3)(a;-4)     a;-4' 

—  2 
Afl  X  approaches  3,  the  fraction  approaches  — ,  or  2, 
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6.  -  when  r  approaches  —  8. 

g«  -  9       ^  («  4^  3Xx  -  3)  ^  g  -  3 
a«  +  9x  +  18''(x  +  3Xx  +  6)"'«  +  6* 

As  X  approaches  -  3,  the  fraction  approaches  — ,  or  —  2. 

a     ^'^^^V^'^^^^  when  X  approaches  -  1. 

T(j»4  4T-h3)     ^      j(j  +  lXa;  +  3)  x(x  +  3) 

x»  k  3x»  f  5x  +  3''(x  +  lX«*  +  2x  +  3)      x»  +  2x  +  3 

As  X  approaches  —  1,  the  fraction  approaches  ,  or  —  1. 

_4  J.  tJI O 

7. when  X  approaches  1. 

x»  +  2t*-2x-1 

T*  ^r*~2  (j  -lXj»-t-2x  +  2)  ^  x'4^2x  +  2 

x»-f2x»      2x      r    (x-1Xj:»  +  3x  +  1)      x»  +  3x  +  1 
As  X  approai  luis  1,  the  fraction  approaches  f ,  or  1. 


8.       — -^==  when  x  approaches  1. 

gx-Vx+l 

4  /- 

Put  X  =  1 ;  the  fraction  becomes  ,  or  2(2  +  v2). 

2- V2 
r  —  1 

9. == when  x  approaches  1. 

Vx2-1  +  Vx-l 


T  —  1  y/x  —  1  Vx  —  1 


Vx»  -  1  +  Vx  -  1      Vx-l(\/x  +  1  +  1) 

y/xTi  + 1 
Put  X  =  1 ;  the  fraction  becomes  or  0. 

vT+l 

10.  — izn when  x  approaches  2. 

Vx  +  2-\/3x-2 


-  x»  -  4  ^,  (^  -  4X Vg  +  2  +  >/3a;  -  2) 

>/xT2-V3x"^'^  x  +  2-{3x-2) 

(x  +  2XVg  +  2  +  V3a!  -  2) 
2 

Pot  X  «=  2 ;  the  fraction  becomes  "^^ — ^         ^  or  —  8. 
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11.  •       when  X  approaches  a, 

y/x  —  g  +  Vx  —  Vo  _       1  \/^—  Va 

Vx^*  —  a*  Vx  +  a  x/x"  —  a''       / 

^ 1 (\/x  —  y/a)(Vx  -f  Va) 

Vx  +  a  Vx'  —  a2(Vx  +  Va) 
1  Vx  —  a 

"T 


Put  X  =  a ;  the  fraction  becomes 


Vx  +  a     Vx  +  a(Vx+Va) 
1 


2  a 


12.  If  X  approaches  a  as  a  limit,  and  n  is  a  positive  integer, 
show  that  the  limit  of  x»  Is  a». 

Since  the  limit  of  x  is  a,  x  =  a  +  x^,  where  x^  is  a  variable  which 
can  be  made  less  than  any  assigned  number. 

And  x»  =  (a  +  xO"  =  a«  +  ria»-»x^  +  '^i'^-^)  a»-2x^2  ^ ^  g./* 

But  as  x^  approaches  0,  each  term  on  the  right  except  a"  also  ap- 
proaches 0;  hence  the  sum  approaches  0,  as  nearly  as  we  please, 
since  the  limit  of  the  sum  is  the  sum  of  the  limits.  Hence,  as  x 
approaches  a,  x»  approaches  a*  as  nearly  as  we  please.  Hence  a*  is 
the  limit  of  x» 

13.  If  X  approaches  a  as  a  limit,  and  a  is  not  0,  show  that  the 
limit  of  X"  is  a**,  where  n  is  a  negative  integer. 

Let  n==  —  m,  where  m  is  a  positive  integer. 

Since  the  limit  of  x  is  a,  x  =  a  i-  x'  where  x'  is  a  variable  which 
can  be  made  less  than  any  assigned  number. 

And  x"*"  =  —  = 


x"*     (a  +  x^)"* 


a"  +  fna'^-H'  +  '^^!^ — ^  a"-2x^»  + +  x^* 


But  as  x^  approaches  0,  all  the  terms  of  the  denominator  except  a"» 
also  approach  0,  as  nearly  as  we  please ;  hence  their  sum  approaches 
0,  as  nearly  as  we  please.  Hence,  as  x  approaches  a,  x"  approaches 
1 


-,  or  a". 
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Exercise  127. 

1.  Find  the  fiftieth  term  of  1,  8,  8,  20,  43, .... 

Tlie  «>ri«i  is  1  3  8  20  43 

First  aiffercncei«,  2         5  12  23 

StH*ond  differencos,  3  7  11 

Tliird  difforences,  4  4 

Fourth  differences,  0 

a  -  1,  6  -  2,  c  =  3.  d=  4,  «  =  0. 
Ojo  "0  +  406  +  49x21c  +  49x47x8d 
=  1  +  98  +  49  X  72  +  49  X  47  X  32 
-  77323. 

2.  Find  the  sum  of  Uie  scries  4, 12,  29,  55, to  20  terms. 

Tho  series  is  4  12  29  55 

First  differcncoB.  8  17  26 

Second  differences.  9  9         

Third  differences,  0 

a  =  4.  6-8,  c-9,  d  =  0. 
«^  =  20a  +  1906  +  20x  19x3c 
=  80  +  1520  +  10260 
=  11800. 

3.  Find  the  twelfth  term  of  4,  11,  28,  55,  92,  

The  series  is  4  11  28  55  92 

First  differences,  7  17  27  37 

Second  differences,  10  10  10         

Third  differences,  0  0 

o  =  4,6  =  7,c=10,rf  =  0. 
Gij  =  a  +  116  +  55  c 
=  4  +  77  +  550 
=  631. 

4.  Find  the  sum  of  the  series  43,  27,  14,  4,  —  3, to  12  terms. 

The  series  is  43  27  14  4  —3 

First  differences,  - 16        - 13        - 10       -  7 

Second  differences,  3  3  3  

Third  differences,  0  0 

a  =  43,  6--16,  c  =  3,(?  =  0. 
8ia=  12a +  666  + 220c 
=  516  -  1056  +  660 
=  120. 
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5.  Find  the  seventh  term  of  1,  1.236,  1.471,  1.708, 

The  series  is  1  1.235  1.471  1.708 

First  differences,  0.235  0.236  0.237 

Second  differences,  O.OOl  0.001 

Third  differences,  0        

a  =  l,  6  =  0.235,  c  =  0.001,  d=0. 
a,  =  a  +  6&  +  15c 
=  1  +  1.41  +  0.015 
=  2.425. 

6.  Find  the  sum  of  the  series  70,  66,  62.3,  68.9, to  16  terms. 

The  series  is  70  66  62.3  58.9 

First  differences,  —  4         —  3.7  —  3.4 

Second  differences,  0.3  0.3 

Third  differences,  0 

a  =  70,  6  = -4,  c  =  0.3,  d  =  0. 
8,5  =  15a  +  1056  +  455c 
=  1050  -  420  +  136.5 
=  766.5. 


•  *  ••• 


7.  Find  the  eleventh  term  of  343,  337,  326,  310, 

The  series  is  343  337  326  310 

First  differences,       ,  ~6  — 11  — 16 

Second  differences,  —  5  —  5 

Third  differences,  0 

a  =  343,  6  =  -6,  c=-5,  d=0. 
a^^  =  a  +  106  +  45c 
=  343  -  60  -  225 

=  58. 

8.  Find  the  sum  of  the  series  7  X 13,  6  x  H,  5  x 9,  ..„.  to  9  terms. 

The  series  is  91  66  45  28 

First  differences,  -25        -21        -17 

Second  differences,  4  4 

Third  differences,  '  0 

a  =  91,  6  =  -25,  c  =  4,  d=0. 
89  =  9a +  366  + 84c 

=  819-900  +  336 

=  255. 
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9.  Find  the  sum  of  n  terms  of  the  series 

3X8,6X11,9X14,  12X17,  

The  series  in  24  66  126  204 

First  differences.  42  60  78 

Socond  differences,  18  18 

Third  differences,  0 

a -24,  A -42.  c  =  18,  d^O. 

.  n(n-l),    .  n(n-l)(n-2) 


2  6 

-  24n  +  21  n{n  - 1)  +  3n(n  -  l)(n  -  2) 
=  3n»  +  12n»  +  9n 
"3n(n  +  l)(n  +  3). 

10.  Find  the  sum  of  n  terms  of  the  series  1,  6,  15,  28,  45  ..... 

The  series  is  1  6  15  28  45 

First  differences,  5  9  13  17 

Second  differences,  4  4  4         

Third  differences,  0  0 

a  =  l,  6  =  5,  c  =  4,  rf  =  0. 

.  n(n-l),   ,  n(n-l)(n-2) 

2  6 

5n(n-l)     2n(n-l)(n-2) 
2  3 

4n'  -i-3n'  — n 
6 
_n(n  +  l)(4n-l) 
6 

11.  Determine  the  number  of  shot  in  the  side  of  the  base  of  a 
triangular  pile  which  contains  286  shot. 

n(njJj(n+_2)  ^  286 
6 

n{n  +  IXn  +  2)  =  1716  =  11  X  12  X  13. 
.*.  n  =»  11  is  one  solution. 
The  other  solutions  are  imaginary. 
Hence  there  are  11  shot  in  the  side  of  the  base. 

12.  The  number  of  shot  in  the  upper  course  of  a  square  pile  is 
169,  and  in  the  lower  course  1089.  How  many  shot  are  there  in 
the  pile? 
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The  lower  course  has  Vl089,  or  33  shot  on  a  side. 
If  the  pile  were  full,  it  would  contain 

n(n-f  l)(2n4-l)  _  33  x  34  X  67  ^  ^2529 
6  6  "^  ' 

The  upper  course  has  V169,  or  13,  shot  on  a  side. 
The  next  course  ahove  would  have  12  shot  on  a  side. 
The  number  of  shot  lacking  from  the  whole  pile  is 

n(n  +  l){2n  +  1)  ^  12  Xj3_X_ 25.  ^  ^^  ^^^^ 
6  6 

Hence  there  are  12529  —  650,  or  11879,  shot  in  the  pile. 

13.  Find  the  number  of  shot  in  a  rectangular  pile  having  17 
shot  in  one  side  of  the  base  and  42  in  the  other. 

«-I(n+lX3n^-n  +  l), 

n-17,  n^  =  42. 
.-.  «  =  Yx  18x11.0  =  5610. 

14.  Find  the  number  of  shot  in  the  five  lower  courses  of  a  tri- 
angular pile  which  has  15  in  one  side  of  the  base. 

If  the  pile  were  complete,  the  number  of  shot  would  be 
n(n-f  IXn-f  2)  _  15x16x17  _  ggQ 
6  6 

The  number  of  shot  in  one  side  of  the  sixth  course  from  the  bottom 
would  be  10.    Hence  the  number  in  the  ten  upper  courses  is 
10X11X12^2^ 
6 
Hence  there  are  680  —  220,  or  460,  shot  in  the  five  lower  courses. 

15.  The  number  of  shot  in  a  triangular  pile  Is  to  the  number 
in  a  square  pile,  of  the  same  number  of  courses,  as  22 :  41.  Find 
the  number  of  shot  in  each  pile. 

n(n  +  l)(n  +  2)  .  7i(w -f  l)(2n  +  1)  ^22-41 
6  ■  6 

.-.  n  +  2:2n  +  l  =  22:41. 
.*.  n  =  20, 

n(n  +  iyn-f  2)_^g^Q 

6 
n(n  +  l)(2n  +  l)  ^  3370 
6 
There  are  1540  shot  in*the  triangular  pile,  and  2870  in  the  square 
pile. 
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16.  Find  the  Dumber  of  shot  required  to  complete  a  rectangular 
pile  having  15  and  6  shot,  respectively,  in  the  sides  of  its  upper 
course. 

The  next  course  above  would  have  14  and  5  shot  in  its  sides. 
Hence  tlie  number  of  shot  required  to  complete  the  pile  is : 

s-.?(n  +  lX3n'-n  +  l) 
o 

-  J  X  6  X  38  =  190. 

17.  How  many  shot  must  there  be  in  the  lowest  course  of  a 
triangular  pile  that  10  courses  of  the  pile,  beginning  at  the  base, 
may  contain  87,020  shot  ? 

Let  n  »  the  number  of  shot  in  one  side  of  the  lowest  course. 

Then  n  —  10  -^  the  number  of  shot  in  one  side  of  the  eleventh  course. 
The  number  of  shot  in  the  complete  pile  is 

n(n  4-  IXn  -t-  2) 
6 
The  number  in  the  courses  above  the  tenth  is 

(n  -  lOyn  -  9Xn  -  8) 
6 
.   n(n-HlXn  +  2)     (n  -  lOXn  -  9Xn  -  8)  _  3^^^^ 
"6  6 

30n*--240n  +  720  _  ^^^go 
6 
n«~8n  +  24  =  7404, 
n«-8n  =  7380. 
.-.  n  =  90. 

Hence  there  are  90  shot  on  a  side  in  the  lowest  course,  and 
*jf  (90  +  1),  or  4095,  shot  in  the  lowest  course. 

18.  Find  the  number  of  shot  in  a  complete  retangular  pile  of 
15  courses  which  has  20  shot  in  the  longest  side  of  its  base. 

8  =  n(n  + 1X3  n'-n  +  l), 
6 

n  =  15,  n^  =  20. 

.-.  ,  =  -y.  X  16  X  46  =  1840. 

There  are  1840  shot  in  the  pile. 

19.  Find  the  number  of  shot  in  the  bottom  of  a  square  pile 
which  contains  2600  more  shot  than  a  triangular  pile  of  the  same 
number  of  courses. 


teachers'  edition.  505 

Let  n  =  number  of  courses  in  each  pile. 

Then      ^(^  +  l)(n  +  2)  _  n^Q^^er  of  shot  in  triangular  pile. 

— i ^ 1  =  number  of  shot  in  square  pile. 

.    n{n  +  l)(2n  +  1)     n(n  +  l)(?i  +  2)  ^  q^qq 

**  6  6  ■ 

.-.  (n-l)n(n  +  l)«  15600, 

(n  -  1)  w(n  +  1)  =  24  X  25  X  26. 
.*.  n  =  25  is  one  solution. 

The  other  two  solutions  are  imaginary. 

.•.  The  number  of  shot  in  the  bottom  row  of  the  square  pile  is  25. 

20.  Find  the  number  of  shot  in  a  complete  square  pile  in  which 
the  number  of  shot  in  the  base  and  the  number  in  the  fifth  course 
above  differ  by  225. 

Let         n  =  number  of  shot  in  the  side  of  the  bottom  course. 
Then  w— 5  =  number  of  shot  in  the  side  of  the  fifth  course  above, 
n'  =  number  of  shot  in  bottom  course. 
(n  —  5)'  =  number  of.shot  in  fifth  course  above. 
.-.  n^-(n-  5)2  =  225, 
10n-25  =  225, 
n  =  25. 

Also  B  =  ^(^  +  ^)(2n  +  l) 

6 
25x26x51 

6 
=  5525. 
There  are  5525  shot  in  the  pile. 

21.  Find  the  number  of  shot  in  a  rectangular  pile  which  has 
600  in  the  lowest  course  and  1 1  in  the  top  row. 

nn^  =  600. 
n'  — n  +  1  =p  =  11. 
.-.  n  =  20, 
n^  =  30. 

Also  «  =  -(n  +  l)(3n'-n  +  l) 

6 

=  ^^  X  21  X  71  =  4970. 

There  are  4970  shot  in  the  pile. 
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Exercise  128. 
Sum  to  M  lerms,  and  to  inflnitj,  the  following  series : 


I.      '  ' 


1X4*  2X6'  »X6' 

The  general  tenn  is —  =  - /i —\ 

^  n(n  +  3)     3\n     n  +  s) 

Hence  the  aeries  may  be  written 
Ui     M    Vl-1^    U^-^\    V1~M    .      Vi ^\ 

3\       4/'   3\2     5/     3^3     6^    3\4     7/         *   '6\n     n  +  3/ 


The  sum  to  n  terms  is  therefore 


3\       2     3^     3\n  +  l     n  +  2     n  +  3/ 


and  the  sum  to  infinity  is 


2. 


1X3X6'  2X4X6'  3x6x7' 

The  ceneral  term  is — —  =  -( + 1  - 

^  n(ii  +  2Xn  +  4)     8\n     n  +  2     n  +  4) 

Hence  the  series  may  be  written 

i(i-}  +  J).  i(i-!  +  i).  J(i-f  +  *).  t(i-f  +  i) 

i/_L__2.^_\    i/J 2         1   \ 

8\n-2     n     n  +  2/'   8Vn-l     »» + 1     n  +  s) 

1/1 2_^_1_\ 

8Vn     n  +  2     n  +  4/ 
The  sam  to  n  terms  is 

Vi+i_i>iUV ^- i-+-J-  +  -i-^ 

S\        2     3     4/     8\     n  +  1     n  +  2     n  +  3     n  +  4y 
and  the  sum  to  infinity  is 


3. 


2x4x6'  4x6x8'  6x8xl0' 

The  eeneral  term  is —  =  —  f  i = l      1      A 

2n{2n^2X2n-\-^)      16\n     n  +  1       n  +  2/ 
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Hence  the  series  may  be  written 

M^-i  +  i),  Mi-l  +  i).  Mi-l  +  l).  Mi-l  +  i) 
L(^ 2_     i\    ±1^ 2    _1_X 

L6\n-2     n-1     n/'    le^n-l     n     n  +  l)' 

fl-^-+-LV 

\n     n  +  l     n  +  2/ 


16  - 

16 
The  sum  to  n  term  is 


16V        2     2/      16\     n  +  l      n  +  LV 


and  the  sum  to  infinity  is 

A(i-i  +  i)  =  A. 


10 


2x3x4    3X4X6'   4x6x6' 

The  general  term  is — = + 


(n  +  IXn  +  2Xn  +  3)        n  +  l     n  +  2     n  +  3 
Hence  the  series  may  be  written 

-4  +  S-i  -i  +  i-t.  -i  +  i-i.  -i  +  «-f 

1         5        4   •        1        5  4 


n  —  1      n     n+l'       n     n  +  l      n  +  2' 

1^5  4 


n^-l      n  +  2     n  +  3' 
The  sum  to  n  t-erms  is 


2     3     n  +  2     n  +  3' 
and  the  sum  to  infinity  is 


5. 


1X2X3    2x3x4    3x4x6 

The  general  term  is 

n(n  +  l)(n  +  2)     2\n     n  +  l      n  +  2/ 
Hence  the  series  may  be  written 

J(i-!  +  i).  Hi-i  +  i).  J(J-}  +  i).  i(l-f +  i)- 

1/_1 2_     IN     1/^^ 2        1    \ 

2\n-2     n-1     nj     2\n-l     n     n  +  l/' 

1/1__2_      __L_\ 

2\n     n  +  l      n  +  2/ 
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The  sam  to  n  terms  is 

2V        2     2/      2\     n  +  1     n  +  2y 
and  the  sam  to  infinity  is    i  (1  ~  f  +  i) »  }. 

Revert:                     Exercise  129. 
I.  y  -x-2^  +  3j«-4z*+ 

Here                      a  =  l,  6  =  -2.  c  =  3,  d=-4. 
.-.  ^  =  1,  5  =  -  2,  C=  5,  i)  =  14. 
.-.    «-y +  2y« +5y»  +  14y*  + 

^  «S       fS        f 7 


Here  a«l,   6  =  0,   c  =  -J,  <f  =  0,   e  =  f 

.-.  ii-1. 5  =  0,  e=i,    z)=o.  -S=A. 


^      3       15 


X*         a*         X* 
•^  122.3     34 


Here  a-1,   '^  =  J,       c  =  ii  d  =  ^i- 

^      2      3       24 

Exercise  130. 

Find  the  identical  relation  and  generating  f  anction  of : 

1.   l  +  2x+7x2  +  23x8+76a:*+ 

Notice  that  7  =  3x2  +  1, 

23  =  3  X  7  +  2, 
76  =  3  X  23  +  7. 

.'.  The  identical  relation  is  «„  =  Srun-i  +  3^Un-t. 

But  8  =  1  +  2a;  +  7a:»  +  23a^  +  76aJ*  + 

-3x8=    -3a; -6a;' -21 3:8-690;*- 

-xh=  -.  a;'-   2a;»-   7a,**- 

.-.  (l-3a;-a;'')s=l-a: 

l-3aj-a;« 
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Notice  that  3  =  3x2-^3 

7=3x3^2 
18  =  3x7-3 
.-.  The  identical  relation  is  ««  =  3x«n-i  —  x^Un-2' 
But  s  =  3  +  2x  +  3a:2  +  7ar8  +  iSxi  + 

-3a:s=     ^  9x- 6x2- 9x8 -21a:*- 
x2s=  3x2  +  2x8+    3x*  + 


/.  (l-3x  +  x2)s  =  3-7x 

3-7x 


8  = 


l-3x  +  x2 

Find  the  generating  function  and  the  general  term  of : 
3.   2  +  3x+6x2  +  9x8+17x*  +  33x5+ 

Suppose  ««  =  pxtln-l  +  7^"n    2. 

Then  5  =  3/)  +  2g 

9  =  5p  +  3^ 
,.  p  =  S,  q  =  ^2 
/.  The  identical  relation  is  Un  =  3x«»_i  —  2x2tt„_2. 

s  =  2  +  3x  +  5x2+    9x8+17x4  +  33x<^  + 

^Hxs=     -  6x- 9x2 -15x8 -27  X*- 61x6- 

2x2s=  4x2+    6x8 +10x*+ 18x5  + 

.-.  (l-3x  +  2x2)s  =  2-3x 

2-3x 


8  = 


l-3x  +  2x2 


l-2x 
1 


1  — 2x      1-x 

l  +  2x  +  22x2+ +  2«x*  + 


=  1  +  X+X2+ +  X«  + 


1-x 

/.  «=  l  +  (2+  l)x  +  (22+  l)x2+ +  (2«+  l)ar»  + 

/.  The  general  term  is  (2»»+  l)x«. 

4.  7-6x  +  9x2  +  27x8  +  64x*+189x<^+ 

Suppose  «n  =  pXUn^i  +  ^J^^Wn-j  +  rjflUn^ 

Then  27=   9p-   69  + 7r 

54  =  27/)+    99 -6r 
189  =  54;) +  277 +  97 
.%p-2,  (?  =  2,  r  =  3 
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.*.  The  identical  relation  ia 

«.  =  2  jrm^i  +  2jfiu,^  +  3  j:»ii, 

«  =  7-   6x+   9x2  +  27x»+64r*  +  189j^+. 
-2x«  =    -14*  +  12xa-18j«-64x*  — 108x5- 
-2A=  -14aa+12x«-18x*—    Mjc^- 

-3A=r  -21x«  +  18x*—    27x6- 


•  •«« 


(l-2x-2jr«-3x»)«  =  7-20x+    7x« 

7-20x  +  7xa 


f  = 


l-2x-2x3-3x» 
7-20x+jri^_        7^20x-h7xa 
I  -2x-2x»-3x»      (i  -3x)(l  +  X  +  x*) 

^          10                 27(3  — x) 
13  (1  -  3  x)      13  (1  +  X  +  x*0 
But  ^    -  =  1  +  3x  +  3»x«  +  3»x»  + +  3"x»  + 

1    —  uX 

3-x  (l_x)(3-x)       _3-4x+_ra 


l  +  x  +  x*       (l  +  x  +  x^)(l-x)            l-x» 
and  —  —  =  l  +  x»  +  x«  +  ar»+ +  x«»  + 

1  —X* 

.-.  ~" -  =  3-4x  +  xa  +  3x8-4«*  +  x6+3a:«-4x7  +  a:8  + 
1  — x* 


+  }J(3  — 4x  +  x»  +  3x»  — 4x*  +  ^  + 
.-.  «*i     =lS3*-'+fJ  =«(10x33«-4+i) 

«3«+i  =  l§3*»     +f3x3         =|K10x38-4+l) 
«a.-f  2  =  }  J  33-+1  +  i  J  X  ("  4)  =  f  J  (10  X  3*»-2  -  4) 

5.   l  +  6x  +  9x2+13x3+17x*  +  21x6+ 

Suppose  tt„  =  pxnn~i  +  gx2n«_2 

Then  9  =  6/>  +  g 

13  =  9p  +  6p 
/.  p  =  2,  9  =  -  1 
.'.  The  identical  relation  is  u^  =  2um-i  —  u^-s* 

«=l  +  5x+    9x2+ 13x8+ 17  x*+ 

—  2x5=     — 2x— 10x2  — 18x«  — 26x*+ 

x2s=  x2+    5x8+    Qa^^. 


(l-2x  +  x2)«=l  +  3x 


teachers'  edition.  511 


l  +  Sx     ^   l  +  3jr 
*'"l-2x  +  a:=*~(l-a:)a 

Also  1  +  5ar  +  9a:3  +  13a:«  + 

=  l  +  (4+l)x+(2x4+l)j:a+(3x4  +  l)x»4- +(4»  +  l)z«+ 

.*.  The  general  term  is  (4n  +  l)x«. 


6.   1  +  x-7aH»  + 33a:* -130x6  + 499 1:«+ 

Suppose  14,  =  pUn-l  +  5'«n-2  +  »M«-3- 

Then  —  7  =  ^  +  r 

33  =  "  7p  +  r 
-130  =  33p-77 
/.  /i  =  —  5,  9  =  —  5,  r  =  —  2 
The  identical  relation  is   u,»  =  —  5  xu^— i  —  6  x^Un-2  —  2  x^u»_8. 

s=l+    X  -7ar8  +  33a^-130x*  +  499a:<  + 

6xs=;        5x  +  6x3  — 3ox*+165x6-650x»— 

6xh=  6xa+6x»  -  35x6+166x»  + 

2x8*=  2x3+   2x«  —    14x« 

(l  +  6x  +  6xa  +  2x«)s=:  l  +  6x+  lOx^ 

l  +  6x+10x2 


l  +  6x  +  6x2  +  2x3 
7.  3  +  6x  +  14x2 +36x»  +  98x*  + 276x6+ 

Suppose  Mn  =  pWn  - 1  +  5'**n-2  +  "«»-« 

Then  36=  14p+    69+    3r 

98  =  36^  +  14^+  6r 
276  =  98/) +  369+ 14  r 
/.  p  =  6,  r  =  —  11,  9  =  6 

.*.  The  identical  relation  is 

«n  =  6  U„_i  —  11  Un-2  +  6«»_8 

s  =  3+    6x+ 14x2  +  36x8+    98x*  + 276x6  + 

-  6xs  =     -  18x- 36x2 -84x3 -216 X*- 588x6 - 
+  llx2»=  33x2 +  66x«  +  154x*  + 396x6  + 

-  6x8s=  -18x»-   36x*-   84x6 

(1— 6x+llx2-6x3)s  =  3-12x+  11x2 

^      3-12x  +  llx2      _  8-12x+llx2 

l-6x+llx2-6x«      (l-x)(l-2x)(l-3x) 


1-x      l-2x      l"3x 
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Bui  -  ^-  =  l  +  x  +  jr«  +  x»+ +  x«  + 

1  —  X 


*       =l  +  2x+2«x»+2»x»+ +  2«x«  + 


—  2x 

,-V-=^  +  ^'  +  ^*'  +  3»x»+ +  3»x«+ 

I  —  ox 

.-.  «  =  3+(l  +  2  +  3)x+(l  +  2«  +  32)x«+ 

+  (l  +  2"  +  3'»)x»  + 

.*.  The  general  term  if  (1  +  2"  +  3")  x». 

Find  the  sitm  of  »  terms  of : 

S.  2  +  6+10  +  17  +  26  +  37  +  50+ 

First  differences  3  6  7  9  11 

Second  differences,  2  2  2  2  

Third  differences,  0  0  0  

/.  a  =  2,  6=3,  c  =  2,  rf  =  0 

2  6 

-,0,  ,3(n»-n)      n(n>l)(n~2) 
2         ^  3 

2ii»  +  3n2+7ii 
6 

9.  l»  +  2»+3»  +  4»  +  5»+ 

=  1  +  8  +  27  +  64  +  126+ 

First  differences,  7  19  37  61  91 

Second  differences,  12  18  29  30  

Third  differences,  6  6  6 

Foarth  differences,  0  0 

.-.  a  =  l,  6  =  7,  c=  12,  d  =  6,  e=0 

,.  ^„  =  n  +  7»(»-^)  +  ^^»Cn-l)(n-2) 

2         ^  6 

6nC»,l)Cn~2)(«-3) 
24 
_6n«+ 12  n»+6n« 

24 
_n^r»-\.  1)8 

4 
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Exercise  131. 

Determine  whether  the  following  infinite  series  are  conver- 
gent or  divergent : 

The  sum  of  all  terms  after  the  second  is    —  +  t:  +  — I- 


3^     4»     5* 

But  this  is  less  than     — H  -i  +  -^  + 

3»     4*     5* 

But  this  has  been  shown  to  be  a  convergent  series. 
Hence  the  given  series  is  convergent. 

(n  -  1)«      n-  1  (n-  l)'*-^ 
[n  n        |n  —  1 

But  (n-1)"-^  >iyi-  1. 

For  (n  -  1)«- '  =  (w  -  lX?i  -  1 ) {n-l  factors), 

and  \n—  1  =  (n  —  l)(n  —  2) 1. 

Hence  (n-l)'-'  >  ^ 

n—  1 


Also  !Lzi  =  i_l 

n  n 

As  n  is  indefinitely  increased,  1  —  approaches  1  as  a  limit. 

Henue  the  limit  of  n„,  as  w  is  indefinitely  increased,  is  not  0,  but  is 
greater  than  1.     Therefore  the  given  series  is  divergent. 

12  ^  22       32       42  ^ 

=1+2.3       4             .i.i.i.i.l. 
12     2»     32     42  la      22     32     42      

But         i  +  1+3      4      ^i^l^l^l^ 

12223242  234 

And  this  has  been  shown  to  be  a  divergent  series. 
Hence  the  given  series  is  also  divergent. 

1    .  1«     2'"     3™ 
\m    ,2"     3"*     4"* 

-=(^)"=('-y 

/.  The  limit  of  n^  is  1.    Hence  the  series  is  divergent. 


M4 


ttattftRnfiaite 


1  1     +     1  1       . 


lX«     2X2«     SX2»     4X2» 
ivvrfcat,  mad  And  its  nun. 
The  Mfkt  Bft J  be  obUined  from  the  tOTee 

l0K.a  +  5)  =  5-f  +  5-5  +  — • 

bjpvttng  5=J 

.   |q£^2=     ^ 1    ■      ^        _      1       I 

*  1X2     2.a«'^Sx2»      4X2*"*" 

The  eeriee  is  coaTCffenL  For  the  terms  mre  altematelj  positiTe  and 
negmtiTe  aod  are  oontinmaij  decreasing,  and  the  Umit  of  the  nth  term 
isO.  • 

6.  Find  the  limh  iHdch  Vl  +  nr  approaches  as  n  approaches  0  sb  a 
limit. 

Let  .  =  1 


=  (1  +  1 
nitelj. 

1 

Thea                                    Vl  +  iur  = 
As  a  approaches  0,  m  increases  indefi 

12 — :•. 

7.  Prorethat 
Consider  the  i 

,1  =  2^  +  1  +  1+.. 
leriet 

««  =  l  +  *+— + -  +  — 

\1  [^ 


put  r  =  — 1 

1-1. 

12     \S 


1=1^1+1      i+ 
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■    l  =  i_i  +  i_i  +  i_l4. 

"'     12     \1     ii     [6     |6     \1 

-2.4.6. 

=  2(1+2  +  3      \ 


8.  Calculate  to  four  places,  log«4,  loge  5,  loge  6,  loge  7. 

loge4  =  21oge2  =  1.3863 

102-5=102-4+-+  — = 1 —  + 

=  1.6094 

o             o                   o 
l0ge6  =  l0ge5  +  —  + = + = + 

B«  B«    ^11^3x118^5x11*^^ 

=  1.7918  =  loge2  + log,  3 

loge7  =  log,6  +  :^  +  —^—r+       ^ 


13     3  X  13»     5  X  13' 
=  1.9459 


9.   Find  to  four  places  the  moduli  of  the  systems  of  which  the  bases 
are :  2,  3,  4,  5,  6,  7. 

log,  e  =  -1-  = =  1.4427 

*'        log- 2     0.693147 

logje  =  — i-  = 1 =  0.9102 

*'        log.  3      1.098612 

^og^e=-L^=—l —    =0.7213 
*"*        loge  4     2  loge  2 

log,  e  =  — ^  = i— -  =  0.6213 

^^       loge  5      1.609432 

log.  g  =  —I-  =  __i =  0.5581 

^       loge  6      1.791759 

logg  =  _L»  =  _l_     =0.5139 
^'       loge  7     1.9459 
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10.    SIlOw  that 

9 


+ 


2x3  3x4x6  6x6X7 
9 


1X2X3   3x4x6  6x6x7 


^  3-1-2     6-h2     7-f2 
1X2X3'^3X4X66X6X7"*" 

1  -K:J^+^+ 


1X2   3X4   6X6 

VlX2x3     3X4X6      5x6x7  ) 

=(i-j)+(j-i)+a-t)+ 

+  2f— 1— + L_  + I + \ 

\1X2X3     3X4X5      5x6x7  / 

VlX2x3^3x4x5      5X6X7  ^         J 

=  log2  f  2^-1— -f--i--+-i-  + ^ 

*     ^    V1X2^3X4^6X6^         ; 

-2^-J-4--i-+-?— +         ^ 
V1X3^3X6^5X7^""/ 

=  31og2  -  (-^  +  r^  +  -^  + ^ 

^        Vlx3     3X5^6X7^         ; 

=  log8-[(l-J)  +  (J-i)  +  (i-|)+ ] 

=  log8-l 

=  log  8  —  log  e 


11.    Show  that 


log.a-log.6=  log^  =  -log^  =  -logfl  -  (l  -|)] 

B.  .„g(x.^-)=^-.i(^y:|(i^-)% 

...,og.-.og...--^^l(»-^)%|(«-^y, 
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12.  Show  that,  if  x  is  positive, 

log(2  +  .  +  l)  =  log^i±l^±I  =  log[(.+  l)'-±I] 

=  log(x+l)  +  log^l  +  l\ 

But  log  n  +  ar)  =  ar 1 1- 

*^  r^    '  2       3       4 

and      log(l  +  l'\  =  l--L  +  -L_A^+ 

\        x}      X      2.r2      oar      4x* 

....og(2+,+!)..+i-i;,.+i)+5(,.+i) 

The  series  ii,  however,  convergent  only  when  x  —  1. 

OS      as     43 

13.  Show  that   l  +  .^  +  .^  +  ri =  ^*- 

[2     [3     [4 

12     L§     14     15     l« 

L2    L?   li   LB 


[2  [3  li  16 


=  ,  +  3+8+15     24     36 

=  «  +  3  +  4  +  i+i  +  l+... 

12     [3     [4 

=  '  +  '^'  +  ^  +  |  +  |  +  4+- 

=  4«  +  l+l+^+|  + 
=  5e 


•  •••• 
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Exercise  132. 

Find  the  qaotient  and  remainder  obtuned  by  dividing  each  of 
the  following  expressions  by  the  diyisor  opposite  it : 

I,  j«  +  6a«-7jt-3  x-2. 

l+6_   7_  3(2 
2  +  14  +  14 


1+7+    7  +  11 
.'.  The  qaotient  is  x*  +  7x  +  7,  and  the  remainder  is  11. 

2.  r*-7j«+6«a-10x+12  x-3. 

1_7+   6-10  +  12|3_ 
3-12-21-93 

1-4-   7-31-81 
/.  The  qaotient  is  «*  —  4 x*  —  7a;  —  31,  and  the  remainder  is  —  81. 

3.  2jt<  +  3x«-6xa-4x-24  x-2. 

2  +  3-   6-   4-24[2^ 
4  +  14  +  16  +  24 

2  +  7+    8  +  12+   0 

.■.  The  qaotient  is  2x'  +  7x*  +  8«  +  12,  and  the  remainder  is  0. 

4.  xfi  — 3x«  +  2x2  — 5  x-4. 

1+0-  3+  2+   0-  5[4 
4  +  16  +  52  +  216  +  864 

1  +  4  +  13  +  54  +  216  +  859 

/.  The  quotient  i8X*  +  4{r'  +  13jr'  +  54a:  +  216,  and  the  remainder 
is  859. 

6.  3j*  — 6x2+7x  — 10  x  +  3. 

3  +  0-  6+   7-   101-3 
-9  +  27-63  +  168 


3  _  9  +  21  -  56  +  158 
.-.  The  quotient  is  3  «»  —  9 a*  +  21  a?  —  56,  and  the  remainder  is  158. 
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6.   x8  +  3ar2  +  x+4  x+V^. 

1  +  3  +1  +4|^V^ 


1  +  (3_V-1)-        3V-1  +  1 
.'.  The  quotient  is  »'  +  (3  — V— l)a:— SV^,  and  the  remainder  is  1. 

Are  the  following  numbers  roots  of  the  equations  opposite  them  ? 

7.  (2)  ar8-3ar2  +  4x  +  4  =  0. 

l_3+4  +  4[2 
2-2  +  4 

1-1+2+8 
.*.  2  is  not  a  rool. 

8.  (-3)  i*-3x«+7x3-9x  +  84  =  0. 

1_3+    7-   9+    841-3 
_  3  +  18  _  75  +  252 

1  _  6  +  25  -  84  +  336 

.*.  —  3  is  not  a  root. 

9.  (-5)  a*  +  6a:*  +  7r»  +  9x2-6  =  0. 

1+6  +  7+   9  +  0-   5|-5 
._5_5_10  +  5-25 

1  +  1  +  2-    1  +  5-30 

.*.  —  5  is  not  a  root. 

10.  (0.2)  a^  -  2.2  a^»  +  3.4  X- 0.6  =  0. 

1-2.2  +  3.4-0.610.2 
+  0.2  -  0.4  +  0.6 

1  -  2.0  +  3.0  +  0 
.'.  0.2  is  a  root. 
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Find  the  values  of  the  following  expressions,  when  for  x  we 
put  the  nnmbers  opposite  the  expressions. 

11.  2j«  +  3^+6jt-10  (2). 

2  +  3+   6-10[2 
4  +  14  +  38 

2  +  7  +  19  +  28 
.*.  The  required  value  is  28. 

12.  3x»-5j*  +  2xa  +  3*-16  (3). 

3-6+   2+    3-   15[3 
9  +  12  +  42  +  135 

3  +  4  +  14  +  45  +  120 
.'.  The  required  value  is  120. 

13.  i*-4j«+7x9  +  9*+12  ("3). 

1-.4+    7+   9+    12I-3 
-3  +  21-84  +  225 

1  -  7  +  28  -  75  +  237 

.-.The  required  value  ia  237. 

Exercise  133. 

Solve  the  equations : 

1.   ar»  — 3ar  +  2  =  0. 

1  is  obviously  a  root.     Dividing  by  aj  —  1,  we  have 

1+0-3  +  21+1 
1  +  1-2 


1+1-2+0 


The  reduced  equation  is  a^  +  a?  -  2  «  0,  of  which  the  roots  are  1 
and  -  2. 
/.  The  roots  of  the  given  equation  are  1,  1,  —  2. 
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+  1  and  —  1  are  not  roots.    Try  +  2. 

1  +  1 -16 +  20  [2 
2+   6-20 


1+3_10+   0 


.'.  +  2  is  a  root.    The  reduced  equation   is  a;'*  +  3  a;  — 10  =  0,  of 
which  the  roots  are  2  and  —  5. 

.'.  The  roots  of  the  given  equation  are  2,  2,  —  6. 

3.  a:8-8a:2  +  21ar-18  =  0. 

+  1  and  —  1  are  not  roots.    Try  +  2. 

1_8  +  21-18[2 
2-12  +  18 

1-6+   9+   0 

.*.  +  2  is  a  root.     The  reduced  equation  is  0^-6 a: +  9  =  0,  of 
which  the  roots  are  3  and  3. 

.'.  The  roots  of  the  given  equation  are  2,  3,  3. 

4.  a^-a;2- 8a: +12  =  0. 

+  1  and  —  1  are  not  roots.     Try  +  2. 

1_1_8  +  12[2 
2  +  2-12 

1+1_6+    0 

.*.  +  2  is  a  root.    The  reduced  equation  is  a;*  +•  a;  —  6  =  0,  of  which 
the  roots  are  2  and  —  3. 
.*.  The  roots  of  the  given  equation  are  2,  2,-3. 

5.  a:8  +  3a:2  — 4  =  0. 

+  1  is  a  root.    Divide  by  a;  —  1. 

l+3  +  0-4[l 

1  +  4  +  4 

1+4+4+0 

.*.  +1  is  a  root.     The  reduced  equation  is  a;' +  4aj  +  4*»0,  of 
which  the  roots  are  —  2  and  —  2. 
.-.  The  roots  of  the  giv«n  equations  are  1,  -  2,  -  2. 
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+  1  and  —  1  are  not  rooto.    Try  +  2. 

1  +  2-11-12 -f  36  [+J 
2+   8-   6-36 

1+4-   3-18+  0 

.'.   f  2  is  a  root.    The  reduced  equation  is  x'  +  4x*— 3x  —  18  =  0. 

Try  2  again. 

1+4-   3-18[2 

2  +  12  +  18 

1+6+   9+  0 

/.  +  2  is  again  a  root.    The  reduced  equation  is  2'  +  6x  +  9  =  0, 
of  which  the  roots  are  —  3  and  —  3. 

.*.  The  roots  of  the  given  equation  are  2,  2,  —  3,  —  3. 

7.  *4-:r»-10T»  +  4a;  +  24  =  0. 

+  1  and  —  i  are  not  roots.    Try  2. 

1-.1_10+   4+24|^ 
2+   2-16-24 


1  +  1_   8-12+   0 


.*.  +  2  is  a  root.    The  reduced  equation  is  x'  +  a^  — 8aT— 12  =  0. 

Try  3. 

1  +  1-   8-12(3 

3  +  12  +  12 

1+4+    4+    0 

.'.  +  3  is  a  root.     The  reduced  equation  is  a^  +  4a;  +  4  =  0,  of 
which  the  roots  are  —  2  and  —  2. 
.•.  The  roots  of  the  given  equation  are  2,  3,  —  2,  —  2. 

8.  x*-4*«-18ia+108x-136  =  0. 

+  1  and  —  1  are  not  roots.    Try  3. 

1-.  4 -18  +  108 -135  [3 
3-   3-   63  +  136 

1-1-21+46+     0 
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.-.  +3  is  a  root.    The  reduced  equation  is  x*  —  a:*  —  21  jc  +  45  =  0. 
Try  3  again. 

1-1-21+4513 
3+   6-45 

1+2-15+   0 

.'.  +  3  is  again  a  root.    The  reduced  equation  is  a:'  +  2  jc  —  15  =  0, 
of  which  the  roots  are  3  and  —  5, 

.'.  The  roots  of  the  given  equation  are  3,  3,  3,  —  5. 

9.  a* -40  0^+160x2 -240  a: +128  =  0. 

+  1  and  —  1  are  not  roots.    Try  2. 

1  4.  0  -  40  +  160  -  240  +  128  [2 
2+4-   72  +  176-128 

1  +  2  -  36  +    88  -   64  +     0 

.-.  +  2  is  a  root.   The  reduced  equation  is 

a;*  +  2ar»  -  36a;2  +  88a;  +  64  =  0. 

Try  2  again.  1  +  2  -  36  +  88  -  64  [2 

2+   8-56  +  64 

1+4-28  +  32+    0 

.*.  +  2  is  again  a  root.    The  reduced  equation  is 

ar»  +  4a;2- 28a; +  32  =  0. 

Try  2  again.  1+4-28  +  32(2 

2  +  12-32 

1+6-16+   0 

.'.  +  2  is  again  a  root.     The  reduced  equation  is  a;^  +  6  a;  —  16  =  0, 
of  which  the  roots  are  2  and  —  8. 
.-.  The  roots  of  the  given  equation  are  2,  2,  2,  2,  —  8. 

10.  ar6-4a^-13ar8  +  52a:2  +  36a:-144  =  0. 
+  1  and  —  1  are  not  roots.    Try  2. 

l-4-13  +  52  +  36-144[2 
2-   4-34  +  36  +  144 

1-2-17  +  18  +  72+     0 
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.-.  -h  2  u  a  root.    The  redoced  equation  is  «*-2x»-17x*+18a?+72=0. 
Try  3, 

1-2-17  +  18  +  72(3 
3+   3-42-24 

1  +  1«14_24+   0 

.*.  +  3  i»  A  root    The  redaoed  eqaAtion  is  a^  +  ai*  —  14x  —  24  =  0. 
Try  4 

1  +  I_14_24t4 

4  +  20  +  24 

1  +5+   6+   0 

.'.  +  4  is  A  root    The  reduced  eqaation  isa:'  +  5x  +  6  =  0,  of  which 
the  roots  are  —  2  And  —  3. 
.-.  The  roots  of  the  given  equations  are  2,  3,  4,  —  2,  —  3. 

11.  x«  +  2jt»-6:t«-12x-4  =  0. 

+  1  and  —  1  are  not  roots.    Try  —  2. 

1-1.2-5-12-41-2 
-2  +  0  +  10  +  4 

1 +0-6-   2+0 

.*.  —  2  is  a  root.    The  reduced  equation  iso^-  5aj— 2  =  0.    Try  —  2 
again. 

14.0-5-21-2 

-2+4+2 

1-2-1+0 

.♦.  —  2  is  again  a  root.    The  reduced  equation  is  jb"  —  2*  —  1  =0,  of 
which  the  roots  are  1  +  V2  and  1  -  >/2. 

.-.  The  roots  of  the  given  equation  are  —  2,  —  2,  1  +  \/2,  1  —  V2. 
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Exercise  134. 
Form  the  equations  of  which  the  roots  are : 

1.  2,3,-5.  4.  3,4,-6. 

(x  -  2)(x  -  3)(x  +  5)  =.  0.  (x-  3)(x  -  4)(a;  +  6)  =  0, 


or 


x*- 19a; +  30  =  0. 


2.  3,1,-2. 

(x  -  3)(x  -  l)(x  +  2)  =  0, 
or    x'3_2a;2-5x  +  6=-0. 

3.  2,-3,-2. 

(x  -  2)(x  +  3)(x  -I-  2)  =  0, 
orx»  +  3x2-4x-12  =  0. 


or      x»-x»-30x  +  72  =  0. 

5.  3,0,-4. 

(x-3)x(x  +  4)  =  0, 
or  x*  +  x»-12x  =  0. 

6.  2,  3,  j. 

(x  -  2){x  -  3Xx  -  J)  =  0, 
or  x»--y-x»  +  -Va;-3  =  0. 
or2ar»-llx3  +  17x-6  =  0. 


7,  3+  V2,  3- V2,  -6. 

(x  -  3  -  y/2){x  -  3  +  V2)(x  +  6)  =  0, 
or  x'-29x  +  42  =  0. 

8.  1  +  V3,  1  -  V3,  J, 

(a;  _  1  _  y/S)(x  -  1  +  V3)(x  -  J)  =  0, 
or  x*  —  f  x^  —  X  +  1  =  0, 

or  2x'-5x»-2x  +  2  =  0. 


9.   1,3,-2,-4. 


or 


(a;  _  l){x  -  3)(x  +  2)(x  +  4)  =  0, 
X*  +  2x»  -  ISx"  -  14x  +  24  =  0. 


10.  2,  J, -2, -J. 


(x-2)(x-}XaJ  +  2)(x  +  j)  =  0. 

or 

(x»  -  4Xx''  -  i)  =  0. 

a^_Ya;2  +  l  =  0, 

or 

4x*-17x»  +  4  =  0. 

11.  J,ia. 

-i. 

(^-J)(^'-J)(a^-i)(^  +  J)  =  0. 

or 

x*_^,a,'8-ix«  +  AaJ-A  =  0. 

or 

48x*-28r»-8x2  +  7x-l  =  0. 
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12,   l  +  v^2,  l-\/2,  V3+1.  -\/3  +  l. 

(x-  1  -  V2Xx -  1  +  V2Xx -  >/3 -  IXx  +  V5  -  1)  =  0, 
or  x*-4x"  +  «*  +  6x  +  2  =  0. 


18.  2+V^,  2-^/^.  1  +  2V=^,  1-2^=^. 

IX  -  2  -  V-  IXx  -  2  +  V^X-"^  -  1  -  2V^XJJ  -  1  +  2V^^) 


or 


0, 
X*  -  6x»  +  18x»  -  30x  +  25  =  0. 


or 


14.  1,  -2»  3»  -4»  6. 

(x  -  IXx  +  2Xx-3Xx  +  4Xx-5)  =  0. 
x»-3x*-23x»  +  51x»  +  94x- 120  =  0. 


or 


16.  J.  1,  i  2, 8. 

{x-lX*-JX^ 
ai_6x*  +  y;x» 


JXx-2Xx-3)-0. 
Vx»  +  Ux-i  =  0. 


Exercise  135. 

Construct  the  graphs  of  the  following  functions : 
1.  x«  +  3x-10. 
Put  y-x»  +  3x-10. 


x  = 

y  = 

x=» 

y  = 

0 

-10 

-1 

-lU 

-8} 

-1 

-12 

1 

-6 

-1 

-121 

i 

-3} 

-2 

-12 

2 

0 

-i 

-lit 

f 

3} 

-3 

-10 

3 

8 

-i 

-81 

-4 

-6 

-1 

-31 

-5 

0 

-  -V- 

3} 

-6 

8 

-x^ 


y 


i- 


^' 


i^ 
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The  curve  crosses  the  axis  X^X  at  the  points  for  which 

ar^+3x  — 10  =  0 
or  (ar+5)(ar  — 2)=0 

/.  a:  =  2,  or  —  6 


2.   0:8-2x2+1. 

Put  y  =  x^-'2x^ 

+  1. 

x=          y  = 

x  = 

y  = 

0              1 

-J 

t 

\             i 

-1 

-2 

1             0 

-f 

-«i 

f      -i 

-2 

-17 

2              1 

f         H 

3             10 

X' 


fM- 


Y' 

The  curve  crosses  the  axis  X  'X  at  the  points  for  which 

x8-2a:2+l  =  0 
or  (ar  — l)(a:2  — ar-l)  =  0 

1  i 


A- 


ar  =  1,  or 


8.  a:*-20x2. 

f  64. 

Put  y  =  a:*  - 

20x2 

+  64. 

x  = 

y  = 

0 

64 

±i 

^^^ 

±1 

45 

±t 

24A 

d:2 

0 

±i 

41  1  5 

±3 

-35 

±i 

-30H 

±4 

• 

0 

J.  9 

69rV 

x- 


-*ms-o-^ 


V 


X- 


±5 


189 


The  curve  cuts  the  axis  X'X  in  the  points  for  which 

a:*-20x2  +  64  =  0 
or  (x2-16)(x2-4)  =  0 

,'.  X  =  ±  2,  or  ±  4 
The  curve  is  evidently  symmetrical  with  respect  to  the  axis  YT. 
In  the  figure  the  curve  has  been  shortened  vertically.    Each  division 
on  the  r'Faxis  represents  10  units. 
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x=-4x 

+  10. 

t 

,  =  x»- 

-4 

x+10 

x  = 

9  = 

X=                   Jf  = 

0 

10 

-1              15 

1 

7 

-f              22 

2 

0 

3 

7 

4 

10 

5 

15 

The  cnnre  does  not  cat  the  axis  X'JT. 
For      jr3-4x+10=(x-2)«  +  6, 
mod  this  is  never  negative. 

ft.   ^-5^  +  4. 

Let  5  =  x<-5x«  +  4 

x=  jr  = 

0  4 

il  0 

:k2  0 


±1 


lUi 


•z" 


-A'- 


/ 


,. 


7^r 

V 


y 


'X- 


rX- 


The  conre  cuts  the  axis  X'JTin  the  points 

for  which 

x»-5^  +  4  =  0  - 

or  (ja-l)(ja-4)=0 

.*,  X  =  ±  1,  or  ±  4 

The  curve  is  cTidentlj  symmetrical  with  respect  to  the  axis  T'  F. 

In  the  figure  the  curve  has  been  magnified  horizontally  and  shortened 
vertically. 

Thus  4  divisions  of  the  X'X  axis  represent  1  unit,  while  1  dirision 
of  the  y  Y  axis  represents  10  units. 


6.    x»-4x2  +  x- 
Let 

-1. 

y  =  x»-4x3  +  x-l 

x  = 
0 

i 
I 

y=                    x  = 
-1                     -J 

-IJ                  -1 
-3                    -1 

-2f 
-7 

-14i 
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x  = 

8 


y  = 

-7 

0;  = 

i 

4 

y- 

-3t 
3 

-n 

f 

13t 

3  -7  i 

The  carve  cuts  the  axis  X^X  in  the  -^ 
points  for  which 

From  the  figure  it  appears  that  two  of  

these  points  are  imaginary,  while  the 
third  lies  between  J  and  4. 

The  figure  is  magnified  horizontally. 
Two  divisions  of  the  X^X  axis  represent 
1  unit. 


V 


/\ 


\ 


V 


r 


-Oh 


Exercise  136. 


Find  the  derivatives  with  respect  to  x  of : 
1.  x\         2.  ofi.         3.  a^.  4.   3x6.         5.  3.-2. 


2x, 


3a«. 


4a:». 


15  a;*. 


-2x 


6 

JC*' 


7.  ar»  +  2x.        8.  x2  +  3a:  +  4.        9.  3a:*  +  2ar»  + 5x2  + 6x  + 4. 
3a?»  +  2.  2a; +  3.  12a;»  +  6  a;*  +  lOx +.6. 


10.   (x  +  3)2. 
2(a;  +  3). 


12.   (x+l)-2. 

V(a;  +  A+1)«  "" (x  +  1)V  "^ 


11.   (x  +  a)8. 
3(x  +  a)«. 


(x  +  1)«  -  (x  +  A  4-  ly 
^(x  +  A  +  l)»(x  +  l)» 

-2^(x  +  l)-A« 
A(x  +  ^  +  l)»(x  +  l)« 

-2(x  +  l)  +  A 


Put 


A  = 


Then  the  derivative  =  - ^^  \]l 

(a;  + 1)* 


(x  + /i  +  l)»(x  +  1)« 

0. 

2 
(a;  +  l)» 
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13. 


1 


*«-l 


((x+A)»-l      x3-lj 

A[(«  +  A)»-l](x«-l) 

-2^  +  A« 
A[(x  +  A)»-l](a:«-l) 

2x-h 
[(*  +  A)«-lK^-l) 

2.T 

(x»  - 1)«* 


A. 


Exercise  137. 

The  following  equations  have  multiple  roots.     Find  all  the 
roots  of  each  equation. 

1.  a«-6x«+7x-3  =  0. 

/(x)  =  a:»-5a«  +  7a;-3, 
/(x;-3«»-10x  +  7. 

Find  the  H.  C.  F. 


3-10  +  7 
3-   3 

1-  5+    7-   3 
3 

-  7  +  7 

-  7  +  7 

3-15  +  21-   9 
3-10+    7 

• 

-   5  +  14-   9 
3 

-15+42-27 
-15+50-35 

-8)-   8+    8 
I-   1 

1 


-5 


.  3-7 
.-.  x-listheH.  C.  F. 

We  find  a:»-5x*  +  7x-3=i(x-l)«(x-3). 

.-.  The  three  roots  are  1,  1,  3. 

2.  x»-3x«  +  4  =  0. 

/(x)-x»-3x«  +  4,/(x)  =  3x*-6x  =  3x(x-2). 
If  there  is  a  H.  C.  F.,  it  must  be  x  —  2. 
We  find  ar»-3x«  +  4  =  (x-2)«(x  +  l), 

.-.  The  roots  are  2,  2,  -  1. 
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3.   a:* -2x8 -7x2  + 20a: -12  =  0. 

fix)  =  I*  -  23? -1x^  +  20 .T  -  12,  f{x)  =  4a;3  _  (3a,2  _  14a.  _j.  20. 
Find  the  H.  C.  F. 


•)4_      6-14+    20 

1 

-2-    7  +  20-12 

2-      3-      7+10 

2 

17 

2 

-4-14  +  40-24 

1 

34-   51-119  +  170 

2 

-3-    7  +  10 

34  _  106+    76 

- 

-1-   7  +  30-24 

5)  55  -  195  +  170 

- 

2 

11-   39+    34 

-2-14  +  60-48 

-1 

17 

- 

_2+    3+    7-10 

'  187  -  663  +  578 

-17  +  53-38 

-2-11 

187-583+418 

-17  +  34 

-17  +  19 

80)-    80+160 

19-38 
19-38 

1-     2 

.-.  The  H.  C.  F.  is  0?  -  2. 

We  find        a:*  -  2ar^  -  7x2  +  20a;  -  12  =  (a;  -  2f{y?  +  2x 

The  roots  of  x*  +  2x  -  3  =  0  are  1  and  -  3. 

.*.  The  roots  of  the  given  equation  are  1,  2,  2,  —  3. 


-3). 


4.  x*-2j«8-11x2+12x+36  =  0. 

fix)  =  X*  -  2x8  -  11  x2  +  12x  +  36,  f\x)  =  4x»  -  6 x« -  22x  +  12. 
Find  the  H.  C.  F. 


2)4-6-22  +  12 
2-3-11  +    6 

1_2-11+12+    36 

2 

2-2-12 

-1+    1+    6 

2-4-22  +  24+    72 
2-3-11+    6 

-1+    1+    6 

-1-11  +  18+    72 

2 

-2-22  +  36  +  144 

-2+   3  +  11-     6 

-25)- 25 +  25 +  150 

1-    1-     6 

-1 


2-1 


.-.  TheH.C.F.  is  x*-x-6  =  (x  +  2)(x-3). 

Therefore     x*-2x»-llx2  +  12x  +  36  =  (x  +  2fix  -  3)«. 

.'.  The  roots  of  the  given  equation  are  -2,-2,  3,  3. 
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6.  jr«-24:t«  +  04x-48  =  0. 

/(x)-«*-24x"  +  64x~48,    /(x)  =  4x»  -  48a:  +  64. 
Find  the  U.  C.  F. 


4)4+0-48  +  64 


1 

+  0- 

12  f 

16 

1 

-4  + 

} 

4- 

16  + 

16 

4- 

16  + 

16 

1+0-24  +  64-48 
1  4-0  _  12 +  16 
-  12)- 12 +  48-48 
1-4+4 


1+4 


.  The  H.  C.  F.  U  x«  -  4  X  +  4  =  (x  -  2)«. 
We  find  X*  -  24x»  +  64x  -  48  =  (x  -  2f{x  +  6). 

.-.  The  roots  of  the  given  equation  are  2,  2.  2,  —  6. 


6,  x*+x«-17x«-21x«+72x+108  =  0. 

/(x)  =  x*  +  x*-17x»-21x«  +  72x+108, 
f{x)  -  5««  +  4x»  -  51x»  -  42x  +  72. 

Find  the  H.  C.  F. 


5+    4_    5i_    42+      72 

29 
145+116-1479-1218+  2088 
1 45  f  220-1235-2190 

1+1_  17-  21+     72+  108 

5 
5+5     85    105+  360+  540 
5+4_  5i_  42+     72 

1     34     63+  288+  540 

5 

5-170-315+1440+2700 

5+    4_  6i_    42+     72 

-6)  -174-264+1482+2628 

29+  44-  247-  438 

29-  29-  174 

73)73-     73-  438 

1 

.4)_104-  244  f  972+  2088 
26+     61-  243-     522 

29 

1 

754+1769-7047-15138 
754+1144-6422-11388 

625)625     625     3750 
1-       1-        6 

1+26 
29 

1-      1-      6 
1-      1-      6 

1 

.-.  The  H.  C.  F.  ifl  x» -X -6  =  (x - 3){x  +  2). 
We  find 

a^  +  a:*  _  17x»  -  21  x»  +  72x  +  108  =  (x  -  3)«(x  +  2)«(x  +  3). 
.•.  The  roots  of  the  given  equation  are  3,  3,  —  2,  —  2,  —  3. 


TEACHERS     EDITION. 


533 


7.   a:«-5a^  +  5a:*  +  9a:8-14ic2-4a:  +  8  =  0. 

/(a)  =  »«  -  5ar*  +  5a;*  +  9ar»  -  14a;»  -  4  j;  +  8, 
f\x)  =  Q>3^  -  25a;*  +  20ar»  +  27a;«  -  28x  -  4. 

Find  the  XL  C.  F. 

6-    25+    20+    27-    28-      4 

65 


390-1625+1300+1755-1820-  260 
390-1572+1206+1560-1608 

-  53+     94+  195-  212-  260 

-  53+  742-1749-  212+2332 

- 648)-  648+1944+       0-2592 
1-      3+       Of       4 


1 

-  5+ 

5+     9- 

14- 

4+ 

8 
6 

6 
6 

-30+ 

-25  + 

30+  54- 

20+  27- 

84- 

■  28- 

24+  48 
4 

-  5  + 

10+  27- 

-  56- 

20+  48 
6 

-30+  60+162- 
-30+125-100- 

336-120+ 
■135+H0+ 

288 
20 

— ^ 

65+260- 
53+  94  4 

201- 
195-. 

260-r 
212- 

2b8 
260 

12)- 

12+168-- 

396- 

48+528 

1-  14+  33+ 
1-    3+    0+ 

4- 
4 

44 

-  11+  33+ 

-  11+  33  + 

0 

0- 

44 

44 

-5 


-6 
1 

-53 
1 

-11 


.-.  The  H.  C.  F.  is  a;3  _  33,2  ^  4  _  (3,  ^  l)^^.  _  2)2, 

We  find  a;*-5ar»  +  5a;*  +  9ar»-14a:''-4a;  +  8  =  (x  +  l)2(a;-2f(a;-l). 
.*.  The  roots  of  the  given  equation  are  —1,-1,  2,  2,  2,  1. 

Exercise  138. 

Multiply  the  roots  of  each  of  the  following  equations  by  the 
number  placed  opposite  the  equation. 

1.  a:8-5a:2  +  2a:-3  =  0  (-1) 
ar»  +  5a;2  + 2a; +  3  =  0. 

2.  x*  +  4a:2  +  3ar  +  5  =  0  (2). 

a;*  +  4(2)V  +  3  {2fx  +  5  (2)*  =^  0, 
or  rc*  +  16a;2  +  24a;  +  80  =  0. 

2ar»  -  3(-  2)x«  +  5(-  2fx  -  7(-  2)», 
or  20,-3  +  6  a;2  +  20  a;  +  56  =  0. 
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4.  6jr«-8j*  +  2x-6  =  0  (5). 

5x*  -  3(5)a*  +  2(5fx  -  6(5)*  =  0. 
or  5**  -  15jt"  +  250 jp  -  3150  =  0. 

Write  the  equations  which  liaye  for  their  roots  the  reciprocals 
of  the  roots  of  the  following  equations : 

6.  2jr»  +  3*«-«-2  =  0.        6.    3jf«  + 5a^  — *«+ 2x+ 3  =  0. 

2  f  3x-jr»-22»=0.  3  +  5x-x»  +  2a:«  +  3a;*  =  0, 

or        21*  f  x«-3r-2  =  0.         or     3x*  +  2a:' -  x*  +  5x  +  3  =  0 

7.  2x»+3x<-6x»  +  6r«-3x-2  =  0. 

2  +  3x  -  6a:«  +  6 x*  -  3aJ*  -  2a*  =  0, 
or  2a*  +  3x*-6x»  +  6x»-3x-2  =  0. 

Diminish  the  roots  of  each  of  the  following  equations  by  the 
number  opposite  the  equation : 

8.  x*  +  4x«-12x-17  =  0        (2). 

1  +   4-12-17[2 
2  +  12+   0 

1+   6+   0-17 
2  +  16 

1+8  +  16 
2 


1  +  10 

x»  +  10x»  +  16x-17  =  0. 

9.  3x*-10x»  +  2x3-5x+6  =  0        (3). 

3-10+    2-   5+   6[3 
9_   3_   3_24 


3-   1-   1-   8- 
9  +  24  +  69 

-18 

3+    8  +  23-r61 
9  +  51 

3  +  17  +  74 
9 

3  +  26 

3x*  +  26x»  +  74a:*  +  61ar- 18  =  0. 
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10.  a:6-5a:8-4a^  +  8r+10  =  0         (-2). 

2 


a^-lOic 


+   0-   5-    4+    8  +  lOL 
-2+4+2+4-24 


-  2-    1-    2  +  12-14 

-  2+    8-14  +  32 


-  4+    7-16  +  44 

-  2  +  12-38 


-   6  +  19-54 
-2  +  16 


8  +  35 
2 


-10 

+  35a;»-54a;M  44ar-14-0. 


Exercise  139. 

All  the  roots  of  the  equations  given  below  are  real ;  determine 
their  signs. 

1.  x*  +  4a:3-43x2-58a:  +  240  =  0. 

The  order  of  signs  is        +     +     —    —     +. 

There  are  two  variations  and  two  permanences. 

.'.  There  are  two  positive  roots  and  two  negative  roots. 

2.  x8-22ar2+165a:-360  =  0. 

The  order  of  signs  is        +        —        +        — 

There  are  3  variations.        .*.  There  are  3  positive  roots. 

3.  a^  +  4ar»-35ar2-.78x  +  360  =  0. 

The  order  of  signs  is        +     +     —    —     + 

There  are  two  variations  and  two  permanences. 

.'.  There  are  two  positive  roots  and  two  negative  roots. 

4.  ar8-12ar2-43a:-30  =  0. 

The  order  of  signs  is         +    —    —    — 

There  are  one  variation  and  two  permanences. 

.'.  There  are  one  positive  root  and  two  negative  roots. 
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The  order  of  ^igofl  is        +    ~    —    +     4-     — 

There  ftre  three  ▼ariatioiis  and  two  permanences. 

.'.  There  are  three  positive  roots  and  two  negative  roots. 

6.  j*-12x«+47x-60  =  0. 

The  order  of  signs  is        +    —    +    — 

There  are  three  variations.        .*.  There  are  three  positive  roots. 

7.  Show  that  the  equation 

has  at  least  two  Imaginary  roots. 

The  order  of  signs  is        +000    —    —    + 
If  we  take  the  0  terms  as  all  positive,  we  have 

+     +     +     +    —    —     +        two  variations, 

so  that  there  are  not  more  than  two  positive  roots ;  and  if  we  take 
the  first  two  negative  and  the  third  positive,  we  have 

+    —     —     +     —    —     +        two  permaneDce.*), 

80  that  there  are  not  more  than  two  negative  roots. 

.'.  There  are  then  not  more  than  two  positive  rouU,  and  not  more 
than  two  negative  roots. 

.'.  There  are  at  least  two  imaginary  roots. 

8.  Show  that  the  equation 

x»+15x^+7t-11  =  0 
has  two  imaginary  roots,  and  determine  the  signs  of  the  real  roots. 

The  order  of  signs  is 

+    0     +     +    - 
We  may  write  the  signs 

either  +    +     +     +    —    one  variation, 

or  +     —    -I-     +    —    one  permanence. 

.*.  There  is  not  more  than  one  positive  root,  and  not  more  than  one 
negative  root. 

.*.  There  are  at  least  two  imaginary  roots. 

There  cannot  be  four  imaginary  roots.  For  if  o  +  jSi,  a  —  iSi,  7  +  5i, 
and  y~8i  are  roots,  their  product  is  (o'  +  ^'Xt*  +  ^)'  which  is  posi- 
tive, whereas  —  11  is  negative. 

.*.  There  is  one  positive  root,  one  negative  root,  and  two  imaginary 
roots. 
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9.  Show  that  the  equation  x**  —  1  =  0  has  but  two  real  roots, 
+  1  and  —  1,  when  n  is  even ;  and  but  one  real  root,  +  1,  when  n 
is  odd. 

The  order  of  signs  is 

+    00    - 

If  we  take  the  zeros  all  positive,  we  have 

+     +     +    +     - 

This  gives  only  one  variation,  and  consequently  only  one  positive 
root,  namely  + 1. 

If  n  is  even,  the  equation  is  unchanged  when  we  put  —  x  for  x. 

There  will  therefore  be  only  one  negative  root,  namely  —  1. 

But  if  n  is  odd,  the  sign  of  ar*  is  changed  when  we  put  —  x  for  rr, 
and  the  order  of  signs  becomes 

_000---- 
which  we  may  take 

Here  there  is  no  variation,  and  consequently  the  equation  re"—  1  =  0 
has  no  negative  root  in  this  case. 

10.  Show  that  the  equation  x*»  +  1  =  0  has  no  real  root  when  n 
is  even ;  and  but  one  real  root,  —  1 ,  when  n  is  odd. 

The  order  of  signs  is      +00    + 

This  may  be  taken  as     +     +     +     +     + 

There  is  then  no  variation,  and  therefore  no  positive  root. 
Or,  if  n  is  even,  we  may  take 

+    -     +     -     +     -     -     + 

There  is  then  no  permanence,  and  consequently  no  negative  root. 
But  if  n  is  odd,  we  have 

+     -     +     -     +     -     -     +     + 

There  is  only  one  permanence,  and  therefore  only  the  one  negative 
root,  —  1. 


{■^KRCISB    140. 

PiDd  Um  commeasanble  roots  and,  tf  poaalble.  all  the  roots 
of  the  following  equations : 
1.  i*  +  2i«-«x  +  04  =  0. 

TI.»f»rl-.rer>rilUroil.  t  i  t  4.  ±  8,  t  Ifi,  i  32.  ±  64. 
(  1  aru  nol  rooU.     Try  2. 

1  +2-40  +  fil[2 
24-    B-til   ' 

1+4-32+    U 
2 11  a  root     "ITio  reduced  eqoatioo  is  i*  +  4 1  —  32  =  0,  of  which 
tlic  roobi  are  4  and  -  8. 

.-.  The  rooU  of  th«  Riven  eqoalion  are  2,  4.  -  8. 

3.   »»-3r»-10r  +  24  =  0. 

The  facU.rs  of  21  arn  i  I,  ±  2.  ±3.  ±i,  ±ti.  tS,  ±  12,  ±  24. 

*  I  are  not  roots.     Try  2. 


2i3arool.    The  red 

rnoU  are  4  a.v\  ~  3. 
.-.  TliB  nwitii  of  (lie  f 
S.   r*  +  T>-30x»- 
Thc  fartora  of  72  ;»ro 


0  is  a  root.  Tho  oti 
4.  r'-7»»-6i'- 
The  factors  of  Ifi  art 
t  I  are  not  roots.     1 
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5.    : 

£*-ei*+lTii  +  2Tj- 

-60  = 

=  0. 

The 

1  factors  of  60 

are  tl. 

i2. 

1  3.  ,  4.  .  5  ,  .•   , 

±20, 

±  30,  ±  60. 

±1 

are  not  roola. 

Try  4. 

1-9  + 

17- 

•>-      iV.  1 

4- 

2ii- 

1-5- 

TT 

1--. .  *} 

4i8arooL    Try  5 

1-5- 
5-t 

3- 

0- 

1'  - 

5  la  a  root.    The  re Incel  <^)iiali"a  i-  r=     "     *■' 
are  +  v^  and  -  Vi. 

:.  The  roots  of  the  giTea  C'jaaiiiD  ar--  4.  '<   r  ^ 


6.  lBi'-3:Jr'-l3i»+12T  +  4^0. 

Multiply  the  roots  by  6,    Th-  i'^^'.:  e;  -;- 

18^-33fi,r>-U   ^.^  -  \2 

or      .  i*-lli>-2Ci'  +  144r.  ;.•"- 

The  factors  of  2SS  are  *  1.  ±  2.  r  X  ■  4. 
1 18,  ±  24,  ±  32,  i  4S,  i  72.  ^  •>■.  =  LH.  .  2" 

z^  1  are  not  roola.    Try  4. 

1_  7-51-   ::•  - 
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7.  27a*-72j*  +  38je«  +  8r-.4  =  0. 

Multiply  the  roots  by  3.    The  resulting  equation  is 

27«*  -  72.3  a*  +  33.9  a:»  +  8.27  a;  -  4.81  =  0. 

or  a5*-8«»  +  lla:*  +  8a;-12  =  0. 

The  factors  of  12  are  db  1,  ±  2,  db  3,  ±  4,  db  6,  ±  12. 
+  1  is  a  root     —  1  is  a  root. 

1-8  +  11+   8-12[l 
1-   7+   4  +  12 


1-7+   4  +  12+   0|-1 

-1  +   8-12 
1-8  +  12+   0 
The  reduced  equation  is  a*  —  8  a:  +  12  =  0,  of  which  the  roots  are 
2  and  6. 
.-.  The  roots  of  the  given  equation  are  },  -  J,  f ,  f ,  or  },  —  J,  f ,  2. 

8.  36*»-60x<-167:r«  +  62ara+57ar-18  =  0. 

Multiply  the  roots  by  6.    The  resulting  equation  is 
36a*-60-6af»-167-36x»  +  52-216x»  +  57-1276a;-18-7776  =  0, 

or     I*  -  10a?*  -  167x»  +  312a:»  +  2052x  -  3888. 

The  simplest  factors  of  3888  are  ±1,  ±2.  ±  3,  ±  4,  ±  6,  ±  8,  ±  12, 
i:  16.  ±  18. 

i:  1  are  not  roots.     Try  2. 

1  -  10  -  167  +  312  +  2052  -  3888  [2^ 

2-    16-366-    108-3888 
1-   8-183-   54  +  1944+       0 

2  is  a  root.    Try  3. 

1-8-183-    54  +  1944[3 

3-    15-594-1944 
1  _  5  _  198  -  648 

3  is  a  root.    Try  18. 

1-   5-198-648[18 
18  +  234  +  648 


1  +  13+    36 
18  is  a  root.    The  reduced  equation  is  a:*  +  13  a?  +  36  =0,  of  which 
the  roots  are  —  4  and  —  9. 

.-.  The  roots  of  the  given  equation  are  f ,  |,  y,  -  4.  —  f.  ^r  J,  J,  3, 


-h- 


teachers'  edition.  541 


Exercise  141. 

Determine  the  first  significant  figure  of  each  real  root  of  the  follow- 
ing equations : 

1.  a:«  — x2_2.T+l  =  0. 

There  are  not  more  than  two  positive  roots  and  not  more  than  one 
negative  root. 

/CO)      =1 

f(OA)     =  0.104  .-.  one  root  is  +  0.4  + 

yXO.6)     =  0.125 

/(I)        =  - 1 

f(2)        =  +  1  .*.  one  root  is  +  1.  + 

/(-I)  =1 

/{—  2)    =  —  7  .'.  one  root  is  —  1.  + 

2.  a*  — 6a:  — 3  =  0. 

There  are  not  more  than  two  negative  roots  and  not  more  than  one 
positive  root. 

/(O)        =-3 

yxi)    =-7 

/(2)        =-6 

yX3)   "    =  9  .-.  one  root  is  +  2.  + 

/(- 0.6)  =  -0.216 

y(—  0.7)  =  0.157     .-.  one  root  is  —  0.6  + 

yic-1)   =1 

/(—  2)  =  —  1      /.  one  root  is  —  1.  + 

3.  0:8-6x2-1-7  =  0. 

There  are  not  more  than  two  positive  roots  and  not  more  than  one 
negative  root. 


yxo) 

=  7 

/(I) 

=  3 

/(2) 

=  -5 

.•.  one  root  is  -f  1.  + 

/(3) 

=  -11 

/C4) 

=  -9 

/C6) 

=  7 

.'.  one  root  is  +  4.  + 

/C-1) 

=  1 

/(-2) 

=  -21 

.*.  one  root  is  —  1.  + 
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4.  *«  +  2x«-30x  +  39^0. 

There  are  not  more  than  two  positive  roots  and  not  more  than  one 
negative  root 


one  root  ie  +  1.  + 


A^) 

-39 

yii) 

=  12 

yi2) 

=  -6 

yi3) 

=  -0 

A*) 

=  16 

A-i) 

=  70 

A--i) 

=  90 

A-^) 

=  120 

A-*) 

=  127 

A- 6) 

=  114 

A-«) 

=  75 

A-^) 

=  4 

A-») 

=  -106 

one  root  is  +  3.  + 


/.  one  root  is  —  7.  + 


ft.  a:«-6je*  +  34r+5  =  0. 


There  are  not  more  than  two  positive  roots  and  not  more  than  one 

negative  root. 

/(O)        =  0 

/(I)        =8 

f(2)        =  —  5  .*.  one  root  is  +  1.  + 

/(3)        =  - 13 
/(4)        =  - 16 

/(6)        =-5 

/(6)        =  23  .-.  one  root  is  +  5.  + 

/(-I)    =-5 

/(-0.7)  = -0.383 

/(—  0.6)  =  +  0.824  .-.  one  root  is  —  0.6  + 

6.  :r«  +  9je«  +  24ar+17  =  0. 
There  is  no  positive  root. 

/(O)       =  17 

/(-I)    =1 

/(— 2)    =  —  3  .:  one  root  is  —  1.  + 
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/(-3)    =-1 

/(—  4)    =1  /.  one  root  is  —  3.  + 

/(—  6)    =  —  3  .'.  one  root  is  —  4.  + 


7.   x8-16r2  +  63x-60  =  0. 
There  is  no  neg^.tive  root. 


/(O) 

=  -a 

/(I) 

=  -1 

/(2) 

=  24 

/(3) 

=  31 

/(4) 

=  26 

/(6) 

=  16 

/(8) 

=  4 

/(7) 

=  -1 

.*.  one  root  is  +  1.  + 


/.  one  root  is  +  6.  + 
/(8)        =  6  .-.  one  root  is  +  7.  + 

8.  X*  — 8x»+14a:2  +  4x-8  =  0. 

There  are  not  more  than  three  positive  roots  and  not  more  than  one 
negative  root. 

/(O)        =  -  8 

/(0.7)     =  -  0.8439 

/(0.8)  =  +  0.4736    .-.  one  root  is  +  0.7  + 


/(I) 

/(2) 
/(3) 

CO    00      1 

II  II  II 

/(6) 

=  -24 
=  -13 

=  88 

one  root  is  +  2.  + 


.'.  one  root  is  +  5.  + 

/(- 0.7)  =  -.9659 

/(-  0.8)  =  +  2.2666    .-.  one  root  is  —  0.7  + 
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EXERCUiE   142. 

Compute  for  each  of  the  following  equations  the  root  of  which  the 
llrat  flgnre  it  the  number  in  parenthesis  opposite  the  equation.  Carry 
out  the  work  to  three  places  of  decimals : 


L  j»  +  3x-6  =  0 


(1). 


+  0                      +3 
+   1                       +1 

-5  1  1.154  + 
+  4 

+    1 
+   1 

+  4 
+  2 

-1000 
+    631 

+   2 
+    1 

+  600 
+   31 

-369000 
+  339875 

+  30 
+    1 

+  631 
+   32 

-29126000 
+  27025264 

+  81 
+    1 
+  32 
+    1 

+  66300 
+    1675 

+  67075 
+    1700 

-    1199736 

+  330 
+     6 
+  335 
+     5 

+  6967500 
+      13816 

+  6981316 
+      13882 

+  340 
+     5 

6995148 

+  3450 
+        4 
+  3454 
+       4 
+  3458 
+       4 

+  3462 
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2.   a^-6ar-12  =  0 


(3). 


-hO          -  6 
4-3          4-9 

-12  3.134  4- 
4-  9 

00  CO 

4-4- 

4-  3 

4-18 

-3000 
4-2191 

4-6 
4-3 

4-2100 
-H   91 

-809000 
4-  693297 

4-90 
4-  1 

4-2191 
4-   92 

- 116703000 
4-  93713104 

4-91 
4-  1 
4-92 
4-  1 

4-  228300 
4-   2799 

+  231099 
4-   2808 

-  21989896 

4-930 
-h   3 
4-933 
4-   3 

4-  23390700 
4-   37576 

-1-  23428276 
4-    37592 

4-936 
-h   3 

4-  23465868 

4-  9390 
4-   4 
4-  9394 
4-   4 
4-  9398 
4-   4 

. 

4-9402 
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t.  jt*  +  x«  +  x-100  =  0 


W. 


+  1 

+  o 
+  4 

+    1 
+  20 

+  21 
+  36 

- 100  1    4.264  + 

+    84 

-16000 
+  11928 

+  9 

+  4 

+  6700 
+    264 

-  4072000 
4-  3788376 

+  130 
+      2 

+  5964 
+    268 

-  283624000 
+  256071744 

+  132 
+      2 
+  134 
+      2 

+  623200 
+     8100 

+  63131H> 
+      8232 

-  27552256 

+  i;M) 

+        6 
+  1:W;J5 
+       6 

+  631)02800 
+        ^o\m 

+  64017936 
+        5.5152 

+  l:]72 
+        <J 
+  1378 

+ 

+  1378 

+ 

+  1378 

+ 

+  64073088 

0 
4 

4 
4 

8 
4 

+  13792 
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4.   0:8 +10x2  + 6a: -120  =  0 


(2). 


+  10           +6 
+  2           +24 

-120  2.833+ 
+  60 

+  12 
+  2 

+  30 
+  28 

-  60000 
+  57152 

+  14 
+  2 

+  5800 
+  1344 

-  2848000 
+  -2582187 

+  160 

+   8 

+  7144 
+  1408 

-  265813000 
+  260046537 

+  168 
+   8 
+  176 
+   8 

+  855200 
+   5529 

+  860729 
+   5538 

-   5766463 

+  1840 
+   3 
+  1843 
+   3 

+  86626700 
+   55479 

+  86682179 
+   55488 

+  1846 
+   3 

+  86737667 

+  18490 
+    3 
+  18493 
+    3 
+  18496 
+    3 

. 

+  18499 
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ALGEBKA. 


I.   ««4-«Jra4-24r+17  =  0  (-4). 

Change  the  sign  of  the  roou. 

The  retolttng  equation  is  jr*  —  9jr*4-24x—  17  =  0. 


-9                             4-24 
4-4                             -20 

- 17  1  4.5324- 

+  16 

-6 

4-4 

4-   4 
-   4 

-   1000 
4-      875 

-1 

+  4 

000 
4-175 

-125000 
4- 116577 

4-30 
4-   6 

4-175 
4-200 

-     8423000 
4-      8063768 

4-35 
4-    5 
4-40 
4-    5 

4-37500 
4-    1359 

4-38859 
4-    1368 

-       369232 

4-450 
4-      3 
4-453 
+     3 

4-  4022700 
4-        9184 

4-  4031884 
4-       9188 

• 

4-456 
4-      3 

4-  4r>iH) 

4-        2 

4-  45*J2 
4-        2 
4-  45W4 
4-        2 

4-  4041072 

Root  is  -  4.5324- 

+  4596 
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6.    x4-12ar8+12ar-3  =  0 

Change  the  sign  of  the  roots. 
The  resulting  equation  is  a:*  + 


+  12 
±_i 
+  13 
+  1 
+  14 
+  1 
+  15 
+    1 


+  1600 

+ 6 

+  1606 

+ 6 

+  1612 

+ 6 

+  1618 
+       6 


+  16240 
+ 4 

+  16244 

+ 4 

+  16248 

± 4 

+  16252 

+ 1 

+  16256 


+    0 
+  13 

+  13 
+  14 

+  27 
+  15 


(-1). 


12x3-12t-3  =  0. 

-  12 
+  13 


+  420000 
+     963e? 

+  429(586 
+      9672 

+  439308 
+      9708 


+  44801600 
+       64976 

+  44866576 
+        64992 

+  44931568 
+       65008 


+  44996576 


+  1 

+  27 


+  28000000 
+  2577816 

+  30577816 
+  2635848 


+  33213664000 
+   179467304 

+  33393131304 
+   179726272 


+  33572857576 


-3  I  L064-I- 

+  1 


-  200000000 
-i-  183460890 


-  165331040000 
+  133572525216 


-  31758514784 


Root  is  -  1.064+ 


5;yo 


ALGEBRA. 


Change  the  sign  of  the  roots. 
The  resulting  equation  is 

**  +  8j*+14.t3 


1 


(-0). 


+ 
+_ 

+ 
+ 


80 
7 


87 
7 


+ 

+ 


7 


+  101 
+     7 


-f  10W» 

± 3 

-J-10b3 

± 3 

+  lOWi 

± ? 

+  10i<l) 
4        3 


+  10l»2() 

± 2 

+  10922 

+ 2 

+  10924 

± 2 

-f  101)26 

+ 2_ 

4  10928 


+  1400 
+   609 

+  2(Mi9 
+    Co8 

+  2667 
+    707 


-4x-8  =  0. 

-   4000 
+  140C3 

+  10063 
+  18669 


+  33740U 
+     3249 

+  340649 
+     3258 

+  3431H)7 
+     3267 


+  34717400 
+       21844 

+  34739244 
+       21848 

+  34761092 
+       21862 


+  34782944 


+  28732000 
+    1021947 

+  29753947 
+    1031721 


+  30785068000 
+       69478488 

+  30855146488 
+       69522184 


+  30924668672 


-80000  i  0.732  + 
+  70441 


-95590000 
+  89261841 


-63281590000 
+  61710292976 

-    1571297024 


Root  is  -  0  732  + 
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Exercise  143. 


Calculate  to  six  places  of  decimals  the  positiye  roots  of  the  following 
equations  : 

1.   a^-3a:-l  =  0. 


There  is  not 
The  positive 

1    +0 
^    +1 

+  1 
±i 
+  2 
+  1 


more  than  one  positive  root, 
root  lies  between  1  and  2. 


+  30 
+  8 

+  38 
+_8 

+  46 
+  8 


+  640 

+  7 
+  547 
+  7 
+  654 
+   7 


+  6610 

+ ? 

+  6619 
+ ? 

+  5628 
+   9 


+  6637 
+  56 
+  1 


-3 
+i 
-2 

+  2 


000 
+  304 

+  304 
+  3(38 


+  67200 
+  3829 

+  71029 

+  ^3878 


+  7490700 
+  60571 

+  7541271 
+   ^60652 


+  7691923 
+  759192 
+   168 

+  759360 
+   168 


+  759528 
+  75953 

+ 8 

+  75961 

± 8 

+  75969 
+  7597 


-1  i  1.879385  + 
-2 


-  3000 
+  2432 


-  568000 
+  497203 


-  70797000 
+  67871439 


-  2925561 
+  2278080 

-  647481 
+  607688 

-  39793 
+  37986 

-  1808 


:>5i 


ALGEBRA. 


t.  jc«  +  2*«-4x-43  =  0. 

There  b  only  one  potitiTe  root.    It  lies  between  3  and  4. 


+  2 

±i 

+  6 

±3 
+  8 
+  3 


-   4 

+  15 

+  11 
+  24 


+  110 
+   2 

+  112 
+  2 
+  114 
+   2 

+  iieo 

+   6 
+  11«6 
+   6 

+  1172 
+   6 

+  1178 
+  12 

+  3500 
+    224 

+  3724 

+    228 


+  395200 
+     69^ 

+  402196 
+      7032 


+  409228 
+40923 
+ 36 

+  40959 
+ 36 

+  40995. 
+  4099 
+  410 
+  41 


-43 
+  33 


3.263389  + 


-10000 
+    7448 


-   2552000 
+2413176 


- 138824 
+  122877 

-15947 

+  12297 

-3650 
+  3280 

-370 
+  369 

-1 


TEACHERS     EDITION. 


553 


3.   3jr3  +  3a:=«  +  8a:-32  =  0. 
There  is  only  one  positive  root. 
3+3  ^    « 


+  3 


+ 
+ 


8 
6 


It  lies  between  1  and  2. 


-32    I    1.580947  + 
+  14 


+  6 
+  3 

+  14 
+  9 

-18000 

+  14876 

+  9 
+  3 

+  2300 
+  675 

-  3125000 
+  3087136 

+  120 
+  15 
+  135 
+  15 
+  150 
+  15 

+  2975 
+  750 

-  37864 
+  35955 

+  372500 
+  13392 

+  385892 
+  13584 

-1909 
+  1596 

-313 

+  280 

+  1650 
+      24 

+  1674 
+ 24 

+  1698 
+      24 


+  399476 
+  39948 
+  3995 
+  399 
+  40 


-33 


+  1722 
+      17 

4.   2x8-26j:2  4.131a:. 202=0. 
There  is  only  one  positive  root. 
2  -26 


-22 
+  4 
-18 

+  4 


+  131 

-  44 

+  87 

-  30 


It  lies  between  2  and  3. 


-202  I  2.656116  + 
+  174 


-  28000 
+  25992 


-140 
+  12 

-128 
-^    12 

-116 
-•-  12 


+  5100 

-  768 

+  4332 

-  69(i 


+  363600 

-  5150 

+  358450 

-  5100 


-1040 
+ 10 

-  1030 
+   10 

- 1020 
+   10 


+  353350 
+  35335 
-   60 


-  2008000 
+  1792260 


-1010 
-10 


+  35276 
- 60 

+  35215 
+  3521 
+  352 
+  35 


-  215750 
+  211650 

-4100 
+  3521 

-579 
+  352 

-227 
+  210 

-17 
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ALOEBKA. 


I.   r*  — 12x4' 7=0. 

Tlierc>  are  two  positire  rooti,  one  between  0  and  1,  and  one  between 
8  and  3. 

1 


+  00               +000               - 12000 
+    6               +25               +125 

+  70000  I  0.593685+ 
—  59375 

+    5               +25 
+    5  .            +50 

-11875 
+      375 

+  106250000 
- 102132639 

+  10 
+    5 

+    75 
+    76 

-  lloOiKKK) 
+      161929 

+  4117361 
-  3351663 

+  15 
+    5 

+  16000 
+    1881 

-11348071 
+      169687 

+    765698 
-   669882 

+  *^K» 

+      9 
+  2*  HI 
+      9 

+  16881 
+    1962 

+  18843 
+    2043 

-11178484 
627 

-1117221 
627 

-  95816 
+  89304 

-6512 
+  6580 

+  21» 
+      9 
+  227 
+      9 

+  20886 
+  209 
+  2 

-1116694                        -932 
12 

-111647 
12 

+  2.J6 


-111636 


+  0 
+  2 

+  0 
+    4 

+  2 
+  2 

+  4 
+    8 

+  4 

+  2 

+  12 
-4-12 

-12 

4_8 

-  4 

+  24 


+  7  I  2.047275  + 
-8 


+  6 
+  2 


-100000000 
+  83891456 


+  800 
+  4 
+  804 
+  4 
+  808 
+  4 


+  240000 
+   3216 

+  243216 
+  3232 

+  246448 
+  3248 


+  20000000 
+  972864 

+  20972864 
+  986792 


+  21968666 
+  2196866 
+   17628 


+  812 
+  1 


+  249696 
+  2497 

+ 7 

+  2604 

+ ^7 

+  2611 

+ 7 

+  2618 
+  26 


+  2213394 
+   17677 

+  2230971 
+  223098 
+ 60 

+  223148 
+  22316 
+  2231 


-  16108644 
+  16493768 

-  614786 
+  446296 

- 168490 
+ 166206 

- 12286 
+  11166 

-1130 
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6.  X*  — 5T8  +  2.r2  — 13t-|-56  =  0. 

There  ai*e  two  positive  roots,  one  between  2  and  3,  and  one  between 
4  and  6. 


1  -5 

±2 

-3 

±1 
-1 

±1 
+  1 

+  2 


+  30. 
4-  3 

+  33 
+  3 
+  36 
+  3 
+  39 
+  3 


+  420 

+  8 
+  428 
+  8 
+  430 
+  8 
+  444 
+  8 
+  452 


+  2 
-6 

-4 

-2 

-6 

+  2 


-400 
+  99 

-301 
+  108 

-193 
+  117 


-7600 
+  3424 

-4174 

+  3488 

-  686 
+  3552 


+  2866 
+  29 


-13 

-  8 

-21 
-12 


-  33000 

-  903 

-  33903 

-  579 


-  34482000 

-  33392 

-34515392 

-  5488 


-  34520880 

-  3452088 
+ 29 

-  3452059 
+    .29 

-  3452030 

-  345203 

-  34520 
-3452 


+  55  I  2.381966+ 
-42 


+  130000 
- 101709 


+  282910000 
-276123136 


+  6786864 

-  3452059 

+  3334806 

-  3106827 

+  227978 
-207120 

+  20858 
-20712 

+  146 
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ALGEBRA. 


-6 

+  i 
-1 

±i 

+  3 

±A 

+  7 
+  4 


+    2 
-   4 

-    2 

-4-  12 

+  1U 
+  28 

+  110 
+     0 

+  116 
+     6 

t  122 

+.    ^ 

+  128 

+      0 


+  1340 

+ 1 

+  1341 

+ 1 

+  1342 

+ 1 

+  1343 
+        1 


+  1344 
1 


+  3800 

'+  449(5 
+    732- 

+  5228 
+    768 


+  51HHJ00 
+      1341 

+  0(K)941 
+ 1342 

+  (502283 
+  _  l:)« 

+  (503026 

+ 8 

+  0044 

ii_J? 

+  0062 
+        8 


+  6000 
+  61 
+  1 


-13 

-   8 

-21 
+  40 


J 


+  19000 
+  26976 

+  45976 
+  3i;i68 


+  77344000 
+     600941 

+  77944941 
+      602283 


+  78547224 
-t-      47352 

! +  7902074 
' +      48416 

+  7950490 
+  79505 

+ 3 

+  79508 

+ 3 

+  79511 
+  7951 


+  55  I  4.618035+ 

-84  ■ 


-290000 
+  275856 


- 141440000 
+    77944941 

-   63495059 
+    63216592 

-  278467 
+  238524 

-  39943 
+  39755 

-  188 
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7.   x3=  35,499. 

There  is  only  one  real  root.     It  lies  between  30  and  40. 

14-0                            4-0                            -35499    32.865383  4- 
4-30                             4-900                             4-27000 

4-30 

4-30 

4-    900 
4-1800 

-   8499 
4-    5768 

4-00 
4-30 

4-2700 
4-    184 

-   2731000 
4-    2519552 

4-90 
4-    2 

4-2884 
4-    188 

-211448000 
4- 194005666 

4-92 
4-    2 

4-94 
4-    2 

4-  307200 
4-      7744 

4-  314944 

+      7808 

- 17442844 
4-  16199170 

-1248174 
4-    972108 

4-960 

4-      8 
4-968 
4-      8 

4-  32275200 
4-        69076 

4-  32334276 
4-        69112 

-271066 
4-  259232 

-11884 

4-    9720 

4-976 
-h      8 

4-  32398388 
4-  3239889 

-    2114 

4-9840 

4-          495 

-h        6 
4-9846 
4-        6 
4-  9852 
4-        6 

4-  3239884 
-}-          495 

4-  8-J40829 
4-  824038 
4-            8 

4-  9858 

4-99 

4-1 

4-  824086 
-h            3 
4-  824089 
4-  32404 

:>.>8 


ALGEBRA. 


8.   J<  =  242,070,624. 

There  U  only  one  real  root     It  lies  between  600  and  700. 


+ 
+ 


0 
600 


+    600 
+^600 

+  1200 
+_600^ 

+  1800 
+      20 


+  1820 
+ 20 

+  1840 
+      20 

+  1860 

+ 4 

+  1864 


+  0 

+  360000 

+  360000 
+  720000 


+  1080000 
+      ♦S64(K) 

+  1116400 
+   36800 


f— 


+  115;^200 
+    7456 


+  1160666 


-  242970624 
+  216000000 


-  26970624 
4  22328000 

-  4B42624 
+  4642624 


624 


9,   r<  =  707,281. 

There  is  only  one  positire  root.     It  lies  between  20  and  30. 
There  is  only  one  negative  root.    It  lies  between  —  20  and 

[29 


-30. 


+  0 
+  20 

+   0 
+  400 

+  400 
+  800 

+  1200 
+  1200 

+    0 
+  8000 

+  8000 
+  24000 

-  707281 
+  160000 

+  20 
+  20 

-  547281 
+  647281 

+  40 

+  20 

+  32000 
+  28809 

+  60809 

• 

0 

+  60 
+  20 

+  2400 
+  801 

+  3201 

+  80 
+  9 

« 

+  89 


±  29  are  the  only  real  roots 
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10.  x^  =  147,008,443. 

• 

There  is  oi 

ily  one  real  root.  It  lies  between  40  and  50. 

1  +  0 
+  40 

+   0 
+  1600 

+     0 
+  64000 

+      0 
+  2560000 

- 147008443  |  43 
+  102400000 

+  40 
+  40 

+  1600 
+  3200 

+  4800 
+  4800 

+  9000 
+  6400 

+  64000 
+  192000 

+  256000 

+  384000 

+  2560000 
+  10240000 

-  44608443 
+  44608443 

+  80 
+  40 

+  12800000 
+  2069481 

+  14869481 

0 

+  120 
+  40 

+  64UO00 
+  49827 

+  689827 

+  160 
+  40 

+  16000 
+   609 

+  200 
+   3 

+  16609 

+  203 


11.   a:3  +  2a:  +  20  =  0. 

There  is  only  one  real  root.    It  lies  between  —  2  and  —  3. 


+  0 

±1 
+  2 

±1 
+  4 
+  2 


+  60 
+  4 
+  64 
+  4 
+  68 
+    4 


+  720 
+  6 
+  726 
+  6 
+  732 

+  _A 
+  738 
+  7 


+  2 
+  4 

+  6 

+  8 


+  1400 
+    256 

+  1656 
+    272 


+  192800 
+      4356 

+  197156 
+      4392 


+  201548 
+  20155 
+ 63 

+  20218 
+ 63 

+  20281 
+  2028 
+  203 
+  20 


-20   2.469547+ 

4-12 


—  8000 
+  6624 


-  1376000 
+  1182936 


-    193064 
+    181962 

-11102 
+  10140 

-962 

+  812 

-150 
+  140 

-    10 


The  real  root  is  -  2.469547+ 


5B0 
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IS.    JC«-10jt«  +  8x+ 120  =  0. 

There  it  only  one  real  root.    It  lies  between  ~  2  and  —  3. 


+  10 
+    2 


+  1810 

+ 6 

+  1816 
+ 6 

+  1822 
+        6 


+  1828 
+  18 


+    8 

+  24 


+  860528 
+  86053 
+      144 

+  86197 
+ 144 

+  86841 
+  8684 
+  868 
+  86 


120 
64 


2.768345+ 


+  12 
+  2 

+  32 

+  28 

-  56000 
+  50183 

+  14         +6000 
+  2         +  1169 

-5817000 
+  5097576 

+  160 

+   7 

+  7169 
+  1218 

-  719424 
+  689576 

+  167 
+   7 
+  174 

+   7 

+  83870< 
+  1089( 

+  84959( 
+  1093S 

5 
5 

-29848 
+  25902 

-  3946 
+  3452 

-494 

+  480 

-    64 


The  real  root  is  -  2.768346+ 
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Exercise  144. 

Detennine  by  Sturm's  Theorem  the  number  and  situation  of 
the  real  roots  of  the  following  equations : 

1.   ar«-4a:2-lla:  +  43  =  0. 

/  (a;)  =  a»  -  4  a:2  -  1 1  a;  +  43, 
/(a;)  =  3a:»-8a;-ll. 


1-4 


a;  =  —  00 
a;  =  +  CO 


3-   8-11 

1- 

4-11+   43 

6-16-22 

3- 

12-33  +  129 

6-21       • 

3- 

8-11 

5-22 

— 

4-22  +  129 

10-44 

— 

12  -  66  +  387 

10-35 

— 

12  +  32+    44 

-   9 

-  98  +  343 

+   9 

2-      7 

•. /(a;)  =  aj»-4a;2-lla;  +  43, 
/(a;)  =  3a;«-8a;-ll, 
/,(.T)  =  2a;-7, 


/W 


+ 


fM 


+ 
+ 


+ 


/s(^) 

+ 

3  variations. 

+ 

2  variatioDB. 

+ 

0  variations. 

.*.  There  is  one  negative  root  and  two  positive  roots. 
Again  /(_4)  =  -41,  /(-3)  =  +  13. 

.•.  The  negative  root  lies  between  —  3  and  —  4. 

/{3)  =  +  1,  /(4)  =  -  1.  /(5)  =  +  13. 

.".  One  positive  root  lies  between  3  and  4,  the  other  between  4  and  5. 


2.   a^-6a:2+7x-3=^0. 

/(aj)  =  3ar'-12a;  +  7. 


OI>Z 

ALGEBRA. 

3 
6 
6 

-12+7 
-24  +  14 
-   3 

1_   6+    7-   3 
3_18  +  21-   9 
3-12+    7 

1-2 
3-3 

m 

-21+14 
-6+4 
-6+3 

+    1 
-   1 

-  6  +  14-   9 

-  6  +  24-14 

-10+5 
2-   1 

.•./(x)  =  a!»-6x«  +  7x-3. 
/(x)  =  3x«-12x  +  7, 
/,(x)-2x-l. 
/,(x)--l. 

x*~oo 

»—  +  00 

/W       /W       /.W       /sW 

-  +             -            - 

-  +             -            - 

+             +             +            - 

2  yariations 
2  variations 
1  yariaiion. 

/.  There  is  one  poBitive  root  and  no  negative  roots. 
Again  /(4)  =  -  7.  /(5)  =  +  7. 

.*.  The  only  real  root  lies  between  4  and  5. 


/  (x)  =  as* -  4x8  +  X*  +  6x  +  2. 
/(x)-4x»-12x*  +  2x  +  6. 

1-4+1+  6+  2 
2-8  +  2  +  12+  4 
2-6+1+   3 

-2  +  1+   9+   4 
-2  +  6-   1-3 


4-12+    2+   6 
2-6+1+3 

10-30+   5  +  15 

10-20-14 

-10  +  19  +  15 
-10  +  20  +  14 

-   1+    1 
1-   1 


-5  +  10+  7 
6-10-  7 
5-   5 

-5-7 
-5+5 

-12 
+  12 


1-1 


2 

5 


2 
5 
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•••  /  (.') = 

=  aj*-4a'  +  a:*  +  6 

x  +  2. 

- 

/(»)= 

.4x»-12x»  +  2aj 

+  6, 

/.(«)= 

.5x»-10a 

-7, 

/.(»)= 

:»-l. 

/4W  = 

:    +    12. 

1 

/{») 

/(«) 

/.w 

/sW 

fi(^) 

X  =  —  00 

+ 

— 

+ 

— 

+ 

4  variations. 

a;  =  0 

+ 

+ 

— 

— 

+ 

2  variations. 

X=  +  00 

+ 

+ 

+ 

+ 

+ 

0  variations. 

.'.  There  are  two  positive  roots  and  two  negative  roots. 
Again,  /(0)  =  2.    /(-J)  =  -A.   /(-I)  =  2. 

.'.  One  negative  root  lies  between  0  and  —  J,  and  one  between  —  J 
and  —  1. 

Also,  /(2)  =  2.    f{2i) 0.1875.    /(3)»2. 

.'.  One  positive  root  lies  between  2  and  2^,  and  one  between  2^ 
and  3. 


4.   a:*-5x«+10*3«6a:-21  =  0. 

/  (x)  =  a;*  -  5ar»  +  10a:»  -  6a;  -  21, 
f{x)  =  4ar«  -  15a^  +  20aj  -  6. 


4-15+  20-  6 
20-75+  100-  30 
20  +  112-    1464 


-187  + 

1564- 

30 

-935  + 

7820- 

150 

-935- 

5236  + 

68442 

13056  -  68592 
272+    1429 


1_5  +  10-  6-21 
4-20  +  40-  24-  84 
4  -  15  +  20  -  6 


-   5  +  20- 

18- 

84 

-  20  +  80  - 

72- 

336 

-  20  +  75  - 

100  + 

30 

5+  28-366 
-  5-  28  +  366 
1360-  7616  +  99552 
1360+  7145 

-  14761  +  99552 


+ 


1-5 


-4  +  187 

+  5 
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AW 


.-.  fix)  -  ar*  -  6  a*  +  10aj»  -  6aj  -  21, 
/(x)  -  4x»  -  15aj»  +  20a;  -  6, 
/^x)--6x»-28aj  +  366. 
/,(x)--272x  +  1429, 

/iW--. 

/(«)       /(«)      //*)      /,W 

X«  — 00  +  —  —  + 

x-O  -  -  +  + 

X-+00  +  +  -  - 

.*.  There  is  one  positive  root,  one  negative  root,  and  two  imaginary 
roots. 
Again.  /(O)  -  -  21.  /(-  1)  =  +  5. 

.'.  The  negative  root  lies  between  0  and  —  1. 
Also.  /(3)  -  -  3,  /(4)  -  +  51. 

.*.  The  positive  root  lies  between  3  and  4. 


3  variations. 
2  variations. 
1  variation. 


5.  **-jr»-jt«+6  =  0. 

/  (t)  -  «*  -  a:*  -  x*  +  6, 
/(j:)  =  4a*-3aj»-2x. 


4- 

3- 

2  + 

0 

44 

33- 

22  + 

0 

44  t 

8- 

384 

-  41  + 

362  + 

0 

-451  + 

3982  + 

0 

-451- 

82  + 

3936 

4064  -  3936 
127+    123 


1_1_  1+0+  6 
4_4-  4+0+24 
4_3-    2+0 


-1- 

2  +  0  +  24 

-4- 

8  +  0  +  96 

-4  + 

3  +  2+  0 

-11-2  +  96 
11+2-96 
1397+    254-12192 
1397  - 1353 


1607  - 12192 


•  /(«)- 

>  2J*  — 

«»-aj»  +  6. 

f'{x)  = 

»4x'- 

-3x*-2a;, 

/.(«)- 

•  lla:* 

+  2a!  -  96. 

/.(«)= 

=  - 127  a; +  123, 

/«w- 

'  +. 

1-1 


4-41 
-11 
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/w 

/w 

/.w 

/.w 

fiix) 

a;  =  — 00 

+ 

— 

+ 

+ 

+ 

2  variations. 

«  =  0 

+ 

— 

— 

+ 

+ 

2  variations. 

e  =  +  00 

+ 

+ 

+ 

— 

+ 

2  variations. 

.-.  There  are  four  imaginary  roots. 

6.   ar*-2a:8-3a:2+i0x  — 4  =  0. 

/  (jc)  =  aj*  -  2x'  -  3  x»  +  10 ar  -  4, 
/(a;)  =  4x'-6a:»-6a;  +  10. 

4_   6-   6  +  10 


2-  3-  3+  5 
18-27-27  +  46 
18-54  +  22 

27-49  +  46 
27-81  +  33 

32  +  12 
-8-3 


1-2-3  +  10-  4 
2-4-6  +  20-  8 
2-3-3+    5 

_  1  _  3  +  15  _  8 
-2-6  +  30-16 
-2  +  3+   3-   5 

-9  +  27-11 
9-27  +  11 
72-    216+     88 
72+     27 


-    243  + 

88 

1944  + 

704 

-  1944  - 

729 

+  1433 
-1433 


1-1 


2  +  3 
-9  +  243 


•.  /  (a;)  =  aj*-2x8-  3a?2  +  10a; 
/(a;)  =  4ar»-6a;»-6ar+  10, 

Mx)  =  -Sx-3, 
/,(ar)  =  -1433. 


-4. 


a;  =  — 00 
aj  =  0 
a:  =  +  oo 


+ 


fix) 


+ 
+ 


A{x) 

+ 
+ 
+ 


+ 


—  3  variations. 

—  2  variations. 

—  1  variation. 


.« 


.*.  There  is  one  positive  root,  one  negative  root,  and  two  imaginary 
roots. 
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Again.  /(-  2)  -  -  4,       /(-  3)  =  +  74. 

.*.  The  negative  root  lies  between  —  2  and  —  3. 

AbK).  /(O) 4.  /(I) -  +  2. 

/.  The  poeitive  root  lies  between  0  and  1. 


/(x)-a»  +  2ar*  +  3a:»  +  3a*-l, 
f(x)  -  5aj*  +  8a:*  +  9x«  +  6x. 

Both /(or)  and/'(x)  vanish  when  a:  =  —  1. 
X  =  —  1  is  therefore  a  double  root  of /(x)  =  0. 
Divide/(x)by(x  +  l)«. 
The  depressed  equation  is 

x"  +  2x-l=0. 

Now  let  /  (x)  =  x»  +  2x-  1. 

Then  /'(x)  =  3x*  +  2. 


3+   0+    2 

1+0+2-1 

12+0+8 

3+0+6-3 

12-   9 

3+0  +  2 

9+   8 

4-3 

36  +  32 

-4  +  3 

36-27 

+  59 

-69 

.•./(x)-x»  +  2x-l, 

/(x)  =  3x«  +  2. 

/,(x)--4x  +  3. 

/,(x) 69. 

m      /'W      AW 

-             +             + 

— 

\-            + 

-3-9 


/.W 


X  =  — 00 

x  =  0 

X=  +  CO  +  + 

.'.  There  is  one  positive  root  and  two  imaginary  roots. 

Again,  /(0)=-l,        /(I)  =  +  2. 

y.  The  incommensurable  real  root  lies  between  0  and  1- 


2  variations. 
2  variations. 
1  variation. 
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/  (a;)  =  a!*  +  a:»-2iB»  +  3a?-2, 
/(a:)  =  5ar*  +  3aj«-4a;  +  3. 


5+   0+     3-     4  + 
5-15+    30-    25 


15- 
15- 

27+   21  + 
45+   90- 

3 
75 

18-   69+  78 

6+23-  26 

210  +  805  -  910 
210  +  372 


433- 

-     910 

15155- 

-31850 

15155  - 

-26896 

1+0  +  1-  2+  3-  2 
5  +  0  +  5-10  +  15-10 
5+0  +  3  -4+3 


2-   6  +  12-10 

_1+   3_   6+    5 

-5-15 

-6  +  18-36  +  30 

1  +  1 

-6  +  23-26 

-   5- 

10  +  30 

-   6- 

12  +  36 

-   6  + 

23-26 

-35  +  62 
35-62 


/  (a;)  =  a*  +  x»  -  2rc«  +  3a;  -  2, 
/(a;)  =  5ar*  +  3rr«-4a?  +  3, 

/j(a:) ar» +  3rc»-  6a; +  5, 

/3(a;)  =  -6a;«  +  23a;-26, 
/^  (a?)  =  35  a; -62, 

/W    /W  AW  Mx)    Mx)  Mx) 

a;  =  — 00             —+  +         —          —          + 

a;=0                 _         +  +         __          + 

ar  =  +  oo             +         +  -          -          +          + 

.".  There  is  one  positive  root  and  four  imaginary  roots 
Again,  /(O)  =  -  2,  /(I)  =.  +  1. 

.'.  The  real  root  lies  between  0  and  1. 


-6  +  433 


3  variations. 
3  variations. 
2  variations. 
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£Z£RCISE    145. 


ProTe  the  following  relations  by  expanding : 


1      «i    «i 


«1       *lU:- 

a,    6,1 


=  a,6,-<46i 


o,     Oi 


6,     6, 


6,     6, 


Oj    6, 

6,    b, 
a,    ai 


=  «A-««*i 


-«A 

-^2*1 


6. 


t: 


«i  «i 


«i  «i 


6, 


ft. 


a. 


6,     6, 


=  fli  Vj  +  <»i  Vi  +  "s^i**!  —  "i  Vi  —  ^A^i  —  <*sftt^ 


«!  Vs  +  "A<^i  +  "A^'i  —  «i  Vx  •"  "jfti^s  "•  ^A^\ 

«! Vs  +  <*lVl  +  «sftl<^2  —  ''l V«  ""  ^1^3  ""  «sVl 


12    8 

2    4    4 
8    4    6 


In  the  expansion  of 


«i  «t  «a 
6,  6,  6j 

Cj   C,   Cj 


put  a,  =  1,  a,  =:  2,  a,  =  3,  6,  =  2,  etc. 


1  2  3 

2  4  4 

3  4  6 


=1x4x5+2x4x3+3x2x4-1x4x4 

-2x2x5-3x4x3 
=  -4 


3 

2 

4 

7 

6 

1 

5 

3 

8 

=3x6x8+2x1 X5+4x7x3-3x3xl 

-2x7x8-4x6x5 
=  -3 


4 
1 
6 


5   2 
2-3 

4   6| 


4X2X5 
-89 


6x3x6+2x1x4-4x4x3 
+6X1X5-2X2X6 
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6.  Count  the  inyersions  in  the  series  : 

6413^.  761436  2.  d  a  c  e  b. 

4162  8.  654213  7.  c  e  b  d  a. 

5  4  1  3  2  has    8  inversions,  64,  61,  53,  62,  41,  43,  42,  32. 

4  1  6  2  3  has    6  inversions,  41,  42,  43,  62,  63. 
7  5  1  4362  has  13  inversions,  76,71,74,73,76,72,61,64,63,62,43,42,62. 
6  6  4  2  13  7  has  13  inversions,  66, 64, 62, 61,.63, 64, 62, 61, 63, 42, 41, 43, 21. 

d  a  c  e  b  has    5  inversions,  da,  dc,  db,  cb,  eb. 

c  e  b  d  a  has    7  inversions,  c6,  ca,  eb,  ed,  ea,  ba,  da, 

7.  In  tlie  determinant  \ctib2Cid^e^\  find  the  signs  of  the  following 
terms. 

"iVs^s^a-  ^i^i^sd^e^.  e^c^a^h^dy 

aj).^c^dye^,  b^c^a^e^dy  CjagftjC^rfj. 

^i^4pb^dl^2  ^^^^  5  subscript  inversions,  43,  42,  63,  62,  32. 
.*.  Its  sign  is  — . 

aj!)^c^d^e^  has  6  subscript  inversions,  21,  6'>,  51,  54,  31. 
.-.  Its  sign  is  — . 

a^b^c^d^e^  has  6  subscript  inversions,  61,  53,  54,  52,  32,  42. 
.*.  Its  sign  is  +. 

ajb^c^d.^e^  has  4  subscript  inversions,  42,  43,  62,  53. 
.'.  Its  sign  is  +. 

^iC^a^b^d^  =  aj)^c^d^ei 

ajb^c^d^e^  has  7  subscript  inversions,  21,  54,  53,  51,  43,  41,  31. 
.*.  Its  sign  is  — . 

^bh^i^2^4  has  6  subscript  inversions,  53,  61,  62,  54,  31,  32. 
.'.  Its  sign  is  + 

8.  Write,  with  their  proper  signs,  all  the  terms  of  the  determinant 

a^b.^C^d^  —  <'i^2^4^3  —  ^1^3^2*^4  "^  ^1^3^4^2  "^  ^l^4^2^3  —  ^1^4^3^2 

—  a^b^c^d^  +  a^^c^d^  +  <^2^3^i^4  —  a^b^c^d^  —  a^b^c^d^  -f  ^2^4^3^i 
+  a.^b^c,^d^  —  a^b^c^d.^  —  a.Ji.^Cjd^  +  (fj^f^d^  +  <^J>i'^\d.i  —  aj^^Cjct^ 

—  aJbjC^d^  -f  o.J^i'^zd^  4-  f^ib^c^d^  —  "462^3^1  —  ^i'^sPi^i  +  <*4^sC2<^i 
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9.  Write,  with  their  proper  signs,  all  the  terms  of  the  deter- 
mliiMit  \a^b^^^\  wMch  contain  both  a^  and  \;  idl  the  terms 
which  contain  both  b^  and  e^. 

(2)  V»(—  "i^V**  +  VA  +  <VA  —  "i^^^'i  —  <»4cA  +  ^A*^\>' 


10. 


a  6  0    0 

6  a  0    0 

0  a  a    6 

0  6  6a 

Since  a„  a4»  6},  h^  r„  and  </|  are  here  all  0,  the  formula  of  Ex- 
ample 8  reduces  to 

^iVA  -  «iVA  -  ««*icA  +  oJ\c^d^  =  (a,6,  -  a,6,)  (Cjrf^  -  c^rfj) 

=  (a«-6«)(a2-62) 
=  (a* -62)2. 


11. 


0 
0 
a 
6 


0 
0 
a 
6 


0 

6 
6 
a 


a 
0 

6 
a 


The  formula  of  Example  8  rednces  to 


12. 


a  6  c  0 

c  a  6  0 

6  c  a  0 

I  a  6  c  1 

The  formula  of  Example  8  rednces  to 

OjfcjCjf/^  —  0,6,0,^4  —  aJ>iC^d^  +  ajt^^d^  +  aJ>yC^d^  —  oJ)^c^d^ 

=  «•  —  a6c  —  6ca  +  6*  +  c^  —  ca6 

=  a«  +  6*  +  c»  — 3a6c. 


Exercise  146. 

Show  that : 

0    a    6 

0    a    b 

1.       a     0     c 

~2abc. 

a    0    c 

6     c     0 

■ 

h     c    0 

=  abc  -f  abc  =  2  a6c. 
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4. 


aba 
baa 
b    a     b 


=  aab  4-  bob  +  aba  —  aaa  —  bbb  —  aab 
=  a%  +  a62  +  a%  ^a^  —  lfi^  a% 

=  -  [(a  +  6)(o2  -  a6  +  62)  _  a6(a  +  6)] 
=  -.(a  +  6)(a«-2a6  +  62) 
=  -.(a  +  6)(a-6)9. 


6  +  c 
b 
c 

b-\-c 
b 
c 


a 

€•{•  a 

c 

a 

c  ■\-  a 

c 


a 

b 

a-\-b 

a 

b 
a-\-b 


=  4a6c. 

=  (6  +  c)(c  +  a)(a  +  b) -\- abc -\- abc 

—  (6  +  c)bc  —  ab(a  +  6)  —  ac{c  +  a) 
=  4a6c. 


a 

a2 

b 

62 

;= 

c 

C2 

a 

a2 

b 

62 

= 

c 

C2 

=  (a-6)(6-c)(c-.a). 


0 
0 
1 


a-6  a2-62 
6-c   62 -c2 


=  (a-6)(6-c) 


0 
0 
1 


1 
1 

c 


a  +  b 
6  +  c 


=  (a-6)(6-c) 


0  0   a  — c 

0  1    6+c 

1  c      c2 


=  (a-6)(6-c)(c-a). 


Process :  Subtract  the  second  row  from  the  first,  and  the  third 
row  from  the  second.  Take  out  the  factors  a  —  b  and  b  —  c  from 
the  first  and  second  rows.  Subtract  the  second  row  from  the 
first,  and  expand  the  resulting  determinant. 


6. 


3  6    7 
2    13 

4  3    7 


3  6-1 
2    10 

4  3      0 


-1x2x3+1x4x1 
_.6  +  4  =  -2. 


Process:  Subtract  the  sum  of  the  first  and  second  columns 
from  the  third.    Expand  the  resulting  determinant. 


6. 


2  13  20 

2  13  20 

0 

7 

8 

3   9  18 

=  3 

1   3   6 

=  3 

1 

3 

6 

5  10  23 

6  10  23 

0 

-5 

-7 

=  3(1x7x7-1x6x8)  =  3(49-40)  =  27. 
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ProceM :  Take  oat  3  as  a  factor  from  the  second  row.  Sab- 
tract  twice  the  second  row  from  the  first.  Subtract  5  times  the 
second  row  from  the  third.    Expand  the  resulting  determinant. 


7. 


19  18  16 
25  16  28 
28  10  10 


2   13   1 

=  9 

3   16  4 
6   10  3 

=  9 

0       0      1 

-1   -36  4 

3     -24  3 


6   13     3 

9  16   12 

18   10     0 

=  9(1  Xl  X29+ 1  X3x36)  =  9(29+ 108)=  1233. 

Process :  Subtract  the  second  colamn  from  the  first  and  from 
the  third.  Take  out  3  as  a  factor  from  the  first  column  and  the 
third.  Subtract  2  times  the  third  column  from  the  first,  and  13 
tiroes  the  third  colamn  from  the  second.  Expand  the  resulting 
determinant 


-  —(a  -  h)  (b  -c)(c  —  a)  (ab  -f  bc-\-ca) . 


a 

a«    6c  1 

a  Show  that 

b    y^   ac 

c     c*    ali 

a    a*     6r 

a-b 

b      62     ar     - 

b^c 

e     c^    ab 

c 

««  -  6« 
6«-c2 


=  (a-6)(6-c) 


=  (a-.6)(6-c) 


1 

1 

c 

0 

1 

c 


be  —  ac 

ac  —  ab 

ab 

a  +  6 

—  c 

6  +  c 

—  a 

c* 

ab 

6  +  c 


=  («-6)(6-c)(a-c) 


z=(a^b)(b--c)(a^c) 


0 
1 
c 
0 
1 
0 


a  —  c 
—  a 
ab 
1 

6  +  c 

C2 
1 

6  +  C 
-6c 


1 

—  a 
ab 
1 
—  a 
a6  +  oc 


=  (a  — 6)(6  — c)(a  — c)[—  (a6  +  ac)  -6c] 
=  («  — 6)(6  — c)(c  — a)(a6  +  6r+  ca). 

Process :  Subtract  tlie  second  row  from  the  first,  and  the  third 
row  from  the  second.  Take  out  the  factor  a  —  6  from  the  first 
row,  and  the  factor  6  — c  from  the  second  row.  Subtract  the 
second  row  from  the  first.  Take  out  the  factor  a  —  c  from  tlie 
first  row.  Subtract  c  times  the  second  row  from  the  third. 
Expand  the  resulting  determinant. 
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9. 


a  +  26    a  +  46    a  +  66 
6  6  6 

6  6  6 


=  0, 


a  +  26     a  +  46    a  +  66 
a  +  36    a  +  56    a  +  76 
a  +  46    a  +  66    a  +  86 
since  two  rows  are  identical. 

Process :  Subtract  the  first  row  from  the  second,  and  the  sec- 
ond from  the  third. 


10. 


( 

8+6)2          ^ 

^                     C2 

aa          (6  +  c)«         aa 

62              62          (c  +  a)« 

(ci  +  6)=2-c2               0                    c2 

^^^ 

0               (6  +  c)2-a2          a2 
62_(c  +  a)2     62-(c  +  a)2     (c  +  ri)'^ 

a  +  6  —  c           0                 c^ 

=  (a  +  6  +  cyi 

0            6  +  c  — a          a2 

b^c  —  a     b  —  c  —  a     (n  +  a)^  j 

a  +  6  —  c            0             c2 

=  (a  +  6  +  c)2 

0            6  +  c  —  a      a2 

-2a 

•  2c        2«c 

=  (a+6+c)2{(a+6-c)[(6+c-a)2ac+2a2c]+2ac2(6+c— a)} 
r^  2  a6c  (a  +  6  +  c)». 

Process :  Subtract  the  third  column  from  the  first  and  second. 
Remove  the  factor  a  +  6  +  c  from  the  first  and  second  columns. 
Subtract  the  sum  of  the  first  and  second  rows  from  the  third  row. 


Exercise  147. 
1.  In  the  determinant  {(iib^c^d^ \  write  the  co- factors  of  ag,  6^, 

^4»  '*!»  ''4»      'i»  ^8* 


Write  out  the  determinant 


a, 


«2       ^3 

6^     63 


a 


4 

Cj       Cj       Tj       C^ 

rfj     d.^     d^     d^ 


Then  A^  = 


C,= 


^,  =  - 


6. 

^ 

^ 

^1 

«3      «4 

rtj 

«2 

«3 

c,    c, 

C4 

.    B.= 

'1      C3      C^ 

> 

s.= 

Tj 

^2 

C3 

rf.    rf. 

rf^ 

Jj      ^3      ^4 

r/, 

./, 

d. 

".    <h 

^4 

a,    a.^    ^s 

Oj 

«3 

«4 

*J     *s 

^ 

.  c,= 

— 

\    62    63 

.   D,= 

6i 

63 

^ 

rf,  d. 

^4 

e/i    rf,    rfj 

Cj 

<^8 

^4 

ttl 

ttj     a* 

— 

&1 

6,     6, 

• 

Cl 

Cj 

C4 

/i74 


ALGEBRA. 


2.  Express  M  a  Hingle  detenninant 


*     /   9 

beg 

h    9    f 

b    f    e 

f    k    k 

+ 

c    f    k 

+ 

c     k    h 

+ 

c     h    f 

y     it     / 

d    9     I 

d     I    k 

d    k    9 

The  Ham  may  be  written : 


^    f  9 

b      €     9 

b   f    9 

b     e    f 

f    k    k 

+ 

c     /     ^ 

— 

c    k     k 

— 

c    f    k 

9     ^     I 

d    9     I 

d    k     I 

d    9    k 

«    /    9 

ft   /    9 

beg 

b    c    / 

f    k    k 

— 

c    k    k 

+ 

c   f    k 

— 

c    /    h 

9     ^-     f 

d    k     I 

d    9     ' 

d    9    k 

These  f«ur  detenninaDts  are  evidently  the  co-factors  of  the 
first  row  of  the  determinant : 
1111 


b    ^    f    9 
c   f    k    k 

d    9    k     I 


,  which  is  therefore  the  required  sum. 


Expand  .* 

abba 
b  a  a  b 
a  a  b  b 
0  a  6  6 
Subtract  the  fourth  row  from  the  third. 

abba 
b  a  a  b 
a  0  0  0 
0    a     6     6 

Subtract  the  second  row  from  the  first,  and  the  third  from  the 
second. 


The  result  is 


b 

b 

a 

=  a 

a 

a 

b 

a 

b 

b 

b^a 

ft-a 

a-b 

-1 

-1 

1 

B  resnlt  is  a 

0        a-6         0 

^o(«-6)2 

0 

1 

0 

abb 

a 

6 

b 

=  a(rt-6)2 

-1     1 
a       b 

0    d    d    d 

a    0     a     a 

b     b    0     b 

• 

c     c     c     0 

- 

Multiply  the  first  column  by,;2,  and  subtract  from  it  the  sum 
of  the  other  three  columns. 
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The  result  is    } 


=  —  }  abed 
=  ^Sabcd 


-Sd    d 

d    d 

1 

-3    1     1 

11 

0        0    a     a 
0        b    0     b 

=  iabcd 

0    0    11 
0    10    1 

0        c     c    0 

0     110 

0  1     1 

1  0     1 
1     1     0 

=  iabcd 

1     1 
1    0 

—  ^abcd 

1     1 
0     1 

6. 


1  a  a  a 

1  b  a  a 

I  a  b  a 

1  a  a  b 

Subtract  the  second  row  from  the  first. 

0  a-6    0    0 

1  baa 
1  a  b  a 
1         a        a     b 


The  result  is 


=  -(a-6) 


1 

a 

a 

1 

b 

a 

1 

a 

b 

Again,  subtract  the  second  row  from  the  first 

0    a-b    0 
The  result  is    —  (a  —  b) 


1 
1 


6 
a 


a 
b 


1 
1 


a 
b 


=  (a  -  6)2 

=  -  (a  -  6)3  =  (6 


-a)» 


6. 


3  2  2  2 

2  3  2  2 

2  2  3  2 

2  2  2  3 


Subtract  the  fourth  row  from  each  of  the  others. 


The  result  is 


10  0-1 
0  10-1 
0  0  1-1 
2    2    2        3 


Add  the  sum  of  the  first  three  columns  to  the  fourth. 


The  result  is 


10  0  0 
0  10  0 
0  0  10 
2    2     19 


=  9 


7. 


3  2  14 

15  29  2     14 

16  19  3    17 
33  39  8    38 


Subtract  twice  the  first  row  from  the  second,  3  times  the  first  row 
from  the  third,  and  8  times  the  first  row  from  the  fourth. 
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The  result  it 


3  2  14 

9  26  0    6 

7  15  0    5 

0  23  0    6 


0  25  6 
7  13  5 
9    23    6 


Subtract  the  third  row  from  the  first. 


The  result  is 


0 
7 
9 


2 
13 
23 


0 
6 
6 


=  -2 


7 
9 


5 
6 


=  6 


S. 


2 

7 
3 
1 


1 
4 
3 
7 


3 
5 
0 

7 


4 
9 
2 
5 


Subtract  twice  the  second  column  from  the  first,  3  times  the  second 
column  from  the  third,  and  4  times  the  second  column  from  the  fourth. 


The  result  is 


0  1          0  0 

_1  4      -7  -7 

_3  3      -3  -10 

-13  7-14  -23 


1 

7   7 

3 

3  10 

13 

14  23 

Subtract  7  times  the  first  column  from  the  second  and  third. 


The  result  is 


1  0  0 

3    _18    -111  = 
13    -77    -68 


18  11 

7  11 

77  68 

0  68 

=  377 


-4y4-2^=  1) 
+  3y-3r  =  -ll 
^by-^4z=      7j 


3x  — 4^4-22  = 
9.    2x 
bx 


The  solutions  are 


x  = 


But      - 


1 

-4 

2 

1 

3 

1 

2 

|3 

-4 

1 

-I 

3 

-3       2 

-1 

-3 

2 

3 

-1 

7 

-6 

4       5 
.J  — 

7 

4 

9      '—       m 

5 

-5 

7 

3 

-4 

2 

y  — 

3 

-4 

2 

At      —       • 

3 

-4 

2 

2 

3 

-3 

2 

3 

-3 

2 

3 

-3 

6 

-6 

4 

5 

-5 

4 

5 

-5 

4 

1 

-4 

2 

1 

0 

0 

-1 

3 

-3 

Z=L 

-1 

-1 

-1 

=  33 

7 

-6 

4 

7 

23 

-10 

3 

1 

2 

0 

1 

0 

2 

-1 

-3 

5 

-1 

-1 

=  66 

6 

7 

4 

-16 

7 

-10 

3 

-4 

1 

0 

0 

1 

2 

3 

-1 



5 

-1 

-1 

=  99 

5 

-6 

7 

—  ] 

16 

23 

7 
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3-4        2 
2        3-3 
6-5        4 

= 

1 
6 

1 

0        2 

-3    -3 

3        4 

^= 

1        0          0 
6    -3    -13 
1        3          2 

-33 

...  x=i}  =  l, 

y  =  M  =  2.      «  =  f*  =  3. 

4x-7y+    z=16) 
10.    3x+    y-2«=10  .. 
6x-6y-32=10, 

• 

The  solutions  are : 

x  = 


But 


16 
10 
10 


-6 


4 
3 
5 

16 
10 
10 

4 
3 
5 

4 
3 
5 

4 
3 
6 


\  x  = 


1 
-2 
-3 


1 
-2 
-3 

1 
-2 
-6  -3 


16  1 
10  -2 
10  -3 


7 
1 
6 

7 
1 
6 


16 
10 
10 

1 

-2 
-3 


y  = 


0 

42 
58 

0 
11 
17 

25 

3 

23 

0 
11 
17 


4 

16 

1 

3 

10 

-2 

5 

10 

-3 

4 

-7 

1 

3 

1 

-2 

5 

-0 

-3 

z  = 


4 

-7 

16 

3 

1 

10 

5 

-6 

10 

4 

-7 

1 

3 

1 

-2 

5 

-6 

-3 

0 
13 
27 

0 
42 

58 

0 
1 
0 

0 
13 

27 


1 
-2 
-3 

1 
-2 
-3 

86 
10 
70 

1 
-2 
-3 


-380 
-76 


c        —  «0   1 


76 
76 


=  -380 

=  -76 

=  -228 

=  -76 
-228 


-76 
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